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CHAPTER 1

What Is Enumerative
Combinatorics?

1.1 How to Count

The basic problem of enumerative combinatorics is that of counting the number
of elements of a finite set. Usually we are given an infinite class of finite sets §;
where i ranges over some index set I (such as the nonnegative integers N), and
we wish to count the number f(i) of elements of each §; “simultaneously.”
Immediate philosophical difficulties arise. What does it mean to “count” the
number of elements of §;? There is no definitive answer to this question. Only
through experience does one develop an idea of what is meant by a “deter-
mination” of a counting function f(i). The counting function f(i) can be given
in several standard ways:

1. The most satisfactory form of f(i) is a completely explicit closed formula
involving only well-known functions, and free from summation symbols. Only
in rare cases will such a formula exist. As formulas for f(i) become more
complicated, our willingness to accept them as “determinations” of f(i) decreases.
Consider the following examples.

1.1.1 Example. For each neN, let f(n) be the number of subsets of the set
[n] ={1,2,...,n}. Then f(n) = 2", and no one will quarrel about this being a
satisfactory formula for f(n).

1.1.2 Example. Suppose n men give their n hats to a hat-check person. Let f(n)
be the number of ways that the hats can be given back to the men, each man

receiving one hat, so that no man receives his own hat. For instance, f(1) =0,
f(2) = 1, f(3) = 2. We will see in Chapter 2 that

fin) = n'z (— 1YL, (1)

This formula for f(n) is not as elegant as the formula in Example 1.1.1, but for
lack of a simpler answer we are willing to accept (1) as a satisfactory formula. In

1

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9780521553094
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-0-521-55309-4 - Enumerative Combinatorics, Volume 1
Richard P. Stanley

Excerpt

More information

2 Chapter 1 What Is Enumerative Combinatorics?

fact, once the derivation of (1) is understood (using the Principle of Inclusion—
Exclusion), every term of (1) has an easily understood combinatorial meaning,
This enables us to “understand” (1) intuitively, so our willingness to accept it is
enhanced. We also remark that it follows easily from (1) that f(n) is the nearest
integer to n!/e. This is certainly a simple explicit formula, but it has the dis-
advantage of being “non-combinatorial”; that is, dividing by e and rounding off
to the nearest integer has no direct combinatorial significance.

1.1.3 Example. Let f(n) be the number of n x n matrices M of zeros and ones
such that every row and column of M has three ones. For example, f(0) = f(1) =
f(2) =0, f(3) = 1. The most explicit formula known at present for f(n) is

—1Pn12(B + 3N 203
al Bry1%67

where the sum is over all (n + 2)(n + 1)/2 solutions to « + # + y = n in non-
negative integers. This formula gives very little insight into the behavior of f(n),
but it does allow one to compute f(n) much faster than if only the combinatorial
definition of f(n) were used. Hence with some reluctance we accept (2) as a
“determination” of f(n). Of course if someone were later to prove f(n) =
(n — 1)(n — 2)/2 (rather unlikely), then our enthusiasm for (2) would be con-
siderably diminished.

Sy =6y @

1.1.4 Example. There are actually formulas in the literature (“nameless here
for evermore”) for certain counting functions f(n) whose evaluation requires
listing all (or almost all) of the f(n) objects being counted! Such a “formula” is
completely worthless.

2. A recurrence for f(i) may be given in terms of previously calculated f()’s,
thereby giving a simple procedure for calculating (i) for any desired iel. For
instance, let f(n) be the number of subsets of [n] that do not contain two
consecutive integers. For example, for n = 4 we have the subsets @), {1}, {2}, {3},
{4}, {1,3}, {1,4}, {2,4}, so f(4) = 8. It is easily seen that f(n)= f(n — 1) +
f(n — 2) for n = 2. This makes it trivial, for example, to compute f(20). On the
other hand, it can be shown that

fim = =@+ — 7,
NG
where 7 = (1 + \ﬁ), T=41 - ﬁ). This is an explicit answer, but because it
involves irrational numbers it is a matter of opinion whether it is a better answer
than the recurrence f(n) = f(n — 1) + f(n — 2).

3. Anestimate may be given for f(i). If I = N, this estimate frequently takes
the form of an asymptotic formula f(n) ~ g(n), where g(n) is a “familiar function.”
The notation f(n) ~ g(n) means that lim,_,, f(n)/g(n) = 1. For instance, let f(n)
be the function of Example 1.1.3. It can be shown that

f(n) ~ e"2367"(3n)!.

For many purposes this estimate is superior to the “explicit” formula (2).
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1.1 How to Count 3

4. The most useful but most difficult to understand method for evaluating
f(i)is to give its generating function. We will not develop in this chapter a rigorous
abstract theory of generating functions, but will instead content ourselves with
an informal discussion and some examples. Informally, a generating function is
an “object” that represents a.counting function f(i). Usually this objectis a formal
power series. The two most common types of generating functions are ordinary
generating functions and exponential generating functions. If I = N, then the
ordinary generating function of f(n) is the formal power series

2 fimx,

n=0

while the exponential generating function of f(n) is the formal power series

Y f(m)x"/n!.

n=0
(If I = P, the positive integers, then these sums begin at n = 1.) These power
series are called “formal” because we are not concerned with letting x take
on particular values, and we ignore questions of convergence and divergence.
The term x" or x"/n! merely marks the place where f(n) is written. If F(x) =
Y uso0a,x", we call a, the coefficient of x" in F(x) and write

a,=[F(x) or a,=F(x),
Similarly we can deal with generating functions of several variables, such as

Y ¥ ¥ fU,mnxtymz"/n!

Z20m=>20n=0
(which may be considered as “ordinary” in the indices I, m and “exponential” in
n), or even of infinitely many variables. In this latter case every term should
involve only finitely many of the variables.

Why bother with generating functions if they are merely another way of
writing a counting function? The answer is that we can perform various natural
operations on generating functions that have a combinatorial significance. For
instance, we can add two generating functions (in one variable) by the rule

( Y a,,x"> + <§O b,,x") = Y (a, + b,)x"

nz0 nz0
or
a,x" b,x" (a, + b)x"
Z 1 + z 1 = Z T
n>0 N. nz0 N n>0 n!

Similarly, we can multiply generating functions according to the rule

where ¢, = Y "_oa;b,_;, or

a,x" b,x™\ d,x"
(n;O n! ><n;0 n! >_n§0 n! ’
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4 Chapter 1 What Is Enumerative Combinatorics?

where d, = 37 (7)a;b,;, with (7) = n!/i!(n — i)!. Note that these operations are
just what we would obtain by treating generating functions as if they obeyed the
ordinary laws of algebra, such as xix/ = x*J, These operations coincide with the
addition and multiplication of functions when the power series converge for
appropriate values of x, and they obey such familiar laws of algebra as associa-
tivity and commutativity of addition and multiplication, distributivity of multi-
plication over addition, and cancellation of multiplication (ie., if F(x)G(x) =
F{x)H(x) and F(x) # 0, then G(x) = H(x)). In fact, the set of all formal power
serics Y, 04,x" with complex coefficients a, forms a (commutative) integral
domain under the operations just defined. This integral domain is denoted by
C[I[x]]. (Actually, C[[x]] is a very special type of integral domain. For readers
with some familiarity with algebra, we remark that C[[x]] is a principal ideal
domain and therefore a unique factorization domain. In fact, every ideal of
C[[x]] has the form (x") for some n > 0. From the viewpoint of commutative
algebra, C[[x]] is a one-dimensional complete regular local ring. These general
algebraic considerations will not concern us here; rather we will discuss from
an elementary viewpoint the properties of C[[x]] that will be useful to us.)
Similarly, the set of formal power series in the m variables x, ..., x,, (where m
may be infinite) is denoted C[[x,,...,x,]] and forms a unique factorization
domain (though not a principal ideal domain for m > 2).

It is primarily through experience that the combinatorial significance of the
algebraic operations of C[[x]] or C[[x,,...,X,]] is understood, as well as the
problem of whether to use ordinary or exponential generating functions (or
various other kinds discussed in later chapters). In Section 3.15, we will explain
to some extent the combinatorial significance of these operations, but even then
experience is indispensable.

If F(x) and G(x) are elements of C[[x]] satisfying F(x)G(x) = 1, then we
(naturally) write G(x) = F(x)™. (Here 1 is short for 1 + Ox + 0x> + ---.) It is
easy to see that F(x)™! exists (in which case it is unique) if and only if a, # 0,
where F(x) = Y ,»04,x". One commonly writes “symbolically” a, = F(0), even
though F(x) is not considered to be a function of x. If F(0) # 0 and F(x)G(x) =
H(x), then G(x) = F(x)"'H(x). More generally, the operation ~! satisfies all the
familiar laws of algebra, provided it is only applied to power series F(x) satisfying
F(0) # 0. For instance, (F(x)G(x))™* = F(x)"'G(x)™!, (F(x)™")™! = F(x), and so
on. Similar results hold for C[[x,,...,x,1]

1.1.5 Example. Let (} ,50a"x")(1 —ax) = Y n20Ca.x", where o is a non-zero
complex number. Then by the definition of power series multiplication,

1 n=90
‘= lat —a@) =0, n>1.

Hence Y ,»00a"x" = (1 — ax)™*, which can also be written

non __ 1
,.goax T l—ax
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1.1 How to Count 5

This formula comes as no surprise; it is simply the formula (in a formal setting)
for summing a geometric series.

Example 1.1.5 provides a simple illustration of a general principle that,
informally speaking, states that if we have an identity involving power series
that is valid when the power series are regarded as functions (so that the
variables are sufficiently small complex numbers), then this identity continues to
remain valid when regarded as an identity among formal power series, provided
the operations involved in the formulas are well-defined for formal power series.
It would be unnecessarily pedantic for us to state a precise form of this principle
here, since the reader should have little trouble justifying in any particular case
the formal validity of our manipulations with power series. We will give several
examples throughout this section to illustrate this contention.

1.1.6 Example. The identity

( ;0 x"/n!>< ;0(— 1)"x"/n!> =1 (3)

is valid at the function-theoretic level (it states that e*e™ = 1) and is well-defined
as a statement involving formal power series. Hence (3) is a valid formal power
series identity. In other words (equating coefficients of x"/n! on both sides of (3)),
we have

2 ()=t @

To justify this identity directly from (3), we may reason as follows. Both sides of
(3) converge for all xeC, so we have

n e n x_" _
n;o <k=0( 1) <k>> n! 1’ for all xeC.

But if two power series in x represent the same function f(x) in a neighborhood
of 0, then these two power series must agree term-by-term, by a standard
elementary result concerning power series. Hence (4) follows.

1.1.7 Example. The identity
Y x+1ynt=e) x"/n!
n=0

n>0
is valid at the function-theoretic level (it states that e*™' = e-e*), but does not
make sense as a statement involving formal power series. There is no formal
procedure for writing ) - o (x + 1)"/n! as a member of C[[x]].

Although the expression Y, (x + 1)"/n! does not make sense formally,
there are nevertheless certain infinite processes that can be carried out formally
in C[[x]]. (These concepts extend straightforwardly to C[[x,,...,Xx,,]], but
for simplicity we consider only C[[x]].) To define these processes, we need to
put some additional structure on C[[x]]—namely, the notion of convergence.
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6 Chapter 1 What Is Enumerative Combinatorics?

From an algebraic standpoint, the definition of convergence is inherent in the
statement that C[[x]] is complete in a certain standard topology that can be
put on C[[x]]. However, we will assume no knowledge of topology on the part
of the reader and will instead give a self-contained, elementary treatment of
convergence.

If Fi(x), F5(x), ... is a sequence of formal power series, and if F(x) =
Y nso0a,x" is another formal power series, we say by definition that F(x) con-
verges to F(x) as i —» oo, written F;(x) - F(x), provided that for all n > 0 there is
a number J(n) such that the coefficient of x" in F,(x) is a, whenever i > é(n). In
other words, for every n the sequence

EFI(X), ch(X),...

of complex numbers eventually becomes constant with value a,. An equivalent
definition of convergence is the following. Define the degree of a non-zero formal
power series F(x) = Y ,»0a,x", denoted deg F(x), to be the least integer n such
that a, # 0. Note that deg F(x)G(x) = deg F(x) + deg G(x). Then F,(x) converges
if and only if lim,, , deg(F;,,(x) — Fi(x)) = co.

We now say that an infinite sum ) ;o F(x) has the value F(x) provided
that Ys_, Fy(x) > F(x). A similar definition is made for the infinite product
1,51 Fi(x). To avoid unimportant technicalities we assume that in any infinite
product [ ];, Fj(x), each factor Fj(x) satisfies F;(0) = 1. For instance, let F(x) =
a;x’. Then for i > n, the coefficient of x" in ) \_ F(x) is a,. Hence Y ;5 o Fj(x) is
just the power series Y ,»04a,x". Thus we can think of the formal power series
Y n>0a,x" as actually being the “sum” of its individual terms. The proofs of the
following two elementary results are left to the reader.

1.1.8 Proposition. The infinite series ) ;.o Fj(x) converges if and only if
lim;,, , deg F(x) = . |

1.1.9 Proposition. The infinite product [];», (1 + F(x)), where F;(0) = 0, con-
verges if and only if lim;_, ,, deg Fi(x) = oo. a

It is essential to realize that in evaluating a convergent series Y ;- o Fj(x) (or
similarly a product [] j=1 Fj(x)), the coefficient of x" for any given n can be
computed using only finite processes. For if j is sufficiently large, say j > é(n),
then deg Fj(x) > n, so that

3(n)

(Y Ee=[ Y F).
nj=20 n j=0

The latter expression involves only a finite sum.

The most important combinatorial application of the notion of convergence
is to the idea of power series compositon. If F(x) = "5 ¢ a,x" and G(x) are formal
power series with G(0) = 0, define the composition F(G(x)) to be the infinite sum
Y n>08,G(x)". Since deg G(x)" = n-deg G(x) > n, we see by Proposition 1.1.8 that
F(G(x)) is well-defined as a formal power series. We also see why an expres-
sion such as e'** does not make sense formally; namely, the infinite series
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1.1 How to Count 7

Y ns0(l + x)"/n! does not converge in accordance with the above definition. On
the other hand, an expression like " ™! makes good sense formally, since it has
the form F(G(x)) where F(x) = Y, ox"/n! and G(x) = ) >, x"/n!.

1.1.10 Example. If F(x)e C[[x]] satisfies F(0) = 0, then we can define for any
A e C the formal power series

(1+Fo)= ¥ (A) Fexy, 5
n=0 \N

where (2) = A(A — 1)---(A — n + 1)/n!. In fact, we may regard 4 as an indeter-
minate and take (5) as the definition of (1 + F(x))* as an element of C[[x,4]]
(or of C[AJ[[x]]; that is, the coefficient of x" in (1 + F(x))* is a polynomial
in 1). All the expected properties of exponentiation are indeed valid, such
as (1 + F(x))*** = (1 + F(x))*(1 + F(x))* (regarded as an identity in the ring
C[[x, 4, u]], or in the ring C[[x]] where one takes 4, u€ C).

If F(x) =Y ,50a,x", define the formal derivative F'(x) (also denoted %2 or
DF(x)) to be the formal power series Y ,5ona,x" ' =Y 5 0(n + 1)@, x" It is
easy to check that all the familiar laws of differentiation that are well-defined
formally continue to be valid for formal power series. In particular

(F+G) =F +G
(FGY = F'G + FG'
F(GX)) = G(x)F(G(x)).

We thus have a theory of formal calculus for formal power series. The usefulness
of this theory will become apparent in subsequent examples. We first give an
example of the use of the formal calculus that should shed some additional light
on the validity of manipulating formal power series as if they were actual
functions of x.

1.1.11 Example. Suppose F(0) = 1, and let G(x) be the unique power series
satisfying

G'(x) = F(x)/F(x),  GO)=0. (6)

From the function-theoretic viewpoint we can “solve” (6) to obtain F(x) =
exp G(x), where by definition exp G(x) = Y., G(x)"/n!. Since G(0) = 0 every-
thing is well-defined formally, so (6) should remain equivalent to F(x) = exp G(x)
even if the power series for F(x) converges only at x = 0. How can this assertion
be justified without actually proving a combinatorial identity? Let F(x) =1 +
Y u>1a,x". From (6) we can compute explicitly G(x) =) ,»,b,x", and it is
quickly seen that each b, is a polynomial in finitely many of the a;’s. It then follows
thatifexp G(x) =1 + Y, ¢,x", then each ¢, will also be a polynomial in finitely
many of the a;’s, say ¢, = p,(a;,a,,...,a,), where m depends on n. Now we know
that F(x) = exp G(x) provided 1 + Y ,., a,x" converges. If two Taylor series
convergent in some neighborhood of the origin represent the same function, then
their coefficients coincide. Hence a, = p,(a;,4,,...,4a,) provided 1 + ¥ -, a,x"
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8 Chapter 1 What Is Enumerative Combinatorics?

converges. Thus the two polynomials a, and p,(a,,q,,...,q,) agree in some
neighborhood of the origin of C™, so they must be equal. (It is well-known
that if two complex polynomials in m variables agree in some open set of C™,
then they are identical.) Since a, = p,(a,,4,,...,a,,) as polynomials, the identity
F(x) = exp G(x) continues to remain valid for formal power series.

There is an alternative method for justifying the formal solution F(x) =
exp G(x) to (6), which may appeal to topologically inclined readers. Given G(x)
with G(0) = 0, define F(x) = exp G(x) and consider a map ¢: C[[x]]1 - C[[x]]
defined by ¢(G(x)) = G'(x) —%. One casily verifies the following: (a) if G
converges in some neighborhood of 0 then ¢(G(x)) = 0; (b) the set % of all power
series G(x)e C[[x]] that converge in some neighborhood of 0 is dense in C[[x]],
in the topology defined above (in fact, the set C[x] of polynomials is dense); and
(c) the function ¢ is continuous in the topology defined above. From this it
follows that ¢(G(x)) = 0 for all G(x)e C[[x]] with G(0) = 0.

We now present various illustrations in the manipulation of generating
functions. Throughout we will be making heavy use of the principle that formal
power series can be treated as if they were functions.

1.1.12 Example. Find a simple expression for the generating function F(x) =
Y nz0a,x", where ag = a; = 1,4, =a,_, + a,_, if n > 2. We have
Fx)= Y ax"=1+x+ ) ax"

n=0 n=2

=1+x+ ) (@ + a,_5)x"

nz2

=14+x+x)Y @ x"'+x2) a, ,x"2

n=2 n=2
=14 x+ x(F(x) — 1) + x2F(x).
Solving for F(x) yields F(x) = 1/(1 — x — x2).

1.1.13 Example. Find a simple expression for the generating function F(x) =
Y nz0a,x"/nl, where ag = a, = 1,a,=a,_, + (n — )a,_, if n > 2. We have
F(x)= Y a,x"/n!

nz0

=1+x+ Y a,x"n!

n=2

=14+x+4 ) (@,-y +(n— a,_,)x"/n. 1))
nx2
Let G(x) =Y ,»2a,-1x"/n! and H(x) =Y ,>,(m — 1)a,_,x"/n!. Then G'(x) =
Y2 x" n— 1N =F(x)—1, and H'(X)=),528,,x"}/(n—2)! =
xF(x). Hence if we differentiate (7) we obtain

F(x) =1+ (F(x) — 1) + xF(x) = (1 + x)F(x).

The unique solution to this differential equation satisfying F(0) = 1 is F(x) =
exp(x + 1x2). (As shown in Example 1.1.11, solving this differential equation is
a purely formal procedure.)
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1.1 How to Count 9

1.1.14 Example. Let u(n) be the Mobius function of number theory; that is,
u(1) = 1, u(n) = 0 if n is divisible by the square of an integer greater than one,
and u(n) = (— 1) if nis the product of r distinct primes. Find a simple expression
for the power series

Flx)= [] (1 = xmyom, ®)

n=>1

First let us make sure that F(x) is well-defined as a formal power series. We have
by Example 1.1.10 that

(1 _ x,.)-—”(,,)/,. - Z (‘H(n)/n>(_ l)ixi",
i=0 i
Note that (1 — x")™*®/" = 1 + H(x), where deg H(x) = n. Hence by Proposition

1.1.9 the infinite product (8) converges, so F(x) is well-defined. Now apply log to
(8). In other words, form log F(x), where

log(1 + x)= Y (—=1)""'x"/n,
nz1
the power series expansion for the natural logarithm. We obtain
log F(x) = log J] (1 — x™)~*®
n=1

Y log(l — x")7#tm

n21

-y u—(nllog(l — x")

nz1 N

u(n) xi"
‘EIT?;I(‘T)'

The coefficient of x™ in the above power series is

Y u(d),

1

m gim
where the sum is over all positive integers d dividing m. It is well-known that

1 1, m=1

il H=4"

m 4};‘,.#( ) {0, otherwise.

Hence log F(x) = x, so F(x) = e¢*. Note that the derivation of this miraculous
formula involved only formal manipulations.

1.1.15 Example. Find the unique sequence a4 = 1, ay, a,, ... of real numbers
satisfying

Y 4, =1 9
k=0

for all ne N. The trick is to recognize the left-hand side of (9) as the coefficient
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10 Chapter 1 What Is Enumerative Combinatorics?

of x"in (3,50 4,x")% Letting F(x) = ¥, ¢ a,x", we then have
F(x*= Y x"=1/1—x).

n=0

Hence F(x) = (1 — )% = 3,20 C¥*)(—1)"x", s0

4= (—D”(‘f) - (—1)»(_%)<_%><‘§)'“<—2—";—1)

n!

_1-3-5(2n— 1)
B 2"n'

Now that we have discussed the manipulation of formal power series, the
question arises as to the advantages of using generating functions to represent a
counting function f(n). Why, for instance, should a formula such as

2
Y f(m)x"/n! = exp (x + 3‘—) (10)
nz0 2
be regarded as a “determination” of f(n)? Basically, the answer is that there are
many standard, routine techniques for extracting information from generating
functions. Generating functions are frequently the most concise and efficient way
of presenting information about their coefficients. For instance, from (10) an
experienced enumerative combinatorialist can tell at a glance the following;

1. A simple recurrence for f(n) can be found by differentiation. Namely, we
obtain

Z fEx"Yn — 1) = (1 + x)e** 2 = (1 + x) Y. f(m)x"/n!.

nz20

Equating coefficients of x"/n! yields

fm+1)=fn)+nfln—1), n=1

2. An explicit formula for f(n) can be obtained from e****/2 = g%e**12,

Namely,
n 2n
x" (2n)t x2
B <n§0 ;l_') (,.go W w) P
so that

n '|
fi = lZ ()2"2(1/2)'

2
3. Regarded as a function of a complex variable, exp(x + %) is a nicely-
behaved entire function, so that standard techniques from the theory of asymp-
totic estimates can be used to estimate f(n). As a first approximation, it is routine
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