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Tables vii

Metric Projective Minkowski
sm ¢ R s ¢ RPH! Lt ¢ jit?
point: point: lightlike vector
pE ST p e S™ C RP™H! pE]R?”, {p,p) =0
sphere: point in “outer space”: spacelike vector:
Sc s S e RPAT! Se R (S,8) >0
incidence: polarity: orthogonality:
peES S € pol[p] = T,5" (p,S)=0
orthogonal intersection: polarity: orthogonality:
S1N1 S S; € pol[S;] (51,52) =0
intersection angle: — scalar product:
S N S C082 o= M

1 MNa O2 — 1511218212
elliptic sphere pencil: line not meeting S™: spacelike 2-plane:
{S|Slﬁ52 CS} inC[Sl,SQ] 51/\52,<51,52> =0
parabolic sphere pencil: line touching S™: degenerate 2-plane:
{S|peS,Tp,S=Tp5} inc[p, So] p A So, (p,So) =0
hyperbolic sphere pencil: line intersecting S™: Minkowski 2-plane:
{S|p1,p2 € S=S LS} | inclp,po] p1 A p2,p1 # P2
elliptic sphere complex: hyperplane intersecting S™: Minkowski hyperplane:
{§CsS™| SN K2Sx} pol[K] {K}*, (K,K) >0
parabolic sphere complex: hyperplane touching S™: degenerate hyperplane:
{S|S3K~2ps} pol[K] = T, S™ (Y (K, K) =0
hyperbolic sphere complex: | hyperplane not meeting S™: spacelike hyperplane:
{S|St3K=0e R"!} | pol[K] = RP"1\ R*H! {KK} - (K,K) <0
m-sphere: (m + 1)-plane intersecting S™: | Minkowski (m + 2)-space:
S:p; €S,dimS=m inc[p1, ..., Pm+2] PIA . ADPmy2
(n — m)-sphere: (m — 1)-plane in “outer space”: | spacelike m-space:
Slﬂ...ﬂSm inc[Sl,...,Sm] Sl/\.../\Sm
inversion: polar reflection: reflection:

sin”(0)p—2(pm—cos g)m (p,S)

p—= 1—2pm cos p+cos? o o prp—2 (S,S) S
Moébius transformation: projective transformation: Lorentz transformation:
w € Mob(n) € PGl(n+2),u(S™) =S e O1(n+2)

Fig. T.1. The classical model of Mobius geometry
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viii Tables

Metric Projective Minkowski
sm ¢ R s ¢ RPH! Lt ¢ RiH?
space of const. curvature: ... the base-mf becomes... | quadric:
St R3, HIPUH! = MP ST\ Qoo M Qr c Lt
sphere complex: hyperplane: hyperplane:
{Sc M I =0} pol[K] {K}+

immersion:

oM™ - Sn

proj. immersion:

Vp,v: f(p) # Ouf(p)

spacelike immersion:

(df,df) >0

sphere congruence:
M™ 3 p— S(p) CS™

Sphere congruence:
S:M™ — RPpH!

sphere congruence (locally):
S:M™ — syt

dp f(TpM) C Ty () S(p)

f envelopes S: f(p) € S(p),

f envelopes S:

Ty () f (M) C pol[S(p)]

strip (f,9):
f(p),dp f(Tp,M) L S(p)

Moébius frame:
(517"'7Sn717S7f7f)

pseudo orthonormal frame:
F:M™ — O1(n+2)

Fig. T.2. The classical model of Mobius geometry, differential geometric terms
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Tables ix
Conformal Homogeneous Minkowski
HP! H? L™ C 9(H?)
point: point: isotropic form:
p=vH e 5* v e H? Sy € H(H?), detS, =0
hypersphere: — spacelike form:
Sc st S € H(IM?), detS <0
2-sphere: involution: elliptic sphere pencil:
Scst S € 6(H?) S,JS € H(H?)
incidence: isotropy: orthogonality:
p=vHEeS S(v,v) =0 (Sp,S) =0
incidence: eigendirection: orthogonality:
peS Sv |l v Sp LS, TS
intersection angle: — scalar product:
2 _ {51.82}?

S1Ne S2 cos® o =

22
45753

f envelopes S: f(p) € S(p), | [ envelopes S: S(f, f) =0 | strip (Sf,S5):

dp f(Tp M) C Ty S(p) S(f.df)+Sdf, f)=0 S¢(p),dpSp(TpM) L S(p)
f envelopes S: f(p) € S(p), | f envelopes S: Sf || f —

dp f(TpM) C Ty S(p) ds-f | f

Mobius transformation: fractional linear: Lorentz transformation:
w € Mob(4) weS(2,H), v— pv weS(2,H), S— uS
stereographic projection: affine coordinates: —

v = (190) (Voov) ~1 V=109 + Voo

point pair map: Mobius frame: Mobius frame:

(f,f): M —p F:M — Si(2,H) (S1,.--,54,8,5;)
cross-ratio: cross-ratio: —

[P1; p2; P3; 4] V102 V31v2 V104

Fig. T.3. A quaternionic model of Mdbius geometry
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Conformal Projective Clifford Algebra

+1 +1 1 +2
Sm S™ C RP™ L Cc A'RY
point: point: isotropic vector
pe St pesn pEAllR'lHQ, p2 =0
hypersphere: point in “outer space”: spacelike vector:
sCS™ SEBP8+1 SEAIIR?+2, 2 <0
incidence: polarity: orthogonality:
pEs s € pol[p] = T,,S™ {p,s}=0
orthogonal intersection: polarity: orthogonality:
s1M 82 si € pol[s] {51,852} =0
intersection angle: — scalar product: )
51 Na 52 cos? o = —{11828522}

153

k-sphere: plane intersecting S™: timelike pure (k + 2)-vector:
S:ipL,. P2 €5 inc[p1, ..., prr2] P1A . Appi2 € AFFZRIT?
k-sphere: plane in “outer space”: spacelike pure (n — k)-vector:
$1N...NSp—k inc[s1,...,Sn—k| SIA...NASp_k € A/\’“’“]Z‘Z;L'~'2
incidence: polarity: vanishing of lower grade:
pEs p € pol[s] sp € AnRHIRIF2

f envelopes s: f(p) € s(p),
dp f(TpM) C Ty (p)s(p)

f envelopes s:
Ty(p) f(M) C pol[s(p)]

no lower grades:
sf,sdf > APTRHLRYT?

inversion

polar reflection

reflection:

1
P REsPs

3 € Mob(n)

Mobius transformation:

projective transformation:

3 3(S") =95

spinor:
3 € Spiny(n+2)

cross-ratio:

[p1; p2;p3; P4

cross-ratio:

P1P2P3P4+P4P3P2P1
(P1Pa+pap1)(pP2p3+p3p2)

Fig. T.4. A Clifford algebra model of Mébius geometry
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More information
Tables xi
Conformal Affine Clifford Algebra
Sm 5™ = R™ U {oo} Lt ¢ ARy
point: “vector”: isotropic vector
2
ves @ ver o) | (1257).0) e AR
hypersphere: hypersphere/-plane: spacelike vector/Mobius involution:
Sc s ScR" (gn :’;,f*ﬂ), (324) € AR+
incidence: fixed point: orthogonality:
ves SH)=@{)a {v,8} =0
orthogonal intersection: | — orthogonality:
S1NL S {81,8,} =0

intersection angle:

scalar product:
24— {51,852}

S1N...NS,—k

S1Na Sz cos 15252

k-sphere: — timelike pure (k + 2)-vector:
[V, Vg € VI AL AVigo € AFF2RIT?
k-sphere: — spacelike pure (n — k)-vector:

Si A NS, € AVTRRIF2

€ Mob(n)

incidence: fixed point: fixed point:
ves S(H)=@{)a r( SV v
inversion inversion: reflection:
viem—ri(v—m)"t | Vs #SVS
Mobius transformation: | fractional linear: spinor:

v (av +b)(cv +d)~1

ab) € Pin(R"?)

point pair map:

(foor fo) : M — B

point pair map

(fos fo), fi : M — R"

Mobius frame:
(4= 1°) « M — T(Ry*?)

Fig. T.5. A Clifford algebra model: Vahlen matrices
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