
Index

Abel equation, 553
absolute value, 4
accessory parameters, 386
airfoil, 404, 550
Airy’s function, 297
Airy’s equation, 296
algebraic equation, 14, 27
analytic, 24

continuation, 123, 152
function, 24, 37, 38
zero’s of, 123
in a region, 37

annulus, 8, 79
antiderivative, 76, 84
antistokes lines, 492
arc, 71, 313

Jordan, 71
simple, 71
smooth, 72

argument, 4
Argument principle, 259
associative law, 6
asymptotic

behavior, 423
expansion, 414

asymptotic power series, 417
sequence, 414
zero’s of, 123

automorphic function, 190, 395

barrier, 43
circular, 43

Bernoulli equation, 331
Berry, 494
Bessel function, 136, 216, 283
Bessel’s equation, 183
bibliography, 445
bilinear transformation, 328, 366
binomial coefficients, 25
Biot, 550

Bleistein, 455
BMO (bounded mean oscillations), 268
boundary, 8

conditions, 38, 326
correspondence points, 408
jump discontinuity, 152
natural, 155
point, 8

boundary value problems, 326
bounded mean oscillations, 268
bounded region, 8
branch, 47

cut, 47
movable point, 180
point, 46
principal, 48

Bromwich contour, 274
Burgers equation, 476

camper line, 550
canonical factorization, 560
capacitance, 407
Carleman, 516, 555
Cassinians, 402
Cauchy–Euler type equation, 192
Cauchy–Goursat Theorem, 70, 105
Cauchy Integral Formula, 91
Cauchy (Type) Integrals, 517ff
Cauchy Principal Value at Infinity, 218
Cauchy Principal Value Integrals, 237ff
Cauchy Residue Theorem, 207
Cauchy–Riemann conditions, 33, 34

in polar form, 34
Cauchy sequence, 137
Cauchy’s Theorem, 70
cavitation, 337
chain rule, 57, 73, 98
Chazy, 188
Chazy’s equation, 188
circular barrier, 43

640

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521534291 - Complex Variables: Introduction and Applications, Second Edition
Mark J. Ablowitz and Athanassios S. Fokas
Index
More information

http://www.cambridge.org/0521534291
http://www.cambridge.org
http://www.cambridge.org


Index 641

circulation, 77, 81, 324
Clarkson, 610, 611
closed contour, 72

simple, 72
closed region, 8
cluster point, 151
Cole, 476
commutative law, 6
compact, 9
compactified, 16
compact region, 23
comparison test, 120
complementary domains (circle), 372
complementary error function, 293
complex, 3

conjugate, 5, 22
conjugate pairs, 27
electrostatic potential, 326
integration, 70ff
logarithm, 49
number, 1
number exponential form, 4
number, real part, 1

imaginary part, 1
number, properties, 5, 6
plane, 3
plane compactified (closed), 16
plane extended, 15, 16

complex logorithm, 48
exponential, 11

complex temperature, 325
complex electrostatic potential, 326

velocity potential, 40
computerized tomography (CT), 564
conduction, 39

steady state heat, 39
conductivity, 325
conformal mapping, 57, 311 ff
conformal transformation, 312, 314
conjugate (complex), 5, 22
conjugate, harmonic, 39
conjugate mapping, 15
connected, 9

at infinity, 22
connection functions, 504
continuous, 22

everywhere, 24
function, 22, 72
in a region, 23

contour, 72
Bromwich, 274
deformed, 86, 87
dogbone, 257

contour integral, 72
Jordan, 72
keyhole, 246
two-keyhole, 257

convergence, 217, 222
absolute, 159
radius of, 117
uniform, 110, 222

convolution product – Fourier, 271
convolution product – Laplace, 277–278
coordinates, 3

polar, 3
cos (cosine), 12
cosine transform, 273
critical point, 317, 449
crosscut, 76, 85
cross ratio, 369
CT (see computerized tomography), 564
curl, 40
curve, 71

Jordan, 71
simple, 71
simple closed, 71

curvilinear polygon, 382
cylinder, 42

damped and stable, 14
Darboux, 184, 188, 190, 195
Darboux-Halphen system, 188–189,

190, 195
DBAR (∂̄) problem, 516, 598
Debye, 455, 464
deformation of contours, 213
deformed contour, 86, 87
degenerate kernel, 539
delta function, 270
derivative

definition, 23
Schwarzian, 190, 194, 383

differentiable function, 34
dielectric constant, 325
difference quotient, 24
differentiable, 23, 24

nowhere, 24
difference equation, 277
differential equations, 174ff
diffusion equation, 288
Dingle, 494
Dirac delta function, 270
Dirichlet problem, 40, 326, 546
dispersion relation, 295, 475
dispersive, 476
dispersive solution, 475
displacement kernal, 558
distributive law, 6
divergence, 40
divergence theorem, 82
dogbone contour, 257
domain, 9
domain multiply connected, 79
domain of definition of a function, 10

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521534291 - Complex Variables: Introduction and Applications, Second Edition
Mark J. Ablowitz and Athanassios S. Fokas
Index
More information

http://www.cambridge.org/0521534291
http://www.cambridge.org
http://www.cambridge.org


642 Index

dominant (part of an asymptotic expansion),
492

doublet, 45, 69
doubly periodic function, 185
doughnut, 79
dual space, 267

eigenfunction, 539
eigenvalues, 539
electrodes, 407
electrostatics, 39, 325
elliptic function, 185, 186, 359
elliptic integral, 358
elliptic modular function, 382, 396
entire function, 38, 95, 149, 185
equation

Abel, 553
Airy’s, 296
Bernoulli, 331
Bessel’s, 183, 192
Cauchy–Euler type, 192
Chazy, 188
Darboux-Halphen, 188–189, 190, 195
diffusion, 288
Fredholm, 484
Fredholm integral, 538
Gel’fand–Levitan–Marchenko, 613
heat, 303
Helmholtz, 570
hypergeometric, 189, 305
indicial, 182
integral, 538
Kadomtsev–Petviashvili, 615
Korteweg–deVries (KdV), 480
Laplace’s, 39
Legendre’s, 183, 192
linear homogeneous differential, 26,
180
linear integral, 538
modified KdV, 480, 484
Painlevé, 174, 184, 617
polynomial, 5
reduced wave, 570
Riccati, 184
Schrödinger, 411, 474, 609
self-dual Yang–Mills, 566
Theodorsen’s integral, 409
Volterra integral, 538
wave, 293

equilibrium states, 14
equipotential lines, 326
Erdelyi, 417, 443
erf (error function), 283
error function, 283
essential singular point, 148, 149
essential singularity, 149
Euclidean geometry, 18

Euler
constant, 420
formula, 18
method, 198
notation, 3
numbers, 125

expansion
asymptotic, 414
Laurent, 206
Mittag–Leffler, 165
Taylor (series), 114ff
Weierstrass expansion, 169

exponential
exponential function, 4, 11

order, 274
exponential integral, 494

polar, 4
extended complex plane, 15

factorial function, 276
factorization

canonical, 560
problem, 560
proper, 560

FFT (fast fourier transform), 197
field, flow and velocity, 41
flow field, uniform, 41
fluid ideal flow, 39, 40, 323
flux, 77
flux lines, 326
forcing, 293
Fornberg, 410
four dimensions, 14
Fourier coefficients, 269
Fourier sine transform, 291
Fourier transform, 267

cosine, 273
discrete, 197
fast (FFT), 197
inverse, 267
pair, 267
sine, 273

Fourier type integrals, 439ff
Fredholm equation, 484
Fredholm integral equation, 538
friction zero, 40
Frobenius, 182
Fuchs, 182, 184
function, 10

absolutely integrable, 268
Airy, 297
analytic, 24, 37, 38
automorphic, 190, 395
Bessel, 136, 216, 283
branch of, 47
complementary error, 293
complex logarithm, 49
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Index 643

continuous, 22, 72
continuous in a region, 23
cos (cosine), 12
differentiable, 34
differentiable nowhere, 24
Dirac delta, 270
domain, 10
doubly periodic, 185
elliptic modular, 382, 396
entire, 38, 95
error, 283
exponential, 4, 11
exponential integral, 494
factorial, 276
gamma (	(z)), 436
gamma (	(g)), 276, 427
generalized analytic, 601
Green’s, 286
Hankel, 457
harmonic, 39
Heaviside, 471
hyperbolic, 12
inverse trigonometric and hyperbolic, 53, 55
Jacobian elliptic, 359
Kronecker delta, 203, 208
meromorphic, 217
multivalued, 46
of exponential order, 274
periodic, 4
piecewise continuous, 72
principal branch, 48
power, 10, 52
range, 10
rational, 11, 150
residue, 206
Schwarzian S, 389
Schwarzian triangle, 190, 382, 389
sin (sine), 12
square integrable, 267
stream, 40, 324
symmetric, 539
trigometric, 12
uniformly continuous, 23
univalent, 319
zeros of, 123, 259

Fundamental Theorem of Algebra, 96, 264

Gaier, 410
Gakhov, 516
gamma function (	(z)), 171, 276, 427,

436
Gaussian, 279
Gel’fand–Levitan–Marchenko equation, 613
generalized analytic function, 601
geometric interpretation, 3, 6
Glasser, 504
Gohberg, 560, 605, 607

Goursat, 83, 105
gradient, 34, 43
Green, 500
Green’s function, 286, 288
Green’s Theorem, 81
group velocity, 295, 475

Halphen’s (Darbaux-Halphen) system,
188–189, 190, 195

Handelsmac, 455
Hankel, 506
Hankel function, 457
harmonic, 39

conjugate, 39
function, 39
motion, 28

heat equation, 303
heat flow, 325

steady state conduction, 39
Heaviside function, 471
Helmholtz equation, 570
Hilbert problem, 546
Hilbert transform, 255
Hille, 174, 180
Hölder condition, 517
holomorphic, 38
homogeneous differential equations, 26, 180
Hopf, 476
hyperbolae, 39, 57, 366, 402
hyperbolic function, 12
hypergeometric equation, 183, 305

ideal fluid flow, 40, 323, 329ff
identities

hyperbolic function, 12
trigonometric, 5, 12

image, 14
images on the sphere, 17
imaginary part, 3, 11
IMT (inverse Monodromy transform),

618
Ince, 174, 180
incompressible, 40
indicial equation, 182
individual indices, 580
inequality, triangle, 6
inequality derivatives, 95
inequality integral, 78
infinite products, 158ff
integrable, 70
integral equation, 538

with displacement kernel, 558
with logarithmic kernel, 556
with Abel, 553

integral representation, 298, 299
integral, independence of path, 73
integration (complex), 70ff
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644 Index

integration by parts, 423
interior point, 8
invariance of the cross-ratio, 369
inverse Fourier transform, 267
inverse function, 53, 55
inverse hyperbolic function, 53, 55
inverse Laplace transform, 274
inverse mapping, 317ff
inverse Monodromy transform (IMT), 618
inverse points (circle), 372–373, 374
inverse scattering, 515, 609
Inverse Scattering Transform, 484, 565
inverse tangent function, 52
inverse transformation, 57
inverse trigonometric functions, 53, 55
inviscid, 40
irrotational, 40, 324
isolated singular point, 144
isolated zero’s, 123
isothermal lines, 325
IST (inverse scattering transform), 484

Jacobi/Jacobian elliptic function, 186, 359
Jeffreys, 300, 500
Jordan arc, 71
Jordan contour, 72
Jordan curve, 71
Jordan’s Lemma, 222
Joukowski profiles, 404

Kadomtsev–Petviashvili equation,
615

KdV (Kortewg–deVries), 480, 613
kernel, 538

degenerate, 539
kernel displacement, 558
kernel logarithmic, 556
keyhole contour, 246
Korteweg–deVries (KdV) equation, 480, 613
KP (Kadomtsev–Petviashvili), 615
Krein, 560, 605, 607
Kronecker delta function, 203, 208
Kruskal, 494
Kurta condition, 551

Laplace’s equation, 39
Laplace transform and inverse, 274, 510
Laplace’s formula, 431
Laplace’s method, 430ff, 431
Laplace type integrals, 422ff, 423
Laplacian operator, 288
Laurent

expansion, 206
series, 121, 127, 196

least upper bound (l.u.b.), 117
Legendre’s equation, 183
lemulscate, 367, 402
level curves, 41

l’Hopital’s rule, 29, 242
lift, 335, 337
Lighthill, 270
limits, 20ff
limit at infinity, 21
linear fractional transformation, 366
linear homogeneous differential equations,

26, 180
line integral, 72, 74
linear integral equation, 538
Linearize, 192
Liouville, 500
Liouville’s Theorem, 95
Lipschitz condition, 517
lower half plane, 224
logarithm, 48, 49
logarithmic kernel, 556
L R circuit, 301

maximum-modulus theorem, 97
maximum principles, 97
M test, 112, 139
majorants, 175
mapping, 14
mapping, conformal, 311ff
mapping: one-to-one, 319
mapping: inverse, 317ff
marginally stable, 14
matching solution, 296
Mean value formula, 96
Mellin transform, 504, 510
meromorphic function, 150, 217
Mittag–Leffler expansion, 165, 228
Mittag–Leffler Theorem, 166, 167
modified Bessel function, 298
mKdV (modified KdV), 480
Möbius transformation, 366
modified KdV, 480, 484
modulus, 4, 406
monodromy problem, 618
Monodromy Theorem, 155
Morera’s Theorem, 95
movable branch point, 180
multiple solutions, 5, 27
multiplication of series, 120
multiply connected, 79
multivalued function, 4, 46
multivaluedness, 10
Muskhelishvili, 516, 522, 540

NACA, 550
natural barrier (boundary), 155, 392
necessary condition, 33
Nehari, 344, 348, 359, 393, 398
neighborhood, 8, 15
Neumann problem, 40, 326
nonisolated singularity, 155
nonlinear differential equation, 174
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Index 645

nonlinear wave propagation, 98
nonviscous, 40
normal (unit vector), 77
normalization constants, 611
north pole, 15, 18
N -soliton, 615

o notation, 413
one-to-one, mapping, 319
open set, 8
open sets map to open sets, 341
orientation of contour, standard, 254
orthogonality of level curves, 39
Osgood–Carathéodory theorem, 344

Painlevé equation, 193, 174
Painlevé transcendents, 187
Painlevé type ODE, 184
parallelogram law, 6
Parseval formula, 272
Parseval formula for Mellin transforms, 510
Parseval identity, 272
partial differential equations, 37, 39, 285
partial indices, 580
PDE (partial differential equation), 37
periodic function, 4
periodicity, 5
phase, 47
phase diagram, 63
phase velocity, 475
Picard’s Theorem, 149
piecewise continuous function, 72
piecewise smooth, 268
PIV (Painlevé IV equation), 617
Plemelj, 516
Plemelj formula, 518, 540
Poincare-Bertrand transposition formula,

577
point at infinity, 15, 18

cluster, 151
Point Vortex, 58
Poisson formula (half plane), 287

(circle), 104
polar

coordinates, 3
exponential, 4
form, 4
representation, 14

pole, 146
at infinity, 150
double, 146
movable, 180
N ’th-order, 145
simple, 145
strength of, 145
triple, 145

potential, complex velocity, 40
electrostatic, 326

polygon, curvilinear, 382
polygon, mapping, 348ff
polynomial, 10, 11, 25, 30
polynomial equation, 5

zeros (roots) of, 5, 96, 264
power function, 10, 52
power series, 13, 114
power spectrum, 272
principal branch, 49
principal part, 130, 164, 206
principal value at infinity, 218
principal value integral, 237ff
principle of the argument, 259
product, infinite, 158ff
projection

operators, 255
stereographic, 15

proper factorization, 560
punctured z-plane, 37

radiation condition, 571
radius of convergence, 13, 117, 202
Radon transform, 515, 564–566
range of a function, 10
rational function, 150
ratio test, 120
rays of maximum dominance, 493
real part, 3, 11
reduced wave equation, 570
recessive (part of asymptotic expansion), 492
recursion relation (differential equation),

183
reflection principle (Schwarz), 346, 379
region

bounded, 8
closed, 8
compact, 23

regular singular point, 182
removable singularity, 144
residue, 130, 206

at infinity, 211
residue theorem, 206, 207
RH (Riemann–Hilbert), 514
Riccati equation, 184
Riemann–Hilbert (RH) problem, 514
Riemann–Lebesgue lemma, 439
Riemann Mapping Theorem, 344
Riemann surface, 65

infinitely sheeted, 66
n-sheeted, 66
two-sheeted, 65

Riemann zeta function, 142
RK4 (Runge–Kutta method), 199
roots of unity, 5, 410
root test, 117
Rouché’s Theorem, 263
Rudin, 268
Runge–Kutta methods, 199
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646 Index

saddle point, 449
Savart, 550
scattering theory, 98, 515, 609
Schrödinger equation, 411, 474, 609
Schwarz–Christoffel theorem (formula),

348
Schwarz-Christoffel transformation, 312,

346
Schwarzian derivative, 190, 383
Schwarzian S-function, 389
Schwarzian triangle function, 190, 382,

389
Schwarz reflection principle, 346, 379
Schwarz symmetry principle, 346, 379
sectionally analytic, 520, 528
sector, 10
Segur, 484, 613
self-dual Yang–Mills equation, 161
sequence, 109

Cauchy, 137
asymptotic, 484

series
Taylor, 70, 114ff
Laurent, 121, 127, 146
power, 164

series asymptotic power, 417
series expansions, 18
series methods (numerical), 201
sheet (Riemann surface), 65
SHM (simple harmonic motion),

28
shock condition, 479
shock wave, 479
simple

arc, 71
closed curve, 71
closed contour, 72
curve, 71
harmonic motion, 28
pole, 145

simply connected, 79
sin (sine), 12
sine transform, 273, 291
singularity

fixed, 179
movable, 179
nonisolated, 155
removable, 144

singular integral equations, 538ff
singular point, 38, 98

essential, 179
fixed, 179
isolated, 145
regular, 182

sink, 60, 69
smooth arc, 72
square root, 46

Sommerfeld contour, 463
Sommerfeld diffraction problem,

570
Sommerfeld radiation condition,

294
source, 60, 69
south pole, 15
special ends, 535
sphere, 15
SP (singular point), 179
square integrable function, 267
stable, 14

marginally, 14
stagnation point, 43
standard orientation of contour,

254
stationary phase method, 443ff
steepest descent method, 448ff
stereographic projection, 15, 50,

62
Stirling’s formula, 436, 495
stokes lines, 493
Stokes phenomenon, 418, 488
stream lines, 41, 324
stream function, 40, 324
strength of a pole, 145
sufficient condition, 33
supremum (sup), 117, 202
symmetric function, 539

tangent (unit vector), 77
Taylor series, 30, 114ff
temperature distribution, 56

steady state, 67
test

comparison, 120
ratio, 120

Theodorsen’s integral equation, 409
thermal conductivity, 325
thin airfoil theory, 550
time independent Schrödinger equation,

609
time-stepping methods, 198
Titchmarsh, 440
to all orders, 430
tomography, 564
total index, 608
transcendental, 14
transformation, 14

bilinear, 328, 366
conformal, 314
critical point, 317
linear fractional, 366
Möbius, 366
Schwarz–Christoffel, 312, 346
inverse Monodromy, 618
inverse scattering, 484
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Index 647

Laplace, 274
Mellin, 504
Radon, 515, 564

transform space, 267
transform

Fourier, 267
Laplace, 274
Mallin, 504
Hilbert, 255

triangle inequality, 6
triangular region, 315, 319
trigonometric functions, 12
trigonometric identifies, 5
trilaterals, 405
turning point, 501
turning solution (function), 296, 504
two-keyhole contour, 257

unbounded region, 15
uniform convergence, 222
uniform flow, 41
uniformly continuous, 23
uniqueness

of Taylor series, 118
of Laurent series, 132
of analytic inverse, 320, 342

univalent, 319
unstable system, 14
upper half plane, 14, 224

values at infinity, 15
vector, 3
vector gradients, 34

Vekua, 583, 601
velocity, fluid, 40, 324
velocity field, 41
velocity potential, 40
vibrations of beams, 28
Volterra integral equation, 538
vortex, point, 60

Watson, 389, 393
Watson’s Lemma 426ff, 427
Watson’s Lemma in the complex plane, 490
wave, 98

equation, 293
nonlinear propagation, 98

wedge product, 598
Wegmann, 410
Weierstrass, 149
Weierstrass elliptic function, 185
Weierstrass M test, 112, 139
Weierstrass Factor Theorem, 169, 228
Whitham, 476, 477
Whittaker, 389, 393
Wiener–Hopf method, 516, 570
winding number, 213, 260
WKB (Wentzel-Kramner-Brillouin),

500
Wronskian, 189

zeroes of a function, 123, 259
zero friction, 40
zeta function, 142
z plane, 4, 11

punctured, 37
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