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3-Π-operator, 112, 241
λ-measure, 176, 394
⊕-difference, 230
ϕ-conjugate, 235
ϕ-duality, 47, 238
ϕ-self-duality, 47
ϕ-transform, 235

Abelian group, 323
ordered, 323

absolute continuity, 15, 359
function of two variables, 17

additive generator, 78
additivity, 51, 144

comonotonic, 54
aggregation function, 3, 2–9
ϕ-invariant, 236
augmented, 254
countably extendable, 401
decreased, 254
discrete, 313
disjunctive, 100–105
extended, 6
greatest, 8
identification of, 382
integral-based, 333–347
separable, 318, 332–334
smallest, 8, 56
transformed, 234–242
(v-) weighted, 248
weighted, 247–252
with Chebyshev norm 1, 99

agreement, 24
Ali–Mikhal–Haq copula, 96
andness

mean local, 354
andness function

local, 354
andness value

global, 351
annihilator element, 50, 324–325
Archimax copula, 97
Archimedean

axiom, 143
extended aggregation function, 50
t-norm, 72

arithmetic mean, 3, 6, 20, 133, 138, 139, 144, 164,
361

weighted, 8, 37, 143, 144, 172, 183, 201, 202,
350, 353, 364, 365, 370, 375, 378, 411

extended, 168
arity, 3
Arrow’s theorem, 412
associativity, 32, 32–34, 161, 242, 243, 327

barycentric, 34
functional equation, 32
of a sequence, 330
of means, 34
weighted, 34
with repetitions, 34

autodistributivity, 39, 143
average, 131
average value, 349

limiting, 350

Banzhaf
interaction index, 370
power index, 364
value, 363–364

Bernoulli number, 179
bicapacity, 335, 335–337

additive, 335
normalized, 335
of the CPT type, 335, 341
symmetric, 335

binary order, 392
bipolar scale, 317

ordinal, 325
bisymmetry, 39, 39, 137, 139, 141, 144, 149

strong, 40
bounded sum, 13, 103
bwt-norm, 57, 65–67

cancellativity, 12
t-norm, 68
uninorm, 111
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canonical simplex, 184
capacity, 173, 173–176, 181

2-additive, 190
additive, 174, 194
coding of, 391
greatest normalized, 174, 225
k-additive, 180, 391, 392
0–1, 173, 192
0-1, 194, 201, 225, 298
maxitive, 174, 219, 225
minitive, 174, 219, 225
normalized, 173
pseudo-additive, 176
self-conjugate, 197, 221
smallest normalized, 174, 225
symmetric, 174, 194, 219, 225
threshold, 225
uniform, 174

Cauchy equation, 51, 274, 276, 282, 286
chain, 311
Chebyshev norm, 18, 279, 283, 284, 411
Chisini equation, 130
Choquet integral, 144, 181, 181–206, 217,

230–232, 280, 287, 289, 356, 363, 364, 366,
369–371, 373, 376, 378, 380, 391–395, 411,
413

asymmetric, 182, 334, 341
multilevel, 206
symmetric, 182, 192–194, 197, 334, 341
w.r.t. a bicapacity, 337–346

co-Möbius transform, 178, 179, 188
co-value, 179, 369
commonality function, 178
comonotonic, 191

additivity, 54, 192, 197
maxitivity, 54, 217, 221
minitivity, 54, 217
pseudo-additivity, 231
vectors, 54

comparison meaningfulness
on a single ordinal scale, 46, 293, 304–308, 314
on independent ordinal scales, 46, 293,

308–310, 315
compensation

downwards, 109, 120
upwards, 109, 120

computation rule, 330, 330–332
splitting, 331, 346
strong, 331
weak, 331

conjunction, 28
degree, 351

conjunctor, 57, 65–67
construction method

augmenting, 254
constraining, 256
extension from a sequence, 267
extension from one point, 267
from diagonal, 269
idempotization, 253
minimal dissimilarity, 258

of flying parameter, 255
ordinal sum, 262

continuity, 13, 13–22
absolute, 15
uniform, 14

convex T–S-operator
exponential, 387
linear, 386

copula, 57, 88–98, 290, 410
Archimax, 97
Archimedean, 94, 390
Bertino, 270
cubic family, 96
extreme values, 290
Farlie–Gumbel–Morgenstern family, 96
general, 89
Max-attractor, 97
nonstrict Archimedean, 95
strict, 95

cosigned vectors, 340
criterion

complementary, 369
independent, 370
substitutive, 370

cumulative prospect theory, 334, 336
ordinal, 334, 346

D-ordinal sum, 266
decision making, 383

multicriteria, 410
multiperson, 412

decomposability, 35, 34–39, 135, 156
dyadic, 137
strong, 36, 41, 136

dependence function, 97
diagonal restriction, 294
diagonal section, 3, 10, 269
difference scale invariance, 44, 138, 280
dimensional analysis, 43
discretizability, 299, 302
disjunction, 28

degree, 352
dissimilarity function, 257
distorted probability, 176
distribution function, 359–361

decumulative, 182, 211, 232
marginal, 91
n-dimensional, 91

distributivity, 324
restricted, 123, 123–129, 228

domain of definition, 10
double aggregation, 243
downwards attitude, 67, 401
downwards compensation, 120
drastic product, 22, 65, 67, 72
duality, 239, 350
ϕ-, 47

dyadic decomposability, 137
dyadic extended function, 137

Einstein sum, 114, 253
endpoint preservation, 26
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error criterion, 384
least mean squares, 386, 388, 393–395

expected value, 349
exponential mean, 133, 138
extended aggregation function, 6–9

countable extension, 404
downwards attitude, 401
generated, 60
upwards attitude, 401

extended function, 6
dyadic, 137

extended generating family (EGS), 60
extended mixture set, 416
extension

backward, 34
forward, 34

favor
coordinate, 372, 372–376
index, 374

probability-based, 373
Frank family

additive generator, 79
triangular conorm, 103
triangular norm, 69

function
conjunctive, 28, 357
constant, 9
disjunctive, 28, 357
Lipschitzian, 18
piecewise linear, 205
pseudo-inverse, 61
quasi-linear, 143

function of two variables
absolutely continuous, 17

functional, 3
fuzzy logic, 414

game, 173
bicooperative, 335, 336
biunanimity, 336
simple, 173
unanimity, 174

game theory, 173, 178, 369
gamma operator, 120, 387
generator

additive, 78
multiplicative, 81
of a mean, 133
of a t-conorm, 105
of a t-norm, 78
of a uninorm, 111

genetic algorithm, 394
geometric mean, 6, 19, 20, 133, 134, 138, 164,

355, 373
weighted, 143, 248, 253, 276, 350, 353, 364,

365, 370, 387
global andness value, 351
global idempotency value, 357
global orness value, 352

Hamacher family
additive generator, 80
triangular conorm, 104
triangular norm, 70

harmonic mean, 133
homogeneity

∨-, 54
∧-, 53
of degree one, 44
positive, 44, 273

hybrid mixture set, 417
hybrid utility function

optimistic, 417

idempotency, 6, 24, 24–28
equation, 25
function

local, 358
mean local, 358
range-, 25, 35
strong, 26
value

global, 357
idempotent element, 24

asymptotic, 25
trivial, 50

idempotizability, 27, 131
idempotization, 166, 253

process, 28
identity function, 10
image analysis, 413
importance index, 362, 368

normalized, 362
of coordinates in K , 365

independence
of highest arguments, 30
of lowest arguments, 31

index
importance, 362
interaction, 368
maximum improving, 371
of arguments involvement, 380
of uniformity of arguments contribution, 379

indicator function, 9
inference rule, 413
infinitary aggregation function, 398

additive, 398
comonotonic additive, 398
continuous, 398
homogeneous, 398
idempotent, 398
symmetric, 398

infinite product, 400
integral

Benvenuti, 230
Choquet, 181
Imaoka, 232
Murofushi, 229
opposite Sugeno, 233
(S,U), 228
Shilkret, 233
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Šipoš, 183, 334
Sugeno, 210
universal, 231

interaction
index, 179, 368, 369–370, 392
transform, 179, 180, 189

intermediate value property, 13
internality, 29
interpolation, 184, 187, 337
interval scale invariance, 45, 139, 284
invariance

difference scale, 44
interval scale, 45
log-ratio scale, 45
ordinal scale, 46
ratio scale, 43
shift-, 44

J -aggregation function, 405

k-Cartesian A–B product, 246
k-conjunctiveness, 30, 194, 376
k-conjunctiveness index, 376–378

probability-based, 377
k-disjunctiveness, 30, 194, 376
k-disjunctiveness index, 376–378

probability-based, 377

lattice polynomial function, 162, 185–186, 201,
207, 225, 296–300, 302, 303, 308

conjunctive and disjunctive normal form, 207,
208

weighted, 208, 211–212
laws of sciences, 43
least mean squares

error criterion, 386, 388, 393–395
heuristic (HLMS), 394

least square regression, 384–386
left-continuity, 21
Lipschitz condition, 18, 18–20

c-, 18
Lipschitz constant

best, 18
local andness function, 354
local idempotency function, 358
local orness function, 30, 354
log-ratio scale invariance, 45, 144, 289
logarithmic mean, 164
lower Frechet–Hoeffding bound, 90
lower ordinal sum, 262
lower semi-continuity, 21
Łukasiewicz t-norm, 62, 68

Möbius
function, 177
inverse, 177
transform, 177, 178–180, 187

bipolar, 337
of bicapacity, 336, 339
ordinal, 216

transformation, 177, 178
maximum, 7, 201, 225, 273

ordered weighted, 224, 225

partial, 8, 144
symmetric, 214, 327, 325–332, 334
weighted, 224, 225, 251

maximum separation criterion, 395
maxitivity, 53

comonotonic, 54
mean, 29, 130

anti-Lagrangian, 165
arithmetic, 3, 6, 20, 133, 138, 139, 144, 164,

361
associative, 161
Cauchy, 29, 165
Chisini, 131
exponential, 133, 138
extended, 130
F-level, 131
geometric, 6, 19, 20, 133, 134, 138, 164, 355,

373
harmonic, 133
Lagrangian, 164
level surface, 131
logarithmic, 164
pure, 404
quadratic, 133, 289
quasi-arithmetic, 132, 137

extended, 132, 135
weighted, 139
with weight function, 145

quasi-linear, 139, 143
root-mean-power, 133
Stolarsky, 164
weighted arithmetic, 8, 37, 143, 144, 350, 353,

364, 365, 370, 375, 378
extended, 168

weighted geometric, 143, 276, 350, 353, 364,
365, 370

weighted quadratic, 143
mean local andness, 354
mean local idempotency, 358
mean local orness, 354
mean value, 134
meaningfulness, 42

on a single difference scale, 44, 281
on a single interval scale, 45, 285
on a single log-ratio scale, 45, 290
on a single ratio scale, 44, 273
on independent difference scales, 44, 281
on independent interval scales, 45, 285
on independent log-ratio scales, 46, 290
on independent ratio scales, 44, 273

measure, 171
decomposable, 176
Dirac, 174, 201, 225
fuzzy, 173
monotone, 173
necessity, 175, 219
nonadditive, 173
possibility, 175, 219

guaranted, 178
probability, 176
threshold, 174, 201
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mediality, 39
median, 7, 299, 300, 302, 304, 307, 308
α-, 8, 163, 264

minimization, 168
minimum, 7, 201, 225

nilpotent, 21, 72
ordered weighted, 225
partial, 8, 144
symmetric, 214, 328–329
weighted, 224, 225

minitivity, 52
comonotonic, 54

Minkowski norm, 18
mode, 299, 301, 302
moderate growth, 57, 89
moment, 360
monotonicity, 12–13

nondecreasing, 12
strict increasing, 12
unanimous increasing, 12

multicriteria decision making, 24, 29, 49, 169,
336, 369

multilinear extension, 363, 364, 370
multiobjective optimization, 411
multiplicative generator, 81

n-copula, 89
n-increasing monotonicity, 89
negation, 239

Sugeno, 239
neutral element, 324
neutral element, 49, 319

extended, 49
nonassociativity, 330–332
nondecreasing monotonicity, 12
nonstrict quasi-arithmetic means, 147–161
norm

Chebyshev, 18, 411
Minkowski, 18

nullnorm, 115, 115–119, 325, 329, 390
nilpotent, 118

operator
exponential convex T–S, 120
gamma, 120
linear convex T–S, 121

optimistic hybrid utility function, 417
orbit, 294
order automorphism group, 292
order invariant subset, 293–296

minimal, 294
order statistic, 6, 22, 201, 225, 298, 302, 304, 307,

308, 350, 353, 375, 378, 413
ordered weighted averaging, 8, 167, 201, 202,

353, 365, 370, 375, 378, 387, 412, 413
extended, 168

ordinal scale invariance, 46, 292, 300–304, 313
ordinal sum, 82, 147

copula, 94
D-, 266
lower, 262
triangular norm, 82

upper, 262
orness

mean local, 354
orness function

local, 354
orness value

global, 352

partial maximum, 8
partial minimum, 8
pattern recognition, 412
pignistic transform, 363
pre-measure, 173
probabilistic sum, 103
probability density function, 359
product, 5, 8, 19, 24, 25, 273, 350, 357

drastic, 22, 65, 67, 72
infinite, 400

projection, 6, 201, 225, 296, 299, 301, 308–310
onto the first coordinate, 7, 137
onto the last coordinate, 7, 137

pseudo-addition, 227–231, 319–324
pseudo-Boolean function, 173, 178, 180, 185

Lovász extension, 185–186
multilinear extension, 186, 187, 193, 196

pseudo-difference, 318, 333–334
pseudo-inverse, 61
pseudo-multiplication, 227–231, 324–325

quadratic mean, 133, 289
weighted, 143

quadratic programming, 386, 393, 396
quasi-arithmetic mean, 132–139, 391
quasi-copula, 57, 98–100

general, 98
quasi-ordered weighted averaging, 167

range, 3, 10
range-idempotency, 25
ratio scale invariance, 43, 138, 144, 147, 273
reducibility, 12
reflexivity, 24
right-continuity, 21
root-mean-power, 133, 134, 138, 350, 353

weighted, 143

S-capacity, 175, 228
S-difference, 229, 318
scale

bipolar, 317
difference, 42, 43, 138, 272, 280
interval, 42, 43, 139, 272, 284
log-ratio, 43, 144, 272, 289
nominal, 301
of measurement, 311
ordinal, 42, 46, 292
ratio, 41, 43, 138, 144, 147, 272, 273
type, 41
unipolar, 317

Schweizer–Sklar family
additive generator, 80
triangular conorm, 104
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triangular norm, 71
self-duality, 48, 197, 221, 239–241
ϕ-, 47
weak, 47

self-reciprocality, 49, 144
semiring

restrictedly distributive, 124
sensitivity, 12
separable events, 415
sequence

associativity, 330
cancelling, 332
of maximal opposite terms, 330

restricted, 330
set function, 173

conjugate, 173, 178
dual, 173
monotone, 173
self-conjugate, 173

Shannon entropy, 379
shape function, 257
Shapley

integral, 364
value, 179, 363, 371, 392

Sierpiński carpet, 169
signum function, 10
Sklar theorem, 91
smoothness, 314
social choice, 412
software, 396
spline function, 388–390
strongly order invariant subset, 295

minimal, 295
Sugeno integral, 162, 210, 207–226, 230–232,

361, 396
asymmetric, 215
multilevel, 226
symmetric, 214, 218, 220, 334
w.r.t. a bicapacity, 346, 347

Sugeno negation, 239
Sugeno–Weber family

additive generator, 79
triangular conorm, 104
triangular norm, 69

sum, 8
bounded, 13
symmetric, 119, 122, 240

supermodularity, 170
symmetric element, 320–324
symmetrization, 23, 167
symmetry, 22–24

ternary vector, 318
transform, 177
ϕ-, 235
co-Möbius, 178
interaction, 179
Möbius, 177
Zeta, 177

transformation
admissible, 41

of set function, 177
transformation function

e-weighting, 251
triangular conorm, 102, 102–105, 175, 228–231,

318–324, 414
continuous, 333
Frank family, 103
Hamacher family, 104
nilpotent, 105, 323
ordinal sum, 323
Schweizer–Sklar family, 104
strict, 105, 321, 323, 333
Sugeno–Weber family, 104, 176
Yager family, 103

triangular norm, 57, 67–86, 414
ε-close, 88
Łukasiewicz, 68, 350, 357, 359
Archimedean, 73
boundary weak, 57
cancellative, 68
continuous, 84
continuous Archimedean, 73, 388–390
drastic product, 65
extended, 67
Frank family, 69, 97, 232
Hamacher family, 70
n-th power, 72
nth root, 74
nilpotent, 78
nilpotent minimum, 72
noncontinuous, 72
ordinal sum, 82
product, 68
Schweizer–Sklar family, 71
strict, 78
strictly monotone, 68
Sugeno–Weber family, 69
with zero divisor, 68
Yager family, 69

triangular subnorm, 87–88

unanimity, 24
unanimous increasing monotonicity, 12
uniform continuity, 14
uninorm, 106, 106–115, 228, 331

additive generator, 111
cancellative, 111
conjunctive, 107
disjunctive, 107
generated, 111, 322, 390
greatest, 110
idempotent, 110
smallest, 110

upper Frechet–Hoeffding bound, 90
upper ordinal sum, 262
upper semi-continuity, 21
upward compensation, 120
upwards attitude, 401

(v-)weighted aggregation function, 248
variation
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lowest relative, w.r.t. a rank, 365
of a function, 15
total, second order, 367
total, w.r.t. a coordinate, 362
total, w.r.t. a rank, 365
total, w.r.t. a set, 368

vector
binary, 335
ternary, 335

veto
coordinate, 372, 372–376
index, 374

probability-based, 373

weak self-duality, 47
weight triangle, 168

generated, 169

weighted arithmetic mean, 8, 37, 143, 144, 350,
353, 364, 365, 370, 375, 378

extended, 168
weighted geometric mean, 143, 276, 350, 353,

364, 365, 370
weighted median, 260
weighted quadratic mean, 143
weighted root-mean-power, 143
weighting transformation function, 251

Yager family
additive generator, 79
triangular conorm, 103
triangular norm, 69

zero divisor, 68
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