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Abel, N.H. (1802-1829), 352 simplicity of, 135
abelian groups, 63, 159, 246 annihilator
Cauchy’s theorem for, 146 left and right, 195, 374
fundamental theorem of finitely antihomomorphism, 192
generated, 141, 408 antiisomorphism, 192
invariants of finite, 144 Artin, E. (1898-1962),297,369-71, 386
of order n upto isomorphism, artinian
144, 145 mudule, 369, 370
type of, 144 ring, 371, 386
action of groups, 107 ascending chain condition (acc)
by conjugation, 108, 112 for modules, 369
by translation, 108 for rings, 370
addition or sum associates, 212
of complex numbers, 36, 185 associative law, 22
of matrices, see matrices generalized, 24, 162
of natural numbers and integers, automorphism
234, 240 of field, 293, 305, 314
algebra, 170 of group, 71, 104
group, 177 inner, 71, 104
quaternion, 177 axiom of induction, 233
of linear mappings, 269
algebraic binary operation
closure, 293, 295 associative, 22
element, 289 commutative, 22
extension, 290 distributive, 22
number, 299 pointwise, 44
structure, 61 Boole, G. (1815-1864), see Boolean
system, 61 ring
algebraically closed field, 295 Boolean ring, 168, 207
alternating group A,, 134 Burnside, W. (1852-1927)
of degree n, 134 theorem, 114
477
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cancellation law, 64, 237
canonical form
generalized Jordan, 423-4
Jordan, 424
rational, 417
canonical or natural
homomorphisms, 92, 189
mapping, 18
cardinal number, 25
cartesian product
of groups, 67
of mappings, 19

of rings and modules, 171, 248

of sets, 9
category, 426
Cauchy, A.L. (1789-1857)
theorem, 146, 147
Cayley, A. (1821-1895)
theorem, 86, 109
center
of dihedral group, 89
of groups, 73
of p-groups, 113
of rings, 169
of symmetric group, 89
centralizer, 82
characteristic
of fields, 170
function, 18
polynomial, 414
of rings, 170
roots, 399, 414
chain, 12
chain conditions
ascending, 369
descending, 369

chain of partially ordered sets, 211
Chinese remainder theorem, 202,

260
class equation (formula), 113
column

matrix, 40

of matrix, 40

module, 393

rank, 394

space, 276

vector, 40
commutative

binary operation, 21

diagram, 16, 259, 429

group, 63
ring, 160
commutator, 93
subgroup, 93
companion matrix, 45
complex numbers, 35, 185
component of ordered pair, 9
componentwise binary operations,
44, 171
composition of mappings, 15
composition series
composition factor of, 120
of groups and modules, 120, 387
congruence
modulo ideal, 184
modulo non Z, 10
conjugate
class of element of group, 111
class of subset of group, 113
classes of S,, 131
of subset, 113
constructible
angle, 361
circle, line, point, 359
n-gon, 363
number, 359
with ruler and compass, 358
content of polynomial, 221
countable set, 26
crossed homomorphism, 344
cycles, see permutations
cyclic groups, 73, 82
converse of Lagrange’s theorem for
83
generators of, 84
of same order, 83
subgroup of, 83
cyclic endomorphism, 414
cyclic extension of field, 344
T-cyclic subspace, 414
cyclic module, 250
cyclotomic polynomial, 341

Dedekind, R. (1831-1916)
lemma, 323

degree
of dihedral group, 87
of extension of field, 285
of polynomial, 220
of symmetric group, 84
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DeMorgan, A. (1806-1871)
rules, 6
denumerable set, see countable set
derivative, 307
descending chain condition (dcc)
for modules and rings, 369
determinant, 49
cofactor of element of, 53
elementary (row, columm)
operations, 394
expansion according to ith row, 54
expansion according to jth column,
54
over commutative ring, 49
product theorem of, 52
properties, 49, 50, 51
diamond isomorphism theorem, 98
direct product
of groups, 139
of modules, 248
of rings, 171
direct sum
of groups, 139
of ideals, 196
of modules, 248
of rings, 171
direct summand, 251
disjoint
cycles, 85, 129
permutations, 85, 129
sets, 5
distributive law, 22, 159
division algoritm
for euclidean domain, 217
for integers, 32
for poynomials, 220
divisor, 30, 212
greatest common (g.c.d), 33, 215
zero, 164
domain
embeddable in division ring (field),
226, 230
euclidean, 217
integral, 163, 212
of mapping or function, see mapping
principal ideal, 183, 211, 216, 218,
397, 402
unique factorization,
213-16, 219-23
double quotient isomorphism

479

theorem, 99
duplicating cube, 362

Eisenstein, F.G.M. (1823-1852)

criterion, 284
element, 3

algebraic, 289

identity (left, right), 61, 62, 159

inverse (left, right), 62

invertible, 62, 172, 175

irreducible, 212

maximal, 211

minimal polynomial of, 290

order of, 75

power of, 24

prime, 30, 212

regular, 224

separable, 316

torsion, 404

torsion-free, 404

unit, 172, 175

unity, 62, 160

von Neumann regular, 176
elementary divisors, see matrices
elementary operations, see matrices
elementary symmetric functions, 356
embeddable, see monomorphism
embedding, 188

of field in algebraically closed field,

296

of integral domain in field, 226

of ring in ring with 1, 193
endomorphisms

of abelian group, 167

of group, 70

of module, 254, 257
epimorphism, 70
equal

mappings, 14

marices, 39

sets, 3
equivalence

class, 12

of matrices, 397

relation, 10
euclidean domain, see domain
Euler, L. (1707-1783)

function, 35

—Fermat theorem, 35, 79, 174
exact sequence, 259
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extension first principle of induction 31, 233
algebraic, 290 Frobenius, G. (1849-1917)
cyclic, 344 endomorphism 314, 344
degree of, 285 function, see mapping
of field, 285 functor, 427
finite, 285 contravariant, 427
finitely generated, 292 covariant, 427
Galois, 330 left exact, 436

infinite, 285
normal, 305, 326-8
separable, 316, 318, 319, 326
simple, 317
transcendental, 290

external direct product (sum)
of groups, 139
of rings, 171, 198

factor, 30
module, see quotient
of normal series, see normal series
faithful
module, 252
representation of group, 109
family, 20
Fermat, P. de (1601-1665)
theorem, 35
fields, 37, 163
of algebraic numbers, 299
characteristic of, 170
finite, 310-15
finite extension of, 285
finitely generated extension of, 292
fixed (of group of automorphisms),
323
of fractions, 226
Galois, 311
Galois extension of, 330
infinite extension of, 285
normal extension of, 305, 326-8
perfect, 316
prime, 310
radical extension of, 348
separable element of, 316
separable extension of, 316, 318,
319, 326
separable polynomial over, 316
simple extension of, 317
splitting, 300
transcendental extension of, 290
first isomorphism theorem, 97

right exact, 436

fundamental theorem
of algebra, 299, 338
of arithmetic, 31
of finitely generated abelian group,

141, 408

of finitely generated modules, 402
of Galois theory, 330
of homomorphism for groups, 97
of homomorphism for modules, 256
of homomorphism for rings, 190

G-sets, see action of groups
Galois, E. (1811-1832), 352
extension of field, 330
field, 311
group, 330, 350
Gauss, C.F. (1777-1855)
lemma, 221, 283
Gaussian integers, 174, 217
generalized Jordan blocks, 423
greatest common divisor, see divisor
groups, 62
action of, 107
algebra, 177
automorphisms of, 70, 104
centralizer of subset of, 82
class decomposition of, 113
class equation formula of, 114
class of nilpotency of, 126
commutative, 63
commutator of, 93
commutator subgroup of, 93
complete, 105
composition factors of, 120
composition series of, 120-3
conjugation action of, 108, 110, 112
correspondence theorem for
subgroups of, 100
cyclic, 73, 82-3
defining relations of, 86, 90
degree of symmetric, 84
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derived, 93 Sylow p-subgroup of, 146

dihedral, 87

direct product of, 139
endomorphisms of, 70
endomorphisms of abelian, 167
of even permutations A,, 133
faithful representation of, 109

finitely generated abelian, 141, 408

finitely generated, 75

Galois, 330, 350

generators and relations of,
86, 90

homomorphic image of, 70

homomorphism of 69, 91

identity of, 62

inner automorphism of, see
automorphism

isomorphic, 70

isomorphism of, 70

isotropy, 110

Klein four, 69, 89

left (right) regular representation of,

87
linear, 66
monomorphism of, 70
nilpotent, 126-8

nonsolvability of symmetric, 135
normalizer of element {or subset)

of, 92, 110
nth center of, 126
nth derived, 124
nth power of element of, 63
octic, 89, 95
orbit decomposition of, 112
orbit of element of, 111
order of, 64
of order eight, 152
order of element of, 75
of order p?, pq, 152
permutation, 84, 86

of prime power order, 113, 126, 144

product of subsets of, 91

of quasi-regular elements in ring,

175, 176
quaternion, 69, 95
quotient, 92
simple, 101
solvable, 124-6, 351

solvability of prime power, 126, 127

stabilizer of subset of, 110

Sylow theorems for, 147, 148
symmetric, 84, 87

of symmetries, 65, 87-9
transitive permutation, 353
trivial subgroup of, 72

of units in ring, 175, 176

Hilbert, D. (1862-1943)
basis theorem, 375
problem 90, 345
Hélder, O. (1859-1937), 121, 387
homomorphisms
fundamental theorems, 97, 190, 256
Kernel and image of, 70, 71, 188, 254
split, 268
homomorphic image, 70, 188, 254

idealizer, 195
ideals, 179
annihilator, 195, 374
comaximal, 203
correspondence theorem for, 191
direct sum of, 196
finitely generated, 182
large, 381
maximal, 192, 203
minimal, 202
nil, 210
nilpotent, 209
order, 420
primary, 219
prime, 206
product of, 205
radical of primary, 219
right, left, 179
sum of, 196
trivial, 179
idempotent element, 170
identity
endomorphism, 255
of group, 62
mapping, 14
matrix, 44
of ring, 160
image
of group, ring, module, 70, 188, 254
of element, 14
of mapping, 15
improper divisors, 212
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indeterminates, 166, 297
indexed family, 20
integers, 30, 240-5
modulo n under addition, 64
modulo n under multiplication, 64
inverse (left, right), see, element
image, 20
invertible element, 62, 172
irreducible
element, 212
polynomial, 28
isomorphism, 70, 188, 254
isotropy, see stabilizer

Jordan, C. (1838-1922)
—Holder theorem, 121, 387

Kernel of homomorphisms, 71,
188, 254
Kronecker, L. (1823-1891)
delta, 43
theorem, 287

Lasker, E. (1868-1941), 391
Lagrange, J.L. (1736-1813)
theorem, 78

large ideal, see ideals
lattice, 12

distributive, 187

modular, 97
leading coefficient

of polynomial, 220
least common multiple (I.cm.), 35
linear combinations of elements, 250
linear mappings, see mapping
linear transformations, 254, 268—78
linearly dependent elements, 263
linearly independent elements, 263
list, 20
lower pound, 11

greatest, 11

map, see mapping
mapping or function, 14
balanced, 428
biadditive, 428
bijective, 16
canonical (natural), 19
cartesian product of, 19

codomain, 14
composite (composition), 15
domain of, 14
graph of, 14
identity, 14
image of, 14
inclusion, 14
induced, 18
injective, see one-to-one
insertion, see inclusion
insertion of, 14
inverse image of set under, 19,
100, 191

invertible, 17
left inverse of, 18
linear, 254
one-to-one, 16
onto, 16
preimage of element under, 14
proiection, 19
range of, see image of
restriction of, 18
right inverse of, 18
surjective, 16

Maschke, H. (1853-1908)
theorem, 385

matrices, 39
block multiplication, 47
blocks of, 46
characteristic polynomial of, 414
characterisitc roots of, 414
column, 40
column of, 40
column space of, 276
companion, 415
diagonal, 40
diagonal of, 40
dot product of, 42
eigenvalues of, 414
elementary (operations), 396
elementary divisors of, 418, 424
entry, 39
equal, 39
equivalent, 397
identity, 44
invariants of, 399
inverse of, 44
invertible, 44
Jordan blocks of, 423
Jordan-canonical form of, 424
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of linear mappings, 268—73
matrix units, 45
multiplication (product) of, 42
negative of, 41
partitioned, 46
rank of, 273, 400
rank-nullity theorem of, 276
rational canonical form of, 417
rectangular, 40
ring of, 164
row, 40
row of, 40
row rank of, 274
row rank of, 274
scalar, 40
scalar multiplication, 41
size, 39
Smith normal form of, 397
square, 40
strictly upper (lower) triangular, 40
submatrix of, 46
sum of, 41
of transformation from one basis to
another, 269
transpose of, 45
upper (lower) triangular, 40
zero (null), 41
maximal
element, see element
ideal, see ideals
normal subgroup, see subgroups
minimal
ideal, see ideals
polynomial, 290
modular law, 252
modules, 246
artinian, 369-70
column, 393
completely reducible, 262
composition series of, 387
cyclic, 250
direct sum of, 248
direct sum of submodules of, 251
endomorphisms of, 254, 257
factor, see quotient
faithful, 252
finitely cogenerated, 368
finitely generated, 250, 402
free, 264
homomorphic image of, 254

483

homomorphism (R-homomorphism)
of, 254
irreducible, 260
isomorphic, 254
isomorphism (R-isomorphism) of,
254
left and right, 246
linear (R-linear) mapping of, 254
noetherian, 369-70
primary 389
quotient, 255-6
rank of free, 266
row, 393
simple, 260
standard basis of, 264
subisomorphic, 389
submodule of (R-submodule),
248, 250
sum of submodules of, 250
trivial submodules of, 248
uniform, 388
monic Polynomial, 220, 282
monomorphism
of groups, 70
of rings, 188
multiple, 30, 212
roots, 307-10
multiplication or product
of complex numbers, 36, 185
of matrices, see matrices
of natural numbers and integers,
239, 240
multiplicative set, 224
multiplicity of roots, see multiple roots
multiplication table, 67

n-ary operation 21
n-tuple, 20
natural numbers, 30
negative integers, 242
Neumann, J. von (1903-1957)
regular element, see element
nilpotent elements, 170
Noether, E. (1882-1935), 369-81, 391
-Lasker theorem, 391
noetherian
modules, 369
rings, 371
norm of element, 348
normal series, 120
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normal (contd.)
equivalent, 121
factors of, 120
normalizer, 92, 110
nth center of group, 126
nth derived group, 124
nth root of unity, 71, 340

one-to-one mapping, see mapping
one-to-one correspondence, 17
between conjugate classes of S, and
partitions of n, 131
between family of nonisomorphic
abelian groups of order p® and
partitions of e, 144
between ideals of ring and its
quotient ring, 191
between linear mappings and
matrices, 269
between subgroups of Galois group
and subfields of field, 330
between subgroups of group and its
quotient group, 100
orbits, 111
order
of element, 75
of group, 64
ideal, 415
ordered
basis, 268-71
domains, 243, 244
pair, 9
ring, 243, 244
set, 20
Ore, O. (1899-1968)
condition, 228
domain, 228
orthogonal family
of idempotents, 201
Osofsky, B., (1937-), 391

partial order, 10
partially ordered set (poset), 11, 211
partition into quotient set, 12
peano, G. (1858-1932)

axioms, 233
permutations

cycle (r-cycle), 48, 85

cycle structure of, 130

cyclic decomposition of, 129

disjoint, 85, 129
even, odd, 49, 133
p-group, see groups of prime power

order
Poincaré, H. (1854-1912)
theorem, 79
pointwise operation, see binary
operation

polynomials, 165, 183, 219
content of, 221
cyclotomic, 341
degree of, 220
Galois group of, 330-9
primitive, 221, 282
reducible, 281-3
root (zero) of, 282
separable, 316
solvable by radicals, 348-55
symmetric, 355
poset, see partially ordered set
positive integers, 242, 245
power of element, see element
primitive polynomial see
polynomials
primitive root, 340-7
principle of mathematical induction,
2334
projection, 19, 255

quasi-regular element, 175
quaternion algebra, see algebra
quaternion group, see groups
quotient, 32
groups, modules, rings and sets, see
under respective headings

r-cycle, see permutations
R-homomorphism (R-linear), see
modules

radical extension of fields, 348-9
rank-nullity theorem, 276
rational cononical form see matrices
recursion theorem, 33
regular element in ring, see element
regular multiplicative set, 224
relation, 9

antisymmetric, 10

congruence, 10

conjugacy, 112, 113

equivalence, 10
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partition of set under equivalence, 12
quotient set of set under
equivalence, 12
reflexive, 10
symmetric, 10
transitive, 10
relatively prime elements, 215
remainder in division algorithm, 32
representations
faithful, 109
of linear mappings, 268—72
(left) regular, 87
right noetherian ring but not left
noetherian, 380
right (left) quotient ring, 230-2
restriction of mapping, see mapping
rings, 159
additive group of, 159
antihomomorphism, 192
antiisomorphism, 192
artinian, 371-5, 382-8
artinian but not noetherian, 372
Boolean, 168, 207
center of, 169
characteristic of, 170
commutative, 160
component, 171
direct product of, 171
direct sum of, 171
division, 163
embeddable in field (division ring),
226, 230
external direct sum of, 198
factor, see quotient
of formal Laurent series, 177
of formal power series, 176
of fractions, 225
of Gaussian integers, 174, 217
generalized associative law of, 162
homomorphic image of, 188
homomorphism of, 188
idempotent element, 170
identity (unity) of, 160
of integers, 159, 233, 241
of integers mod n, 160
invertible element, 172, 173
isomorphic, 188
isomorphism of, 188
left artinian but not right artinian,
385

485

local, 195, 226

of matrices, 164

monomorphism of, 188

multiplicative set in, 224

von Neumann regular element in,
176

nilpotent element in, 170

noetherian, 371-81

noncommutative, 160

opposite, 193

ordered, 244

polynomial 165, 219

prime, 209

prime subring of, 174

quaternion, 177

quotient, 184, 225, 226

of quotients, 230

of real quaternions, 163

of real-valued continuous func-
tions, 160, 173, 208

regular elements in, 224

right noetherian but not left
noetherian, 380

semisimple artinian, 386—8

simple, 204

of subsets of set, 168

total quotient, 225

trivial, 160

units of, 175, 212

unity (identity) of, 160

with Ore-condition, 228

without 1 embedded in ring with 1,
193

without zero divisors, 163-4,212-23

zero divisors in, 164

zero element of, 159

root (zero) of polynomial, 282
ruler and compass constructions, 358

Schur, I. (1875-1941)

lemma, 262
second and third Sylow theorems,

148-9

second isomorphism theorem, 98
second principle of induction, 31, 239
semidirect product, 97
semigroup, 61
semisimple artinian ring, 386—8
separable element, see element
separable extension, see fields
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separable polynomial, see polynomials
sequence, 20
series
composition, 120-2
normal, 120, 125
upper central, 126
sets, 3
complement of, 5
difference of, 5
disjoint, 5
empty, 4
equal, 3
equipotent, 25
family of, 20
finite, 4
index, 20
infinite, 4
intersection of, 5
null, 4
power, 7
proper subset of, 4
quotient, 12
subset of, 4
union of, 4
universal, 5
void, 4
simple extension, see estension
simple root, 307
simplicity of A4,, 135
Smith normal form, see matrices
solvability of equation by radicals,
348-52
solvable Galois group, 350-2
solvable group, see groups,
split extension, 97
splitting field, see fields
squaring circle, 362
stabilizer, see groups
standard basis, 264
subdivision ring, 168
subfield, 168
subgroups, 72
correspondence theorem for
subgroups, 100
cosets of, 77
cyclic, 73
generated by subset, 75
index of, 78
internal direct product of, 139
maximal normal. 101

normal, 91
proper, 72
Sylow p-subgroup, 146
trivial, 72
submodules, 248
cyclic, 250
direct sum of, 251-2
generated by subset, 250
sum of, 250-1
trivial, 248
subring, 168
generated by subset, 169
prime, 174
subset, 4
subspace, 248
successor of element, 233
successor map, 233
surjective mapping, see mapping
Sylow, L. (1832-1918)
p-subgroup, see subgroups
theorems, 147-9
symmetric function, 355
symmetries of geometric figure, 65, 87
symmetry (distance preserving
permutation), 87

tensor product, 428
of modules, 428, 431
of algebras, 436
third isomorphism theorem, 99
torsion element, see element
torsion-free element, see element
total quotient ring, 225
totally ordered set (chain), 12
trace of element, 348
transcendental extenstions, see
extension
transfinite cardinal number, 26
transitive permutation group, see
groups
translation, see action of groups
transposition, 85
trichotomy law of integers, 242, 243
trichotomy law of natural numbers,
237
trisecting an angle, 363

unary operation, 22
unique factorization domain, see
domain
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unit, see rings

unity, see rings

upper bound of chain 11, 211
least, 11

upper central series, see series

vacuously, 4

Vandermonde, A.T. (1735-1796)

determinant, 56
vector spaces, 246

algebra of linear transformations

of, 269
basis of, 264
dimension of, 266

direct sum of subspaces of, 251

finite-dimensional, 266
finitely generated, 250, 265
infinite-dimensional, 266

linear transformation of. 254

487

quotient space of, 256

standard basis of, 264

sum of subspaces of 250
T-cyclic subspace of, 414
Venn diagrams, 5

Wedderburn, J.H.M. (1882-1948)
—Artin theorem, 382—4
well-ordering property of natural
numbers, 30, 238
Wilson, J. (1741-1793)
theorem, 35, 82

zero divisor, see divisor

zero element of ring, see rings

zero of polynomial, see root

Zorn, M. (1906-1993)
lemma. 211
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