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359-361, 382, 384-386, 390, 392 Exceptional polynomial, 363-366, 385, 386
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Exp function, 541, 542, 546-549
Exponential sum, 186-266, 322, 340, 341,
350, 369, 370, 444-448, 462, 469

Exponent of polynomial, see Order
Extension (field), 30-35

algebraic, 31

cyclic, 75

degree of, 32

finite, 32

normal, 75

simple, 30, 33, 34

transcendental, 40
Extremal polynomial, 386

Factorable polynomial, 135, 320
Factor group, 9
Factorization
of integers, 87, 132
of polynomials, 23, 24, 29, 43, 106, 107,
117, 125-127, 129, 137, 138, 147-168,
177-182, 457, 461, 545
symbolic, 117, 118
Factor ring, 13
Fano plane, 497, 499, 509, 531
Feedback shift register, 395-397, 402, 454,
456, 457, 485, 529
Fermat’s little theorem, 41
Fibonacci sequence, 453, 454, 459, 460, 463,
465
Field, 12
cyclotomic, see Cyclotomic field
finite, see Finite field
perfect, 75
prime, 30
of rational functions, 40, 301
see also Extension (field), Splitting field
Finite affine geometry, 508-510
Finite euclidean geometry, 508
Finite field, 15, 49
automorphism, 53, 54, 79
characterization of, 47-51
computation in, 179, 180, 456, 541544
definition, 14
existence and uniqueness, 49, 73
multiplicative group of, 50, 51, 73, 79
Finite-state system, 518, 533
k-Flat(s), 506—508, 538
cycle of, 507
at infinity, 508
parallel, 508
Flip-flop, see Delay element
Formal power series, 411, 459
ring of, 413

Subject Index

Fourier coefficient, 195
Fourier expansion, 195
Fourier transform

discrete, 180, 530

finite, 245, 533
Frobenius automorphism, 75
Functional equation

over finite field, 321

of zeta-function, 331, 337
Fundamental theorem on symmetric poly-

nomials, 29

Galois field, 15, 49
see also Finite field
Galois group, 75
Gaussian sum, 192-204, 207-218, 240-247,
259-262, 264-266, 293-295, 322, 323,
325, 446, 447, 450-452, 469, 530, 532
General linear group, 362, 400, 401, 455,
456
General response formula, 522
Generating function, 411, 416-418, 427,
428, 459
Generator, 4
Generator matrix, 474, 483, 534
canonical, 474, 484, 485
Generator polynomial, 484
Genus of curve, 330, 332
Gilbert-Varshamov bound, 479, 528
Golay code, 528, 529
Goldbach’s problem for polynomial ring,
139
Group, 2, 37
abelian, 2
alternating, 358, 359, 384, 390
Betti-Mathieu, 362, 384
commutative, 2
cyclic, 3, 7, 37, 187, 188
finite, 5
general linear, 362, 400, 401, 455, 456
infinite, 5
of integers modulo n, 5
matrix, 37, 455, 456
order of, 5, 7
of permutation polynomials, 357-362,
383-385, 387, 388
symmetric, 347, 357, 358
Group code, 473

Hadamard matrix, 459, 515-517, 532, 533,
539
normalized, 516, 539
Hamming bound, 479, 528
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Hamming code, 478, 482, 486, 528, 529, 534
binary, 478, 482, 486, 534
Hamming distance, 474
Hamming weight, 474
Hankel determinant, 437-439, 461, 468
Hermite’s criterion, 349, 379
Hermitian form, 324
Hermitian matrix, 324, 455
Hilbert’s Theorem, 90, 75
Homomorphism, 8, 14
Homomorphism theorem
for groups, 10
for rings, 14, 15
Hybrid sum, 249, 251, 254, 339
Hyperderivative, 303-305, 330
Hyperelliptic equation, 326, 334
Hyper-Kloosterman sum, 254
Hyperplane, 506, 508, 512, 513

Ideal, 13
maximal, 17
prime, 17
principal, 13
Identity element, 2
Impulse response sequence, 402-404, 408,
423, 457
Incidence matrix, 510
Incidence relation, 496, 498, 508
Incomplete sum, 251-253, 256
Indeterminate, 19, 38
Index function, 541, 542, 544
Indexing polynomial, see Primitive poly-
nomiai
Index of subgroup, 7
Index table, 67, 542, 544, 546-549
Initial state vector, 397
Initial value, 395
Input alphabet, 518
Input space, 518
Input symbol, 518
Integral domain, 12
Integral order of polynomial, 131, 132
Interpolation, 28, 44, 348, 368, 369, 378,
386
Invariant of form, 322, 323
Inverse element, 2
Irreducible polynomial, 23-25, 28, 31, 51,
52,75, 84, 85, 91-100, 106, 107, 124,
127-138, 141-143, 184, 259, 543-545,
553-562
[somorphism, 8, 14
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Jacobi’s logarithm, 74, 79, 542, 544, 550-552

Jacobi sum, 205-216, 231, 232, 243, 245-247,
255, 259-262, 265, 284, 285, 290, 291,
325, 532

Jacobsthal sum, 231-2335, 253-256, 266

Kernel of homomorphism
group, 9
ring, 14
Kloosterman sum, 226-230, 252, 253, 265,
316, 317, 334, 346, 390
generalized, 253, 254, 265, 266
incomplete, 253
lifted, 228
multiple, 254
Konig-Rados theorem, 269-271, 317, 318,
320
Kronecker’s method, 43
Kummer’s conjecture, 242, 243

Lagrange interpolation formula, 28, 44
Lang-Weil theorem, 335, 337, 362, 365
Latin square(s), 37, 513-515, 532, 539
mutually orthogonal, 513-515, 532, 539
normalized, 539
orthogonal, 513-515, 532, 539
Laurent series, 140, 332
Law of quadratic reciprocity, 178, 203, 204,
209, 241, 242, 259, 323
for polynomials, 139, 242
Legendre symbol, 191, 203, 214-216
L-function, 338, 339
Line(s)
at infinity, 499
parallel, 499
Linearized polynomial, 107-112, 114-123,
136, 144, 263, 318, 351, 361, 362, 381,
384, 390, 538
see also q-Associate, g-Polynomial(s)
Linear modular system, 518-527, 533, 539,
540
characteristic matrix, 519
characterizing matrices, 519
order, 518
Linear recurrence relation, 395, 485
characteristic polynomial, 404-410,
416-419, 422, 423, 434-436, 457
homegeneous, 395
inhomogeneous, 395
order, 395
Linear recurring array, 457
Linear recurring sequence(s), 395, 529
addition, 423, 426-429, 460
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binary complementation, 429, 430, 460

characteristic polynomial, 404-410,
416-419, 422, 423, 434-436, 457

characterization, 437-439, 461

decimation, 461

distribution properties, 444-453, 462-464,
469

families of, 423-437, 460, 461

homogeneous, 395

inhomogeneous, 395

least period, 398-404, 408, 409, 420, 421,
428-432, 435, 459, 460, 466, 467

minimal polynomial, 419-423, 426-430,
438-444, 459, 461, 462, 466-468

multiplication, 432-437, 460

order, 395

reciprocal characteristic polynomial, 416

scalar multiplication, 423

Linear substitution, 279
nonsingular, 279
LMS, see Linear modular system

MacWilliams identity, 481, 482, 528
Magic square, 539
Matrix
associated with sequence, 400-404, 408,
454, 455
characteristic polynomial of, 102, 134,
177, 184, 525, 526
elementary block of, 525, 526
Hadamard, see Hadamard matrix
Hermitian, 324, 455
involutory, 325
left circulant, 269
minimal polynomial of, 525, 526
rational canonical form of, 525, 533
skew-symmetric, 324, 455
symmetric, 278, 323, 324, 455
Matrix enumeration, 455, 456
Matrix equation, 323-325
Matrix group, 37, 455, 456
Matrix of polynomials, 161-165, 181, 182
diagonalization, 163-165, 181
equivalence, 162
nonsingular, 162
normalized, 164
unimodular, 162
Mattson-Solomon polynomial, 180
Maximal ideal, 17
Maximal period sequence, 410, 449, 458,
459, 461-465
Message symbol, 471, 472

Subject Index

Minimal polynomial
of element, 31, 95, 96, 100-106, 134, 135,
543, 550-552
for linear operator, 60
of matrix, 525, 526
of sequence, see Linear recurring
sequence(s)
Minimum distance, 475, 476, 479, 480, 489,
490, 529, 530, 534, 536, 537
g-Modulus, 118, 119, 123
Moebius function, 92, 133, 142
Moebius inversion formula, 92, 93, 133
Multilinear equation, 321, 342
Multinomial coefficient, 296, 297

Nearest neighbor decoding, 475
Newton's formula, 29, 30
Next-state function, 518
Norm, 57, 58, 75, 80
transitivity of, 58
Normal basis, 59-63, 76, 81, 124, 145, 543,
550~-552
self-dual, 76, 81, 145
Normal basis theorem, 60, 61, 63, 76, 124,
136
Normalizer, 10
Norm form, 319, 320
Norm polynomial, 339

Operation, see Binary operation
Order
of character, 194, 258
of element, 6, 7
of group, §, 7
of linear modular system, 518
of linear recurrence relation, 395
of linear recurring sequence, 395
multiplicative mod n, 85, 96
of polynomial, 84-91, 131133, 135, 140,
141, 408, 409, 420, 544, 545, 553-562
of projective plane, 497-499, 501, 531,
532
of state, 523, 524, 527
Orthogonal code, see Dual code
Orthogonality relations, 189, 192
Orthogonal system of polynomials, 368-373,
375-377, 387, 388, 393
Orthogonal vectors, 480
Output alphabet, 518
Output function, 518
Output space, 518
Output symbol, 518
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Oval, 503-505, 531, 537, 538
regular, 537
translation, 537, 538

Pappus theorem, 500, 501

Parity-check code, 473, 535

Parity-check equation, 472

Parity-check matrix, 473

Parity-check polynomial, 484

Partition, 4

Pencil, 502, 508

Period of polynomial, see Order

Period of sequence, 398—400

least, 398 (see also Linear recurring

sequence(s))

Permutation, 358

Permutation polynomial(s), 347-368,
377-386, 389-392, 503-505, 531, 537,
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formal degree of, 36

greatest common divisor of, 22, 42, 118,
180

homogeneous, 29, 276, 277

hyperderivative of, 303-305, 330

indexing, see Primitive polynomial

integral order of, 131, 132

irreducible, see Irreducible polynomial

least common mutltiple of, 22, 23, 42

linearized, see Linearized polynomial

matrix of, see Matrix of polynomials

minimal, see Minimal polynomial

monic, 20

order of, see Order

orthogonal system of, see Orthogonal
system of polynomials

pairwise relatively prime, 22

period of, see Order

538 permutation, see Permutation polynomial(s)
crude, 383, 391 primitive, see Primitive polynomial
even, 358 product of, 19
group of, 357-362, 383-385, 387, 388 quasi-self-reciprocal, 132
local, 388 reciprocal, 88, 132, 141

normalized, 352, 381
in several indeterminates, 368-377, 387,
388, 392, 393
Permutation polynomial vector, 387, 388
Permutation spectrum, 382, 383
Plotkin bound, 479, 528
Polya-Vinogradov inequality, 251, 252
Polynomiai(s), 19, 28, 38, 39
absolutely irreducible, 301, 309, 310, 330,
338, 345

reciprocal characteristic, 416
reducible, 23

f-reducing, 149-155

relatively prime, 22

resultant of, see Resultant

root of, see Root(s)

self-reciprocal, 132, 133, 141, 142, 146
splitting of, 34, 35

subexponent of, 131, 133
subprimitive, 133

admissible, 388, 391, 392 sum of, 19
affine, see Affine polynomial symmetric, 29
affine multiple of, 112 zero, 19

canonical factorization of, 24

characteristic, see Characteristic poly-
nomial

constant, 20

cyclotomic, see Cyclotomic polynomial

defining, 31

degree of, 20, 29

derivative of, 27, 44, 80

discriminant of, see Discriminant

¢-Polynomial(s), 108, 110-112, 115123,

136, 144, 263, 351, 538
affine, 112, 114, 136, 144, 146, 218, 318
greatest common symbolic divisor of, 118
minimal, 120, 121, 144
symbolically irreducible, 117, 119
symbolic division of, 115, 116
symbolic multiplication of, 114, 115
see also g-Associate, Linearized polynomial

division of, 20, 21 Polynomial ring, 19, 28, 38-40, 413
elementary symmetric, 29, 320, 337, 386, Preperiod of sequence, 398, 464, 466

388 Prime element, 17
equivalent, 377 Prime field, 30
exceptional, 363-366, 385, 386 Prime ideal, 17
exponent of, see Order Prime permutation spectrum, 382, 383
extremal, 386 Primitive element, 51, 53, 63, 67, 74-76, 89,
factorable, 135, 320 105, 106, 132, 135, 258, 259, 462, 542
factorization of, see Factorization see also Primitive root

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521392314
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521392314 - Finite Fields

Rudolf Lidl and Harald Niederreiter
Index

More information

754

Primitive polynomial, 89-91, 96, 105-107,
130, 132, 133, 135, 136, 141, 142, 544,
545, 563-566

Primitive root, 74, 544

see also Primitive element

¢-Primitive root, 119-123

Principal ideal, 13

Principal ideal domain, 17

Principle of Lebesgue, 318, 320

Principle of substitution, 27

Probabilistic root-finding algorithm, 169

Projective correspondence, 502

Projective geometry, see Projective space

Projective plane, 496-505, 509, 511, 530-532,

537
Desarguesian, 501-503, 531
finite, 497-505, 509, 511, 530-532, 537
non-Desarguesian, 501, 531
order of, 497-499, 501, 531, 532
Projective space, 505-509, 512, 513, 538
finite, 506-509, 512, 513, 538
Pseudo-noise sequence, see Maximal period
sequence

Quadratic form, 278-289, 321-323
binary, 278
coefficient matrix of, 278, 377
determinant of, 280
diagonal, 279, 280, 289
equivalent, 279, 280, 285-287, 340
invariant of, 322, 323
nondegenerate, 280, 285
over polynomial ring, 323
representing an element, 279

Quadratic reciprocity, see Law of quadratic

reciprocity
Quotient group, 9

Rational canonical form of matrix, 525, 533
Rational function, 235, 301, 379-382,
384-387

degree of, 236
Rational point, 330, 362
Reciprocity law

biquadratic, 242, 246

cubic, 242, 246

for Gaussian sums, 244

general, 242, 246, 329

quadratic, see Law of quadratic reciprocity
Reducible polynomial, 23
f~Reducing polynomial, 149-155
Reduction mod £, 25
Reed-Solomon code, 489, 530, 536

Subject Index

Reflexivity of relation, 4
Repeated squaring technique, 166, 167, 169
Repetition code, 473, 534, 535
Residue class, 13
Residue class ring, 13, 25
Residue polynomial modulo m, 378, 379
Resolvent, 240
Resultant, 36, 37, 45, 46, 145, 158, 180, 181
Riemann hypothesis for curves, 248, 252,
331-334
Riemann-Weil hypothesis, 337, 338
Ring, 11-17, 37, 38
of algebraic integers, 203, 204
characteristic of, 16
commutative, 11
Euclidean, 39
of formal power series, 413
with identity, 11
polynomially complete, 378
of polynomials, see Polynomial ring
Root(s), 27, 28, 34-36, 168-177, 182, 183,
185
of affine polynomial, 112-114, 116
of irreducible polynomial, 52
of linearized polynomial, 108, 110-112
multiple, 27, 35
multiplicity of, 27, 44, 303, 305
g-primitive, 119-123
simple, 27
Root adjunction, 33-35
Root-finding algorithm, 110-114, 168-177,
182, 183
probabilistic, 169
Root of unity, 63-66, 77, 81, 82
primitive, 64~66, 81, 82, 179

Sali€’s sum, 253
Schur’s conjecture, 382, 388
Secant, 502
Sequence
equidistributed, 463
impulse response, see Impulse response
sequence
least period of, 398
maximal period, see Maximal period
sequence
periodic, 398, 466
period of, 398
preperiod of, 398, 464, 466
ultimately periodic, 398
zero, 423, 424
see ulso Linear recurring sequence(s)
m-Sequence, see Maximal period sequence
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Shannon’s theorem, 470, 528 Theorem of Pappus, 500, 501
Singleton bound, 528, 534 Trace, 54-57. 75, 80
Singular point, 335 absolute, 54
Skew field, see Division ring transitivity of, 56, 57
m-Space, see Projective space Transitivity of relation, 4
Splitting field, 35, 40, 52, 75, 152, 181, 456, Trinomial, 127-131, 137, 138, 145, 146, 318,
457 545
existence and uniqueness, 35 irreducible, 127, 128, 130, 131, 137, 138§,
State, 518, 519 145, 146, 545
order of, 523, 524, 527 primitive, 130, 138, 545

State graph, 523, 524, 539
path in, 523
State set, 518
State space, 519
State vector, 397, 400, 402-404, 422, 423
initial, 397
modified, 401
Steiner triple system, 509
Stepanov-Schmidt method, 300-317, 329,

Uniform distribution
of linear recurring sequence, 463
of sequence of polynomials, 140
Unique factorization, 23, 24, 29
Unique factorization domain, 39, 40
Unit, 17
Unity element, 2

330, 334, 335
Stickelberger’s parity theorem, 178 Valuation, 39
Stickelberger’s theorem, 202, 203, 241 Value set, 363, 379-381, 385, 386, 388, 389
Subexponent of polynomial, 131, 133 Vandermonde matrix, 77, 270
Subfield, 30 V-chain, 384, 385
criterion for, 49, 50
maximal, 71, 72 Waring’s formula, 30
prime, 30 Waring’s problem
proper, 30 for finite field, 328
Subgroup, 6 for polynomial ring, 139
generated by element, 6 Warning's theorem, 272, 273, 319
generated by subset, 6 Wedderburn’s theorem, 69-73, 77, 78, 319
index of, 7 Weight, 474
nontrivial, 6 Weight enumerator, 480482, 535
normal, 9 Weil conjectures, 250, 327, 336-338
trivial, 6 Weil’s theorem, 223, 248
Subprimitive polynomial, 133 Weil sum, 217
Subring, 13 Wilson’s theorem, 41
Subspace, see Affine subspace(s)
Subspace enumeration, 456 Zassenhaus algorithm, 160, 161, 181
Symmetric polynomial, 29 Zero divisor, 12
elementary, 29, 320, 337, 386, 388 Zero element, 11
Symmetry of relation, 4 Zero of polynomial, 27, 46
Syndrome, 476-478, 487 see also Root(s)
Zero polynomial, 19
Tactical configuration, 509, 510, 531, 532 Zero sequence, 423, 424
symmetric, 509 Zeta-function
Tangent, 502, 503 of curve, 331-333
Term of polynomial, 29 of variety, 336-338
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