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PREFACE

During the past 25 years the theories of Volterra integral equations,
Volterra integrodifferential equations, and functional differential equations
have undergone rapid developments. What began as a few scattered pa-
pers on specific equations, and on particular applied problems, has grown
to branches of applied analysis of considerable size, having rich structures
of their own. The growth has been strongly promoted by the large number
of applications that these theories have found in physics, engineering, and
biology. Our understanding of those comparatively simple, usually linear,
problems that were present from the beginning has increased significantly.
In addition, knowledge has been obtained about more general and about
more complex equations. We observe, for example, that the main part of
the asymptotic theory for nonlinear Volterra integral and integrodifferen-
tial equations is of fairly recent origin. The same observation can be made
about equations involving parameters or additional variables, and more
generally about equations in infinite-dimensional spaces.

It is very common to make a fairly sharp distinction between Volterra
integral and integrodifferential equations on the one hand, and functional
differential equations on the other hand. In many respects this distinction
is artificial, being due more to the different backgrounds of the researchers
than to any inherent differences. In the sequel we refer to these groups of
equations as ‘Volterra integral and functional equations’; or ‘Volterra equa-
tions’ for short, and many of the results that we give apply equally well to
functional differential equations and to Volterra integral or integrodifferen-
tial equations. However, our general attitude to these equations resembles
the attitude that has been prevailing for the last few years among people
working in Volterra integral and integrodifferential equations. In partic-
ular, we pay no attention to questions that are specific for finite delay
problems.

Although our knowledge of Volterra equations is swiftly growing, the
point may well be made that the study of Volterra equations in finite-
dimensional spaces has reached a certain maturity, which both motivates
and makes possible a coherent presentation. This book testifies to the
fact that we share this opinion. Certainly, we do not believe that Volterra
equations in R™ or C™ constitute a closed chapter. It suffices to consider the
scarcity of results on periodic solutions of nonlinear equations, or the so far
unsatisfactory resolvent theory for nonintegrable kernels, to realize that the
field is wide open for progress. But we do believe that the available research
results make up a certain whole which may profitably be presented in the
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xit Preface

form of a book. In addition, this will make articles scattered throughout
the literature readily available to the working mathematician.

The class of ordinary differential equations is subsumed under the class
of Volterra equations. However, the importance of this fact should not be
exaggerated. The present text makes it clear that the theory of Volterra
equations exhibits a rich variety of features not present in the theory of
ordinary differential equations. The converse statement also holds: some of
the more specific results available for ordinary differential equations cannot
possibly be extended to Volterra equations.

Chapter 1 gives an introduction to Volterra equations and a general
overview of the contents. The remaining part of the book comprises 19
chapters and is divided into three parts. In Part I (Chapters 2-10) we
consider the linear theory, and in Part II (Chapters 11-15) we deal with
quasilinear equations and existence problems for general nonlinear equa-
tions, and give some general asymptotic results. Part III (Chapters 16-20)
is devoted to frequency domain methods in the study of nonlinear equa-
tions.

Obviously, to some extent the contents and the general approach to the
subject reflect the research interests of the authors. This is particularly
true of Chapters 15-20. In fact, a presentation of the results in Part III
provided the initial impetus for the writing of this book. It was soon re-
alized, however, that a treatment of the linear theory, together with the
quasilinear and existence chapters of Part II, was equally important. The
project thus grew into an exposé of both linear and nonlinear Volterra equa-
tions in finite-dimensional spaces. Within these limits, we have attempted
to incorporate as much as possible of what we feel is essential to the under-
standing of Volterra equations. Where limitation of space has prohibited
the inclusion of the complete proof, we have tried to give at least an outline.
Additional results are frequently touched upon in the comment sections at
the end of each chapter.

The major part of the text is made up of results that have so far at most
been available in research papers. In particular, this is true for Chapters
4-10, 12, and 15-20. A number of the results given here have not appeared
in print before, and many previously existing results have been modified
and improved.

At an early stage it was decided not to include a number of worthy topics
in Volterra equations: equations in infinite-dimensional spaces, stochastic
equations, geometric and degree theory, attractors, stable and unstable
manifolds, eigenfunction expansions, bifurcation theory, control and opti-
mization problems, oscillation results, and numerical methods. Very little
is said about neutral equations. The primary motivation for these omissions
is simply a question of volume. There is more than enough in the basic the-
ory of Volterra equations in finite-dimensional spaces to fill a good-sized
book. A particular motivation was that many of these fields, for exam-
ple abstract Volterra equations, are still in a state of flux, with new basic
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Preface xiii

results continuously emerging,.

With a few exceptions, the entire text analyses n-dimensional rather than
scalar equations. This, of course, gives the results a greater generality and a
wider applicability, and it facilitates generalizations to infinite-dimensional
spaces. In Parts I and II this setting is quite natural, and it does not
overly complicate the proofs. The n-dimensional results in Chapters 16-19
have appeared earlier in the literature almost exclusively in a scalar setting.
It does, however, appear natural and consistent to present the nonlinear
asymptotic theory in the same general n-dimensional setting as we use in
the earlier chapters. The theory of scalar kernels of positive type can be
extended to matrix-valued kernels without too much additional complexity,
and this is done in Chapter 16. In some of the theorems in Chapters 17-19
one has to make the significant additional assumption that the nonlinearity
is the gradient of a scalar-valued function; when n = 1 this assumption is
automatically satisfied.

A substantial part of the text concerns equations with measure-valued
kernels. In particular, this is true for Chapters 3, 4, 10, 16, and for parts
of Chapters 17-19. Our results may therefore be applied to delay and
differential-delay equations. The approach that we take to functional dif-
ferential equations differs, at least in appearance, from the common one.
The main difference is that we stress resolvent theory, and avoid semi-
group techniques. In Chapter 8 a semigroup theory is presented briefly,
but the topic is not pursued further. One consequence of our approach
is that there is no need for a separate treatment of functional differential
equations with finite delay. Hence, we do not discuss typical finite delay
questions, such as eigenfunction expansions, solutions that vanish after a
finite time, and backward continuation of solutions. Instead, we attach
primary importance to the integrability properties of the kernels and the
resolvents. Also, we put the emphasis on a study of the Laplace transform
of the kernel instead of on a study of the spectrum of the generator of the
semigroup (which, however, in reality amounts to the same thing).

Every effort has been made to achieve a reasonably self-contained presen-
tation. We have been forced to assume some basic knowledge of analysis,
and do occasionally fall back on results in Rudin [2] and {3], Hille and
Phillips [1], and Hewitt and Stromberg [1]. Even so, a significant part of
the text has been devoted to analysis results which are difficult to find in
the literature, but which are needed for the development of the theory. In
particular, we present a number of theorems on vector measures, on con-
volutions, and on Laplace transforms. These results have been separated
from the main body of the text, and several chapters contain appendices
describing results of a technical nature.

Exercises and some comments on further references, historical develop-
ments, etc., are included at the end of each chapter. We warn the reader
that the exercises cover a wide range of difficulty. Some of the problems are
easy applications of the text, others require a much deeper understanding
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of the topic.

One of our intentions when writing this book was to stimulate further
research. Consequently, we have tried to make the text reflect as much
as possible of the present state of knowledge in the area of the theory of
Volterra equations that we cover. In the case where a result included in the
text is not the best available, we have tried to incorporate a statement to
this effect, together with further references in the corresponding comment
section.

We sustain a hope that the text will bring about more interaction be-
tween research workers in the two fields of functional differential equations
on the one hand and Volterra integral and integrodifferential equations
on the other hand. We believe that both areas, which have been unduly
separated from each other, would profit from such an interaction. In ad-
dition, we hope that an even larger number of concrete applications would
find their way into the present theory of Volterra equations. Without the
feedback from and the incitement supplied by such applications in physics,
engineering, and biology, the future of the field would look much bleaker.

This text was composed and typeset at the Institute of Mathematics of
the Helsinki University of Technology. It is a pleasure for us to acknowl-
edge the excellent working conditions and facilities at our Institute that
made this voluminous venture possible. At various stages of our efforts the
Academy of Finland relieved some of us from teaching and administrative
duties. Needless to say, we appreciate this support. Visits to Madison,
Blacksburg, Graz, and Carnegie-Mellon also contributed to the final prod-
uct.

Over the years John A. Nohel has actively encouraged us in our endeav-
our. We express our gratitude for his continuous and enthusiastic sup-
port. Our colleagues at Virginia Tech, Kenneth B. Hannsgen and Robert
L. Wheeler, have given us much time and advice. In particular we wish to
thank them for their fruitful criticism of earlier versions of the manuscript.
Our thanks also go to Ismo Sedig for comments on Chapter 15.

We are very pleased to see our work appear in the series ‘Encyclope-
dia of Mathematics’ of the Cambridge University Press and the pleasant
cooperation with David Tranah is gratefully acknowledged.

Our wives have undauntedly endured several years of book-writing with
subsequent neglect of family duties and delights. All things considered,
without their persistent support and teasing comments this book would
never have been finished.

Gustaf Gripenberg
Stig—Olof Londen
Olof Staffans
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LIST OF SYMBOLS
Basic Sets and Spaces

R (—o00, 00).

R* [0, 00).

R- (—00,0].

C The complex plane.

E Either R or C.

Z The set of integers.

N The set of nonnegative integers.

R” The set of n-dimensional column vectors with real entries;
various norms and inner products.

c? The set of n-dimensional column vectors with complex entries;
various norms and inner products.

Rrxm The set of (n x m)-dimensional matrices with real entries; a
norm adapted to the corresponding norms in R™ and R".

crxm The set of (n x m)-dimensional matrices with complex entries;
a norm adapted to the corresponding norms in C™ and C".

Ts The real line R where the points t+mS, m € Z, are identified.

] The empty set.

Function Spaces

V(J;Q) Functions of type V' (= LP, BC etc.) with domain J and range
contained in @ (= R", C™*" etc.).

V(J;m;Q) Functions of type V (= L?, BC etc.) with domain J, weight
function 7, and range contained in Q).

Viec(J; Q)  Functions of type V with domain J that belong to V(K; Q)
for every compact subset K of J. If V(K;Q) is a Banach
space, then Vioo(J; @) is given the topology induced by the
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metric d(, ¢) = 352, {277 W = dllv i,y /(1 — Bllv sy +1) }
where U‘;‘;l K;=J.

V(7s;Q) S-periodic functions whose restrictions to each finite interval
are of type V with range in Q; |4y (75) = |llv(j0,5))-

U=V The space of functions of the type {f+g| fe U, g€V},
where U and V are some function spaces with U NV = {0}.

AC Absolutely continuous functions.

AP Almost-periodic functions; sup-norm.

B> Borel measurable, bounded functions; sup-norm.

Bfe Functions in B> that tend to zero at infinity.

By Functions in B™ with limits at infinity (not necessarily the
same limit at —oo and +oo if the domain is R).

B, Functions locally in B, i.e., their restrictions to compact
subsets of the domain belong to B; see Vioc(J, @) above.

BBV(J)  Functions in BVi,.(J), where J = R or R*, satisfying
||¢||BBV(J) = Sup[s,s+1]cJ||¢||BV([s,s+1]) < oo.

BBVy(J)  Functions in BBV (J) such that |4l gy ([s,s+1)) tends to zero
at infinity. Here J = Ror R*.

BC Bounded continuous functions; sup-norm.

BC) Functions in BC that tend to zero at infinity.

BCy Functions in BC with limits at infinity (not necessarily the

same limit at —oo and +oo if the domain is R).

BLP(J),1 <p<oo: Functionsin L? (J) with a finite norm ||¢||grr(s) =

SUP (s s+1)c 719l Lo (s,041) < 00. Here J = R or R*.

BL}(J),1 < p < co: Functions in BLP(J) such that ||¢||1s(ss+1) tends

BUC
BUC!

BV

BVioc

COO

C

to zero at infinity. Here J = R or R¥.
Bounded uniformly continuous functions; sup-norm.

Bounded uniformly continuous functions with bounded uni-
formly continuous derivative.

Functions of bounded variation; the norm is the sum of the
total variation and the sup-norm.

Functions locally of bounded variation, i.e., their restrictions
to compact subsets of the domain are of bounded variation,
see Vioc(J, @) above.

Continuous functions; sup-norm on each compact set. The
same space as BCjgc.-

Continuous functions with compact support.

Infinitely many times differentiable functions with compact
support.
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LP,1 < p<oo: Measurable functions with finite norm { [|¢(¢)[? dt}l/ P,

LOO
L
Ly
LP

loc?

Measurable functions with finite norm esssup|¢(t)]|.
Functions in L*° with an essential limit 0 at infinity.

Functions in L* with essential limits at infinity (not neces-
sarily the same limit at —oo and +o0 if the domain is R).

1 < p < oo: Functions locally in LP, i.e., their restrictions to com-

pact subsets of the domain belong to LP; see Vio.(J, Q) above.

Wir 1 < p < oo Locally absolutely continuous functions that to-

I I', M
D

D/
S

Sl

M(J;Q)
M(J;m;Q)
Mloc(J; Q)

PT
PToco
M

gether with their derivative belong to LP; norm ||@|lw1.»(s) =
¢l ey + 116l Le(y-

Functions that are Fourier or Laplace transforms of L!-
functions or finite measures; see Sections 6.3 and 7.3.

Infinitely many times differentiable functions with compact
support.

Distributions; the dual of D.

Infinitely many times differentiable functions that decay
rapidly at infinity.

Tempered distributions; the dual of S.

Volterra kernels of various types; see Chapters 9 and 10.
Fredholm kernels of various types; see Chapter 9.

This letter stands for one of the letters F or V.

Kernels of type V on J.

Measure Spaces

Finite measures on J with range contained in @ and total
variation norm; see Section 3.2.

Measures on J with range contained in @) and total variation
norm weighted by the function n; see Section 4.3.

Set functions on J that belong to M(K; Q) for every compact
subset K of J.

Kernels of positive type; see Chapter 16.
Kernels of anti-coercive type; see Section 16.5.

Nonconvolution measure kernels of various types; see Chapter
10.
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Transforms

m Laplace-Stieltjes transform of the measure p, ((z) =
Jr+ e °u(ds) if p is measure on R*, and j(z) =
Jre **u(ds) if p is a measure on R.

i Fourier-Stieltjes transform of the measure p, g(w) = a(iw).

a Laplace transform of the function a, a(2) = f0°° e *qg(s)ds if
a is defined on R*, and a(z) = [*_e™**a(s)ds if a is defined
on R.

a Fourier transform of the function a, d(w) = a(iw).

Operators and various other Symbols

(u, v) Inner product of u and v.

|| Absolute value of v if v is a scalar; norm of v if v is a vector
or a matrix.

|u|(E) Total variation measure, sup Z;V:ﬂﬂ(Ej)]» where {E;}Y is
a partition of E.

|v|+ max{0,v}. Here v is real.

|v]— max{0, —v}. Here v is real.

llollv Norm of ¢ in the space V. Here ¢ is a function or a measure.

i#llsup(sy ~ Supremum of |¢| on J.

|#llvar(sy  Total variation of ¢ on J.

mkllle(J) SUP ligliLa¢sy<1 fJ leg(t)k(ta s)f(s)|dsdt, 1/p +1/q = 1; see

fllppgyst

Section 9.2.

mkl”LP»Q(J) SUp i5lLp(sy<t f_] leg(t)k(t, S)f(s)l dsdt, 1/q + 1/(1/ = 1; see

ol gt (5,1

Section 9.2.

Wkl oo sy  SuPses [5k(2, 5)| ds; see Section 9.5.

sl goo sy SUPsesl&l(E, J); see Section 10.2.

el poo.zayisy: S5 I8I(2, J) dt; see Section 10.3.
el (s, )yt 8UPE s slk(t, 5)]; see Section 10.3.

R
R

o(p)

I'(y)
Th

The real part, or the symmetric part of a matrix.

The imaginary part, or the anti-symmetric part of a matrix.
The spectrum of the function ¢; see Section 15.4.

The limit set of the function ¢; see Section 15.2.
Translation operator: (7,0)(t) = ¢(t + h).
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* Convolution (see Sections 2.2, 3.2 and 4.1).
* The convolution-like product defined in Sections 9.2, 10.2 and
10.3.
= A 0if (y, Ay) > 0 for all y € C™, where (-, -) is some given
inner product; u > v if u — v € K where K is a given cone.
- A>0if (y,Ay) >0 forally € C*"\{0}; u = vifu—v
belongs to the interior of a given cone K.
z Complex conjugate of z.
Q Closure of the set €.
o{Q} In Chapter 12, the measure of noncompactness of the set Q.

conv{Q2} Convex hull of the set 2.
diam{Q}  Diameter of the set Q; diam{Q} = sup{ |z - y| | z,y € 2 }.

A” The adjoint of the matrix A with respect to some given inner
product.

det[A] Determinant of the matrix A.

diagfo,...,ap]: Diagonal matrix with entries oy, ..., oy.

ker[A] Kernel (nullspace) of the matrix A.

range[A] Range of the matrix A.

span{Q} Linear span of the set Q of vectors.

In Logarithm with base e.

lim Limit.

lim sup Superior limit.

lim inf Inferior limit.

inf Infimum.

sup Supremum.

ess inf Essential infimum.

esslim Essential limit.

ess sup Essential supremum.

[v, @] The value of the distribution v evaluated at the test function
¢.

[, 8] R [ (8(1), (u * ¢)(t)) dt; see Section 16.2.

I Unit point mass at ¢, 6 = &g.

Lha Absolutely continuous part of the measure pu.

Hd Discrete part of the measure p.

s Singular part of the measure p.

XE Characteristic function of the set E.

1 Identity matrix.
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QS T)  Jo ($(1), fio.y #(ds)d(t — 5)) dt, used in Chapters 17-19.

Tinax In Chapter 12, the upper limit for the interval of existence of
a noncontinuable solution.

TyM In Section 13.4, maximal solution.

T In Section 13.4, minimal solution.
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