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The Natur e o f Mathematica l Modelin g 

Thi s i s a book abou t th e natur e o f mathematica l modeling , an d abou t th e 

kinds of technique s tha t ar e useful fo r modelin g (bot h natura l and otherwise) . 

It i s oriente d toward s simpl e efficient implementation s o n computers . 

Th e tex t ha s thre e parts . Th e first  cover s exact an d approximat e analytica l 

technique s (ordinar y differentia l an d difference equations , partia l differentia l 

equations , variationa l principles , stochasti c processes) ; th e second , numerica l 

methods (finite difference s fo r ODE s an d PDEs , finite  elements , cellula r 

automata) ; and th e third , mode l inferenc e base d o n observation s (functio n 

fitting, dat a transforms , networ k architectures , searc h techniques , densit y 

estimation , filtering  an d stat e estimation , linea r an d nonlinea r tim e series) . 

Each of thes e essentia l topic s woul d b e th e worth y subjec t o f a dedicate d 

text, bu t suc h a  narrow treatmen t obscure s th e connection s amon g old an d 

new approache s t o modeling . By coverin g so muc h materia l s o compactly , 

this book help s brin g i t t o a  much broade r audience . Eac h chapte r present s a 

concise summar y o f th e cor e result s i n an area , providin g a n accessible 

introductio n t o wha t the y can (an d cannot ) do , enoug h backgroun d t o us e 

them t o solve typica l problems , an d the n pointer s int o th e specialize d 

research literature . Th e tex t i s complemente d b y a  Websit e an d extensiv e 

worked problem s tha t introduc e extension s an d applications . Thi s essentia l 

book will be of great valu e to anyon e seekin g to develo p quantitativ e an d 

qualitative description s o f complex phenomena , from physic s t o finance. 

Professor Nei l Gershenfel d lead s th e Physic s an d Medi a Grou p a t th e MI T 

Media Lab , and codirect s th e Thing s Tha t Thin k researc h consortium . Hi s 

laboratory investigate s th e relationshi p betwee n th e conten t o f informatio n 

and it s physica l representation , fro m buildin g molecula r quantu m computer s 

to buildin g musica l instrument s fo r collaboration s rangin g from Yo-Y o M a 

to Pen n &  Teller . H e ha s a  BA in Physic s from Swarthmor e College , was a 

technician a t Bell Labs , received a  Ph D i n Applie d Physic s from Cornel l 

University , an d h e was a Junior Fello w of th e Harvar d Societ y o f Fellows . 
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Preface 

Thi s i s a book abou t th e natur e o f mathematica l modeling , an d abou t th e kind s of tech 

niques tha t ar e useful fo r modelin g system s (bot h natura l an d otherwise) . I t i s oriente d 

towards simpl e efficient implementation s o n computers . Digita l system s ar e routinel y 

used for modelin g purpose s rangin g from characterizin g an d transmittin g realitie s to ex 

perimentin g wit h possibilitie s t o realizing fantasies; whethe r th e goal is to reproduc e ou r 

world o r t o creat e ne w worlds , ther e i s a  recurrin g nee d fo r compact , ric h description s 

of how system s behave . 

This text , like its companio n The  Physics  of  Information  Technology  [Gershenfeld , 

1999a], gre w ou t o f man y question s fro m student s tha t indicate d tha t th e pressur e fo r 

specialization within disciplines often leads to a lack of awareness of alternative approache s 

to a problem . Jus t as a typical physicis t learn s abou t variationa l principles , bu t no t abou t 

how the y can b e used t o deriv e finite  elemen t algorithms , an enginee r wh o learn s abou t 

finite element s migh t no t kno w abou t technique s fo r exac t o r approximat e analytica l 

solutions o f variationa l problems . Man y peopl e lear n abou t ho w continuu m equation s 

arise fro m microscopi c dynamics , an d abou t ho w finite  differenc e approximation s o f 

them can be used for numerica l solutions , bu t no t abou t how i t is possible to sto p befor e 

the continuu m descriptio n by using lattice gases. And few outsid e of specialized researc h 

communitie s encounte r emergin g idea s suc h a s state-spac e reconstructio n fo r nonlinea r 

systems, or method s for managin g complexit y i n machin e learning . 

Each of these topic s can (and should ) be th e subjec t o f a semester-lon g course , and so 

to cover this range I necessarily have had to sacrifice some depth . Althoug h thi s brisk pace 

risks missing importan t points , the alternativ e for man y peopl e may be no exposur e at all 

to this material . I've trie d t o strike a balance by introducin g th e basic ideas, giving simple 

but complete and useful algorithms , and the n providin g pointer s into the literature . Othe r 

than assumin g som e calculus , linea r algebra , an d programmin g skills , th e boo k i s self-

contained. M y hop e i s tha t th e inexperience d reade r wil l find thi s collection o f topic s t o 

be a  useful introductio n t o wha t i s known , reader s wit h mor e experienc e wil l be able t o 

find usable answers to specific questions , and tha t advance d reader s will find thi s to be a 

helpful platfor m fro m whic h t o see furthe r [Merton , 1993] . 

Included her e ar e a  numbe r o f "old-fashioned " subject s suc h a s ordinar y differentia l 

equations , and "new-fashioned " one s suc h as neura l networks . On e of th e major goal s is 

to make clear ho w th e latte r relat e t o th e former . Th e moder n profusio n o f fashionabl e 

techniques ha s led t o equally exaggerate d claim s of success an d failure . Ther e reall y ar e 

some importan t underlyin g ne w insight s tha t wer e no t par t o f traditiona l practice , bu t 

these are best viewed i n tha t riche r context . Th e stud y o f neura l networks , for example , 

XI 
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xii Preface 

has helped lead t o mor e generally applicabl e lessons abou t functiona l approximatio n an d 

search i n high-dimensiona l spaces . I  hop e tha t b y demystifyin g th e hyp e surroundin g 

some of these ideas I  can hel p brin g ou t thei r rea l magic . 

The stud y of modeling is inseparable from th e practic e of modeling . I'v e trie d t o keep 

this tex t concise by focusing o n th e importan t underlyin g ideas , and left th e refinement s 

and application s t o th e proble m set s a s muc h a s possible . I'v e include d th e proble m 

solutions becaus e I  us e proble m set s no t a s a  tes t t o grad e correc t answers , bu t rathe r 

as a  vehicl e t o teac h proble m solvin g skill s an d supportin g material . M y student s ar e 

cautioned tha t althoug h th e solution s ar e freely available , thei r grad e i s base d o n ho w 

they approac h th e problem s in class rathe r tha n on what answers they get , and so recitin g 

my solution s bac k i s bot h obviou s an d a  wast e o f everyone' s time . Thi s organizatio n 

helps them , an d me , focus attentio n wher e i t shoul d be : on developin g solution s instea d 

of looking the m up . 

In thi s tex t I  usuall y star t wit h th e assumptio n tha t th e governin g equation s o r ex 

perimenta l observation s t o be modele d ar e already known , an d leave th e introductio n o f 

specific application s t o th e relevan t literatur e (see , for example , [Gershenfeld , 1999a ] for 

details, an d [Gershenfeld , 1999b ] fo r context) . Therefore , a n importan t componen t o f 

the correspondin g cours e at MI T i s a semester modelin g projec t tha t provide s a  broade r 

chance for th e student s t o develo p practica l modelin g skill s in particula r domains . Thi s 

is th e bes t way I'v e foun d t o communicat e th e matter s o f tast e an d judgemen t tha t ar e 

needed t o tur n th e raw materia l in thi s tex t int o useful results . Thes e project s ar e always 

a pleasur e t o supervise , rangin g from studyin g th e sprea d o f gossip t o th e sprea d o f fire. 

Some o f th e mos t valuabl e lesson s hav e com e fro m student s sharin g thei r experienc e 

building models . T o hel p exten d tha t interchang e t o all of th e reader s of thi s tex t ther e 

is a Web page at http : //www . cup . cam. ac . uk/online/nm m tha t provide s pointer s t o 

explore, commen t on , and contribut e modelin g projects . 

I a m a  grea t admire r o f rea l mathematicians , wh o I  define t o b e peopl e wh o always 

are aware of th e difference betwee n wha t the y kno w an d wha t the y thin k the y know ; I 

certainly am not one . I hope tha t my presumptio n i n reducin g whole discipline s to ten or 

so pages apiece of essential ideas is exceeded by the value of such a compact presentation . 

For my  inevitabl e sin s o f omission , comission , an d everythin g i n between , I  welcom e 

your feedback a t nTnni@media.niit. edu . 

It ha s been a  great pleasur e t o watc h my  sketch y lectur e note s grow u p int o thi s tex t 

under th e guidanc e o f th e man y student s an d colleague s wh o hav e helpe d shap e i t b y 

their thoughtful , challenging , exasperating , inspirin g question s an d comment s (wit h a 

particular thank s t o F . Josep h Pompei) . An d I  a m gratefu l t o th e Medi a La b an d it s 

community o f sponsor s an d collaborator s wh o hav e create d a n environmen t tha t let s 

dreams be chased whereve r the y lead . 

Cambridge , M A 

April, 1998 

Neil Gershenfel d 
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