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1 Introductio n 

How woul d yo u describ e 

• Th e flickering o f a flame? 

• Th e textur e o f an oil painting ? 

• Highwa y traffic durin g a  rush hour ? 

• Twinklin g stars? 

• Breakin g glass? 

• A  bowling ball hittin g pins? 

• Meltin g ice? 

• Th e flight o f a paper airplane ? 

• Th e soun d o f a violin? 

These question s d o no t hav e simpl e answers : man y ar e activ e researc h areas . Ther e 

cannot b e a  single recip e tha t cover s thi s whol e menu . Ther e ar e man y possibl e level s 

of description ; choosin g amon g the m depend s o n you r goal s an d o n th e available tools . 

Thi s tex t is a tour throug h thos e spaces. For example , if you seek to make a mathematica l 

model of a violin, you could use a numerical model based on a first-principles  description . 

This let s you matc h you r mode l parameter s t o measurement s o n a  real instrument , an d 

change parameter s betwee n a  Stradivariu s an d a  Guarneri . However , runnin g i t i n rea l 

time will requir e a  supercomputer , an d th e effort t o find good parameter s for th e mode l 

is almost a s muc h wor k a s buildin g a  real violin . Alternatively , yo u coul d tr y t o us e a n 

analytical (pencil-and-paper ) solutio n to the governing equations ; in retur n for some large 

approximation s you may be able to find a  useful explici t solution , bu t i t migh t no t soun d 

very good . Finally , yo u coul d forge t abou t th e underlyin g governin g equation s entirel y 

and experimentall y tr y t o find  a n effective descriptio n o f ho w th e player' s action s ar e 

related t o th e soun d mad e by th e instrumen t (whic h i s a reasonable thin g t o d o becaus e 

dissipation an d symmetrie s i n a  system reduc e th e effective numbe r o f degree s o f free 

dom [Temam , 1988]) . Thes e thre e approache s (analytical , numerical , an d observational ) 

comprise th e thre e part s of thi s book . 

To build a model ther e are many decisions tha t mus t be made, either explicitly or more 

often implicitly . Som e o f thes e ar e show n i n Figur e 1.1 . Eac h o f thes e i s a  continuu m 

rather tha n a  discret e choice . Thi s lis t i s no t exhaustive , bu t it' s importan t t o kee p 
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2 Introduction 

specific <  >  genera l 

model first-principle s 
estimation model s 

numerical <  >  analytica l 

stochastic <  >  deterministi c 

microscopic < < >  macroscopi c 

discrete <  > • continuou s 

qualitative <  >  quantitativ e 

Figure 1.1. Some levels of description for mathematical model building. 

returnin g to it: many efforts fai l because of an unintentiona l attemp t t o decribe eithe r too 

much o r too little . 

These are meta-modeling questions . Ther e are no rigorous ways to make these choices, 

but onc e they'v e bee n decide d ther e ar e rigorou s way s t o us e them . There' s n o singl e 

definition o f a "best " model , althoug h quasi-religiou s war s are fought ove r th e question . 

One good attemp t i s th e Minimum Description  Length  principl e [Rissanen , 1986] , es

sentially Occam' s Razor : th e bes t mode l i s th e on e tha t i s th e smalles t (includin g th e 

information t o specify bot h th e for m o f th e mode l an d th e value s o f th e parameters) . 

Unfortunately , thi s ha s tw o seriou s problems : finding  th e minimu m descriptio n lengt h 

for a  given proble m i s an uncomputabl e task , an d i t says nothin g abou t th e erro r metri c 

that wil l b e use d t o judg e th e model . A  stoc k trader , civi l engineer , cardiologist , an d 

video game designe r hav e ver y differen t standard s fo r success . The y differ i n th e prio r 

information the y hav e abou t thei r problem , an d th e posterio r criteri a tha t the y wil l us e 

to evaluate and updat e thei r model . Ultimately , th e stronges t useful statemen t i s that th e 

best mode l i s the one tha t work s bes t for you . 

Surprisingl y littl e ambition is needed to exceed the performance of almost any available 

computer , an d conversel y compute r hardwar e speed s hav e bee n racin g ahea d o f th e 

development o f softwar e tool s t o us e the m effectively . Wher e computationa l speed  i s 

most important , th e examples in this book will use efficient portabl e low-level tools (such 

as C  an d X  Windows) . O n th e othe r hand , wher e algorith m clarit y i s mos t important , 

high-level environment s wil l b e use d (suc h a s Matlab) . Th e appendice s provid e brie f 

introduction s t o thes e environments . 

No singl e reference tex t cover s th e rang e of subject s i n thi s book. T o hel p access th e 

literature , eac h chapte r end s wit h a  lis t o f relevan t genera l sources , an d the n cite s th e 

more specialized literatur e as needed throughout . Wher e importan t idea s are introduce d 

without an y references the y ar e eithe r s o well known tha t the y nee d n o furthe r citation , 

or are my own result s tha t I  have no t publishe d elsewher e (th e contex t shoul d mak e thi s 

distinction clear) . And I'v e used URLs  (World  Wide  Web  Uniform  Resource  Locators) 

where possible t o provid e pointer s t o informatio n o n th e Internet . 
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1.1 SELECTE D REFERENCE S 

[Press et  al.,  1992] Press , William H. , Teukolsky, Saul A., Vetterling, William T. , & 
Flannery, Brian P. (1992). Numerical  Recipes  in  C:  The  Art  of  Scientific 
Computing. 2n d edn . Ne w York, NY: Cambridge University Press . 

This is warmly recommended for almost any numerical problem. Th e numerical 
analysis literature is full of rigorous results tha t have little bearing on solving 
practical problems; Numerical Recipes  gracefully merges theoretical insights 
with practical tricks for most useful algorithms . It' s one of those rare books 
that's immediately useful b y a beginner bu t tha t continues to hold new insights 
for an expert. 

[Pearson, 1990] Pearson , Carl E. (1990). Handbook  of  Applied Mathematics:  Selected 
Results and  Methods.  2n d edn . Ne w York: Van Nostrand Reinhold . 

This is a good example of one of a number of such large reference volumes tha t 
survey applied mathematics. 
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Analytical Models  1 

The firs t par t o f th e book looks a t analytical  models.  Thes e ar e model s tha t yo u can a t 

least in theory write down with nothin g more than a pencil and a piece of paper, hopefull y 

arriving at an explicit closed-form  solution . Analytical modelin g is often, bu t no t always, 

done wit h analytic  functions  [Saf f &  Snider , 1993] , and s o we will usuall y assum e tha t 

the function s w e encounte r ca n b e expande d i n a  power series . Analytica l model s hav e 

been, an d continu e t o be , o f grea t importanc e becaus e o f thei r power : wher e the y ar e 

applicable, i t can be possible t o deduc e everythin g ther e i s to know abou t a  system. Th e 

cost for thi s power is limited applicabilit y -  muc h of the world i s simply too complicate d 

to describ e thi s way. 

Analytical model s ar e stil l importan t i n approximat e technique s tha t d o requir e com 

puters . Thi s include s numerica l methods , whic h can use pieces of analytical solution s t o 

make th e numerica l step s muc h mor e effective , an d symboli c method s tha t ca n quan 

titatively expan d th e effectiv e siz e o f you r piec e o f pape r wit h significan t qualitativ e 

implications (suc h as the ability t o do muc h higher-orde r perturbatio n theory) . 

The first chapte r covers ordinary differential  equations,  wher e a collection of variables 

change as a function o f one independen t variabl e (such as time) . Th e orbit s of the planet s 

are a  classi c example . Th e nex t chapte r add s mor e independen t degree s o f freedo m 

(such a s space) t o arriv e a t partial  differential  equations  t o describe , fo r example , th e 

ripples on the surface of a lake. Ther e is an intimat e connectio n betwee n local differentia l 

equations an d th e global propertie s o f a  system , introduce d i n th e following chapte r o n 

variational methods.  Th e las t chapte r look s a t solution s fo r stochastic  systems.  Whil e 

being exac t abou t somethin g rando m migh t appea r t o b e paradoxical , ther e ar e man y 

powerful technique s for exactly describin g th e distribution  o f a random variabl e withou t 

saying anythin g abou t th e particula r valu e of th e variable . 
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2 Ordinar y Differentia l an d Differenc e Equation s 

2.1 LINEA R DIFFERENTIA L EQUATION S 

Change i s the most interestin g aspec t o f most systems , henc e th e central importanc e 

across discipline s o f differential equations . An ordinary  differential  equation  (ODE)  i s 

an equatio n (o r system of equations) writte n i n terms of an unknow n functio n an d its 

derivatives with respec t to a single independen t variable (such as time) . Examples includ e 

the familiar equation s of classical mechanics and electrical circuits . In the next chapte r we 

will conside r partial  differential  equations  (PDEs),  whic h hav e multipl e independen t 

variables (suc h as space, for example in fluid flow  or electrodynamics) . Th e subjec t of 

differential equation s ca n appear t o be quite tedious . I n par t i t is : i t is like learnin g 

spelling an d gramma r as a necessary prelud e t o the stud y of Shakespeare. An d in part 

it isn't : ther e ca n be beautiful structur e lurkin g behin d wha t appea r t o be very simpl e 

differential equations . Thi s chapte r wil l concentrat e o n the canon o f linear (o r nearly 

linear) differentia l equations ; after detourin g throug h man y othe r supportin g topic s th e 

book wil l retur n t o consider nonlinea r differentia l equation s i n the closing chapte r on 

time series . 

The simples t differentia l equatio n ca n immediatel y b e solved b y integratio n 

^ =  f{t) ^dy =  f(t) dt 

=>y(tl)-y(t0)= I  f(t)dt  (2.1 ) *o)= / 
J t 0 

(a poin t tha t is surprisingly ofte n forgotten) . Th e order  of a differential equatio n is the 

highest derivativ e tha t occurs , an d so th e preceedin g exampl e is a first-order  equation . 

If every ter m involves eithe r th e unknow n functio n o r it s derivative s th e equatio n i s said 

to be homogeneous; if there i s a term tha t depend s o n the independen t variabl e alon e 

(i.e., a forcing term ) the n th e equatio n is inhomogeneous. If  the unknow n functio n doe s 

not appea r withi n power s or more complicate d functions , the n th e differentia l equatio n 

is linear , an d can be writte n in terms o f a linear operato r L^iy)  define d b y 

LN(y) =  ^ | +  Mt)^~ +  ••• +
 A

N~:(t)^ +  AN{t)y .  (2.2 ) 

Ther e i s no need for an AQ coefficient becaus e i t can be eliminated by dividing al l th e 

other term s by it. L^iy) —  fit) i s an inhomogeneous equation , an d L^iy)  =  0 is th e 

associated homogeneou s equation . 

Linear differentia l equation s ar e particularl y important , in part becaus e the y occu r so 
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10 Ordinary  Differential  and  Difference  Equations 

often (particularl y i n system s tha t ar e no t strongl y driven) , an d i n par t becaus e genera l 

techniques exis t for solvin g the m (whethe r o r no t the y reall y appl y t o wha t migh t b e a 

nonlinear problem) . Althoug h thi s can be a bit like the proverbia l drun k lookin g for los t 

change unde r a  stree t lamp , i t is sensible i f it i s the only illuminatio n available . 

The solutio n o f a n iVth-orde r linea r differentia l equatio n wil l contai n N  unknow n 

constants tha t ar e determine d b y boundary conditions.  If  i t is an initial-value  problem, 

the initia l value s o f N  independen t function s o f th e variabl e an d it s derivative s ar e 

given (usually , y(0),  dy/dt(0) 1 ... , d N
~

l
y/dt

N
~

l
(0)). Fo r a  boundary-value  problem, 

boundary condition s ar e given a t bot h th e beginnin g an d th e en d o f an interval . 

An iV-orde r homogeneou s equatio n L^iy)  —  0 wil l hav e N  linearl y independen t 

solutions U\(t),  Ui(t),  ... , ujsr(t).  By superposition , a n arbitrar y linea r combinatio n o f 

them will also be a  solution : 

N 

y9(t) =  Y^Cnun(t) .  (2.3 ) 

n= l 

Thi s is the general solution; any solution of the homogeneous equatio n can be represente d 

by a n appropriat e choic e o f th e C n 's . If  a  particular solution  o f th e inhomogeneou s 

problem can be found (L^K^/p) =  /(£)) , then th e complete solution  i s y(t) =  y g(t) +  y p(t). 

The genera l solutio n represent s th e transien t respons e o f th e syste m t o th e boundar y 

conditions , an d th e particula r solutio n i s th e resul t o f th e forcin g o f th e syste m b y th e 

inhomogeneous term . 

The simples t linea r differential equatio n ha s constan t coefficients : 

An importan t techniqu e for solvin g differential equation s i s to guess the functional for m 

of a  solutio n (calle d a n ansatz,  o r tria l answer) , substitut e i t in , an d the n se e i f th e 

free parameter s ca n b e adjuste d t o mak e th e solutio n work . Becaus e th e solutio n o f a 

differential equatio n i s uniqu e as long as the function s definin g i t are reasonably smoot h 

and bounde d [Coddingto n &  Levinson , 1984] , i f yo u find  a  solutio n the n tha t i s the 

solution. If we try the guess y —  e
rt fo r th e solution of the homogeneou s par t of equatio n 

(2.4), th e resul t o f substitutin g i t in is the characteristic  equation 

r 
N +  A xr

N
~

x
 +  • • •  +  A N_xr +  AN =  0 .  (2.5 ) 

Thi s iVth-orde r polynomial has N roots . The real part of the roots represen t exponentiall y 

growing o r decayin g solutions , an d th e comple x par t oscillator y behavior . If  al l o f th e 

roots are distinct : 

r
N +  A xr

N
~

l +  •  • •  +  A N_Yr +  AN =  (r -  r x){r -  r 2) •  • •  ( r -  r N) (2.6 ) 

then th e genera l solutio n i s 

N 

n= l 

This gives the N linearl y independen t solution s require d for a general solution . However , 

if a root has a higher multiplicit y 
rN +  Axr N-X +  .  .  .  +  AN _IT +  AN={T . _ n) M ( r _  rM+i ) .  .  .  ( r _  TN)  (2>8 ) 
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Linear Differential  Equations  1 1 

R 

^°-AAAr-r-°^ T 
T 

C 

Figure 2.1 . An RC circuit. 

then thi s wil l provid e fewer tha n N  solutions . Th e missin g solution s ar e found b y rec 

ognizing tha t if Ljv(e rt) =  0 then 

-L N (e^ ) =  LN ^— J = LN(te
rt
) =  0 , 

^LN(e
rt
) =  LN (^e

rt
) =  LN(t

2
e

rt
) =  0 ,  (2.9 ) dr

2
 \  dr

2 

and so forth. Therefore , th e M function s 

(Ci +  C2t + C3t
2 +  • • • + CMt

M
~

X
Y

xt (2.10 ) 

are linearl y independen t solution s t o L^(y) —  0, and so these ca n be used a s the M 

solutions associated wit h th e M-fol d root . I t might appea r tha t thi s tric k can be used to 

generate arbitraril y man y solution s by continuin g t o differentiate, bu t this is not so : a 

derivative of an order highe r tha n th e multiplicit y o f equation (2.8 ) will give the useless 

equation 0 = 0. 

As a simple exampl e of a linear constant-coefficien t differentia l equation , conside r a 

circuit consistin g of a resisto r an d a capacitor (Figur e 2.1) . Th e curren t int o th e nod e 

from th e resisto r i s (Vi — V0)/R, an d th e curren t ou t of the nod e int o th e capacito r is 

CVoy an d so the governing equatio n for thi s circui t is 

C K =  ^ (2.11 ) 

or 

RCV0 +  V„ = Vi .  (2.12 ) 

Th e characteristi c equatio n give s 

RCr+ 1= 0 =>  r =  - ^ = > V0 = Ae~
t/RC

 .  (2.13 ) 

The undrive n respons e of the circui t i s to exponentially discharg e th e capacitor . Now , 

let's assum e periodi c forcin g Vi  = exp(iu)t)  an d look for a particula r solutio n a t thi s 

frequency. Th e voltage in the circui t is of course a real number ; by representin g i t as a 

complex numbe r w e can simultaneousl y kee p trac k of both phas e component s (si n and 

cos). Pluggin g in the ansatz V0 - A  exp(iujt) give s 

RCAiuu +  A =  1 = * A =  ^— — .  (2.14 ) 
1 + IUJRC

 v  } 
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12 Ordinary  Differential  and  Difference  Equations 

At lo w frequencie s th e outpu t i s equa l t o th e input ; a t hig h frequencie s i t roll s of f a s 

l/u> (it is a low-pass filter) an d i s out of phase by 90° . Proble m 2.1 covers th e importan t 

example of a damped , drive n harmoni c oscillator . 

Thi s complete s (more-or-less ) everythin g tha t ther e i s t o kno w abou t solvin g linea r 

differential equations . Th e theor y i s simpl e an d useful . Th e situatio n i s ver y differen t 

for nonlinea r differential equations , where amids t a  sea of insoluble problem s live special 

tricks for some tractabl e equations , approximatio n method s based on some nearby exactly 

soluble problems , and qualitativ e insight s into the behavior of classes of solutions . Because 

of this , th e stud y o f nonlinea r differentia l equation s require s eithe r a  lo t o f specialize d 

attention o r else numerica l methods . 

Another extensio n of this basic theor y is to coupled system s of equations . Once again, 

little genera l can b e said abou t nonlinea r systems , bu t fo r th e case of linear coupling s i t 

is possible t o find  exact solutions . Th e nex t sectio n look s a t thi s for th e importan t cas e 

of coupled oscillators . 

2.2 SYSTEM S O F DIFFERENTIA L EQUATION S 

AN D NORMA L MODE S 

Th e Nth-orde r linea r differentia l equatio n (2.4 ) can be writte n a s a first-order  equatio n 

for a n iV-dimensiona l vecto r 

dt 

( 2/ o \ 

VN-I 

\ VN-i  ) 

(2.15) 

V 

0 

0 

0 

-AN 

1 

0 

0 

0 

1 

0 

-AN-2 

0 

0 

1 

-Ai 

\ 

1 

(
 yo

 ) 

VN-2 

V yjv- i / 

+ 

( °  \ 
0 

0 

V /(*) / 

This transformatio n doe s not make the problem any simpler (it can be solved by diagonal -

izing th e matrix , whic h require s solving exactly th e same characteristi c equation) , bu t i t 

can be convenient to simplify notatio n by using a vector first-orde r equatio n [Gershenfel d 

et a/. , 1983] . 

Thi s is a simple example of a system of differential equations . Suc h system s also arise 

whenever ther e ar e interactions ; a n importan t specia l cas e i s a n unforced , undampe d 

system of masses with coordinate s (2/1,2/2? • • •  ,VN) =  y  tha t have a restorin g force tha t is 

an arbitrar y linea r combinatio n o f thei r positions . Th e correspondin g vecto r equatio n i s 

2„-7 Sy_ 

dt
1 

+ A-y =  0 (2.16) 
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Laplace Transforms  1 3 

If th e couplin g matri x A  is diagonal (Aij  =  0 for i  ̂j)  the n th e oscillator s wil l be 

independent , bu t i f it isn' t the n the y won't . Let' s loo k for a new se t of variables z  = 

M _ 1 •  y, defined b y an unknow n transformatio n M , for whic h thes e equation s decouple : 

3F
 + D

-*-° -
 (217 ) 

where D is a diagonal matrix . Th e require d transformatio n M  ca n be found b y changin g 

variables: 

d
2
z 

M- —+A-M- z =  0 
dt

2 

d
2
z 

+ M~ ' -A-M- z =  0 dt
2 

§*D-l.O (2.18 ) 

and s o M" 1 A M = DorA M =  MD . Thi s wil l be th e case (remembe r tha t D is 

diagonal) if the column s of M ar e th e eigenvector s of A (the diagona l element s of D wil l 

then be the eigenvalues of M). Thi s procedur e is called diagonalizing.  Th e new variables 

here ar e called normal  modes  [Goldstein , 1980 , Scheck , 1990 ] an d behav e exactl y lik e 

independen t oscillators . Ther e wil l be as many norma l mode s as there ar e degree s of 

freedom, unles s ther e ar e fewer distinc t eigenvector s becaus e o f degenerat e eigenvalues . 

Problem 2. 2 finds  th e norma l mode s for a simple system . 

2.3 LAPLAC E TRANSFORM S 

Using th e characteristi c equatio n to solve a differential equatio n require s separat e step s 

to find the genera l solution , search for a  particula r solution , an d solve for th e coefficients 

to match th e boundar y conditions . Laplace transforms  provid e a  convenien t alternative , 

turnin g man y differentia l equation s int o a n algebrai c proble m an d givin g th e complet e 

solution i n a single step . 

The onesided  Laplace  transform  o f a  function f(t)  is defined b y 

/•OO 

£{/(*)} = F(s) = /  e~
st
f(t) dt .  (2.19 ) 

Jo 

If the integra l extende d from —  oo to oc thi s would b e th e two-sided  Laplac e transform . 

The one-side d transfor m explicitl y include s th e initia l condition s o f the system  a t t —  0, 

and for this reason we will use it; the two-sided transfor m i s used for steady-stat e problem s 

for whic h th e initia l condition s d o no t matter . 

The Laplac e transfor m i s a generalization o f the Fourie r transfor m t o an arbitrar y 

complex argument . It s usefulness fo r differentia l equation s come s from recognizin g tha t 

www.cambridge.org/9780521210508
www.cambridge.org

