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Preface

Formal power series have long been used in all branches of mathematics. They are
invaluable in algebra, analysis, combinatorics and in theoretical computer science.

Historically, the work of M.-P. Schiitzenberger in the algebraic theory of finite
automata and the corresponding languages has led him to introduce noncommutative
formal power series. This appears in particular in his work with Chomsky on formal
grammars. This last point of view is at the origin of this book.

The first part of the book, composed of Chapters 14, is especially devoted to this
aspect: Formal power series may be viewed as formal languages with coefficients, and
finite automata (and more generally weighted automata) may be considered as linear
representations of the free monoid. In this sense, via formal power series, algebraic
theory of automata becomes a part of representation theory.

The first two chapters contain general results and discuss in particular the equality
between rational and recognizable series (Theorem of Kleene—Schiitzenberger) and
the construction of the minimal linear representation. The exposition illustrates the
synthesis of linear algebra and syntactic methods inherited from automata theory.

The next two chapters are concerned with the comparison of some typical properties
of rational (regular) languages, when they are transposed to rational series. First,
Chapter 3 describes the relationship with the family of regular languages studied
in theoretical computer science. Next, the chapter contains iteration properties for
rational series, also known as pumping lemmas, which are much more involved than
those for regular languages. Chapter 4 discusses rational expressions. It contains two
main results: the so-called “triviality” of rational identities over a commutative ring
and the characterization of the star height of a rational series and its two consequences:
the star height is unbounded and the star height over an algebraically closed field
is decidable. The same problem for rational languages is known to be extremely
difficult.

The second part of the book, composed of Chapters 5-8, is devoted to arithmetic
properties of rational series.

Chapter 5 is concerned with automatic sequences and algebraic series. Two main
results are the characterization of algebraic series over a finite field by Christol,
Kamae, Mendes France and Rauzy, and Fiirstenberg’s theorem on the diagonal of a
rational function.
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xii Preface

Chapter 6 gives the proof of a theorem of Pdlya characterizing rational series whose
set of coefficients have only finitely many distinct prime divisors, and an elementary
proof of a theorem of Skolem, Mahler and Lech about vanishing terms in a rational
series.

Chapter 7 studies rational series over a principal ring and Fatou extensions. It
contains a section on polynomial identities and rationality criteria, and a section on
Fatou rings.

Chapter 8 is concerned with rational series with nonnegative coefficients. It contains
a simplified proof of Soittola’s theorem (Theorem 8.3.1) which is one of the most
striking results on these rational series in one variable. Also the presentation of the
star height (Theorem 8.4.1) is new.

The third part, composed of the remaining four chapters, is concerned with appli-
cations and with the study of important subfamilies of rational series.

Chapter 9 contains some results appearing for the first time in book form. The
first section is on the Burnside problem of matrix semigroups. Section 9.2 contains
a main result: Schutzenberger’s theorem on polynomially bounded rational series,
one of the most difficult results in the area. The chapter also contains Simon’s result
on the Burnside problem for the matrix semigroups over the tropical semiring and
limitedness of languages.

The next two chapters are devoted to the study of polynomials in noncommutative
variables, and to their application to coding theory. Because of noncommutativity, the
structure of polynomials is much more complex than in the case of commutativity, and
the results are rather delicate to prove. We present here basic properties concerning
factorizations. The main purpose of Chapter 10 is to prepare the ground for Chapter 11.
The latter contains the generalization of a result of M.-P. Schiitzenberger concerning
the factorization of a polynomial associated with a finite code.

Chapter 12 is a step towards representation theory. It gives results on semisimple
syntactic algebras. Main results are the semisimplicity of the syntactic algebra of
bifix codes and its converse. The syntactic algebra of a cyclic language is semisimple
and its zeta function is rational. The chapter also contains a long appendix on the
Rees—Suschkewitsch theorem which describes the structure of the minimal idea of a
finite monoid. We included a self-contained exposition for the ease of the reader.

More than 170 exercises are provided, and also short bibliographical notes are
given at the end of the chapters.

This book is issued from a previous book of the authors, entitled Rational Series
and their Languages. The present text is an entirely rewritten and enriched version of
this book. An important part of the material presented here appears for the first time
in book form.

The text served for advanced courses held several times by the authors, at the
University Pierre et Marie Curie, Paris and at the University of Saarbriicken. Parts
of the book were also taught at several different levels at other places, such as the
University of Québec at Montréal and the University of Marne-la-Vallée.

Many thanks to Sylvain Lavallée, Aaron Lauve, Martin Dagenais, Pierre Bouchard,
Franco Saliola, Dominique Perrin and to Christian Mathissen for their help.
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Preface xiii

Note to the reader

Following usual notation, items such as sections, theorems, corollaries, etc. are num-
bered within a chapter. When cross-referenced the chapter number is omitted if the
item is within the current chapter. Thus “Theorem 1.1” means the first theorem in
the first section of the current chapter, and “Theorem 2.1.1” refers to the equivalent
theorem in Chapter 2. Exercises are numbered accordingly and the section number
should help the reader to find the section relevant to that exercise.
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