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Conjugation, 166
complex, 193
symmetry, 244
symplectons, 244, 249
Connected graph, 464
Constants of the motion (monopole), 204
see also integrals of motion
Coordinate patches, 209, 212
coordinatization of a bundle, 240
Corcpresentations, 157, 191-195
equivalence, 193
as real, orthogonal irreps in real Hilbert
space, 196-198
three types of, 193, 194, 198
see ulso anti-unitary operators
Coulomb scattering, 271
Coupled angular momentum states, 450
Coupling laws
9-j invariant operators, 135
unit Racah operators, 111
Wigner operators, 28-30
Coupling of N angular momenta, 435-479
Coupling schemes
binary
basic operations, 454, 455
enumerated, 440-450
fundamental theorem, 455
classification, 435
enumeration, 440-450
nonbinary, 479
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Creep waves, 269, 270
Cross section (bundle), 228
Crossed channel, 272-274, 282
Crossing matrix
as Racah coefficients, 282
Crossing symmetry, 273
Cubic graphs, 435, 461
isomorphic, 469, 470
and transformation coefficients, 461-477
factorization property, 475
Cycle, 464, 468
Cyclic angle variables, 327
Cyclic functions, 316
Cyclic group, 410
Cyclic vector, 36, 279

D-matrix (matrices), 17, 18, 208
complex conjugate, 179, 180
orthogonality, 185
SU(2), 53, 370, 403, 404
SUYXSU(2), 91-95
de Broglie relation
and Galilean symmetry, 189-191
Democratic coupling
three angular momenta, 478, 479
Denominator function D, general rule, 114
Denominator pattern(s), 62
Denominator pattern calculus factor, (DPCF),
66-68. 114, 115
definition, 114
Derivation property, 173
Desargues’ configuration, 412
Desargues’ theorem, 358 (fig.), 360, 364, 366
three-space form, 358 (fig.)
Diagrams, for angular momentum matrix
clements, 354
Dihedral angle, 373, 375, 391, 407
Dimension operator
defined, 68
Dirac operators, 178
Dirac’s quantization, 202, 208, 209, 212, 216,
230, 314, 327
see also electric charge
Dirac string, 209, 230
Direct product, irreducible representations,
186
Discrete rotations
quantum mechanics of, 319-322
Discrete Weyl system(s), 319, 320
operator basis, 322
Dispersion(s), 308
canonical angular momentum and canoni-
cal angle, 344, 345

Subject Index

momentum and position, 309-313
number and angle operators, 341-349
Doppler effect, 190
Double commutator, 329
DPCF, see denominator pattern calculus
factor

Eigensection ket, 215
Eigensections in a Hilbert space, 215
Eikonal expansion, 274
Electric charge, 189
quantization, 202, 208, 209, 212, 216, 230,
314, 327
see also Dirac’s quantization
Electromagnetic field angular momentum,
204, 208
Electromagnetic multipole matrix elements,
relative phase, 184
Embedding U,,D F, 419
Enveloping algebra
of Lie algebra of group SU(2) X SU(2) X
SU(L ), 124
rotation group generators, 334
universal enveloping algebra, 7
Equivalence of corepresentations, 193
Equivalence class
of basis vectors, 11, 48, 100
of binary trees, 448
of Racah operators, 137
in RW-algebra, 37
of vector potentials, 210
of Wigner operators, 82-85
Equivariance condition, 237-240
Euler angles, 241, 242, 326 (fig.), 370
Euler’s theorem (graphs), 463
Extended Gel'fand patterns, 101, 117
see ulso angular momentum triangle
Extended patterns, 117
calculus of, 100-105
Extremal Gel'fand patterns, 61
Extremal operator patterns, 61, 66
Extremal shift patterns, 66

Fano diagram, 360, 361 (fig.), 362, 363
Racah configuration, 363
see also Racah coefficient
Feynman'’s path-integral, 381
Fiber bundle theory, 202
connection on, 212
Field of characteristic two, 359, 362, 366
15-/ coefficients, 475, 476
Filtration, 34
Finite rotation operators on sections, 219,
220
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Fitch—Cronin experiment, 188
Formal bra, 245
Formal ket, 245
Four-simplex in three-space, 377
Frobenius—-Schur invariant, 15, 179186,
193, 198
for representations over the reals, 196
summarized, 186
Functions
absolutely continuous, 351
Airy, 403
associated Laguerre, 304-306
associated Laguerre polynomials, 304-306
Bessel
regular spherical, 207, 267
irregular spherical, 267
of the first kind, 405
hyperbolic, 405
Blaschke, 340
gamma, 270
generalized hypergeometric, 429
harmonic oscillator, radial, 302
hydrogen atom, radial, 303
inner, 340
Jacobi, 403, 409
Legendre polynomials, 267
monopolar harmonics, 218
representation, SU(2), 53, 221, 222, 370,
403
representation, SUQ2) X SU(2), 92
spherical harmonics, 221
time reversal phase, 184
Functional(s)
positive linear, 36-38
simple ordering, 38
subordinate, 38

G, CSO(N), 418
Galilean boosts, 189-191
Galilean phase factor, 191
Galilean symmetry, 189
Galilei group, 189, 190
Gauge transformation, 208, 211
Gel'fand labels, 48
Gel'fand-Naimark theorem (positive linear
functionals), 33, 36
Gel'fand notation, 11, 49
Gel'fand pattern(s), 10, 12, 13, 47, 49, 61,
63, 70, 101, 117, 145, 146
angular momentum quantum numbers,
11, 83, 101-103
associated with fundamental boson
operators, 15

523

associated with tensor operators, 13, 83
coupling of, 29
extremal, 61
formal limit of extended pattern, 117
Gel'fand—-Raikov procedure, 38
Generalized hypergeometric functions,
429-434
relationship to Racah coefficients, 429-431
relationship to Wigner coefficients, 431-
433
Generalized Racah coefficients, 122, 123
Generalized Wigner coefficients, 70, 71,
293-295
General relativity, simplicial approach, 411
Gibbsian symbolism, 30
GLA, see Lie algebra
Graded algebra, 34, 35
(Graded maximal left ideal, 35
Grading, 34, 35, 40
Graph
connected, 464
definition, 463
isomorphic, 463, 464, 469, 470
labeled, 463
line of, 462, 463
point of, 462, 463
regular, 463
trivalent, 464, 465, 466 (fig.), 468, 469
unlabeled, 464
see also cubic graph
Graph theory, 435, 461, 470
terminology, 463, 464
Graphical methods
of Jucys, 477
in coupling theory, 435
Green’s function, 267, 282
Group
SU(2) and time reversal, 176-184,
186189, 191

Hall-Robinson formula, 117
Hamilton-Jacobi theory, 324-327
Hamiltonian
of electron in monopole field, 204-207,
215, 238-240
Hamiltonian function
electric and magnetic charge, 206
formulation, 204-208
Hamiltonian graph, 464, 468
Hardy’s theorem, 350-351
Harmonic oscillators
family of minimum uncertainty states,
311, 312
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radial integrals, 300-303
Heisenberg commutation relation, 319, 320
“fallacy” for, 316, 317
Weyl form, 309
Heisenberg uncertainty relation, 308, 349
and Hardy’s theorem, 350
Hermitian matrix representation, 181
Hermitian metric, 228
Hermitian operator(s), 189, 207, 248,
437-439
on sections, 214
Hermitian sectional operator
commutation properties, 220
Heron’s formula, 413
Herring metric, 182
High-cnergy scattering, 267, 274
Hilbert space, 8, 33, 35, 36, 95, 157, 158,
174, 187, 248, 320
angular momentum states, 13, 17-22, 32,
36. 47, 48, 126, 127
basis vectors, 14, 127, 183
boson operator realization, 13-17, 124-131
coherent, 160
corepresentation in real, 196-198
dense domain in, 310, 314
direct product space, 95
extended patterns, 103
inner product, 161, 162, 165, 249
involution of operators in, 32
mapping of rays, 159, 164
mapping of vectors, 160, 171-174
over a field F, 167, 168
quantum mechanics, 32
quaternionic, 168
rays of, 159, 160
structure for fiber bundles, 213
Stueckelberg’s analysis
of quantum mechanics in real Hilbert
space, 168, 184, 349, 350
subspaces of, 165, 187
tensor product, 95, 436
Hilbert-Schmidt class (operators), 323
Holstein—Primakoff realization, 251, 252
Hooks, 117
Hurwitz division algebra, 184
Hydrogen atom, 304
Hypergeometric functions
generalized, 429-434

i, as operator in quantum mechanics, 184
Idele and adele groups, 323

Incident point and line, 463, 468

Inner functions, 340

Subject Index

Inner product
in Hilbert space, 161, 162, 165
multiplet averaging, 72
of sections, 213
symplecton states, 245
Integral(s) of motion (monopole), 203
energy, 203
momentum, 203
see also constants of motion
Intermediate angular momenta, 441, 445,
446
Interpolating functions, 271
Intertwining number (INT)
definition, 20
Invariant operator(s)
bounded, 35
as eigenvalues, 261
in orthogonality relations, 19, 20, 22, 78,
99, 132, 134
Racah invariant, 23-27, 111, 135, 136
as scalars in the vector space of tensor
operators, 33, 34, 38, 61, 112, 113, 135,
259, 265
SU2)X SU(2) Racah invariant, 131
unit Racah operator, 98-100
see also Casimir invariant
see also Frobenius—Schur
Involution
of operators in Hilbert space, 80
Irreducible proposition system, 168
Irreductble tensor, 260
definition, 12, 40, 41
Irreducible tensor operator in SU(2) X SU(2),
96, 97
Irreducible tensorial sets, 18
Irrep(s)
complex, 186
potentially real, 186, 196
pseudo-real, 186
real orthogonal, 198
unitary, 185
Isomorphic graph, 463, 464, 469, 470
Isomorphism between operators and state
vectors, 244

J= ; coefficients, generalized, 294
Jacobi functions, 356, 471
Jacobi identity
as analog to B-E identity, 32
Jacobi polynomials, 88, 130, 404, 416
asymptotic limit, 409
and Racah coefficients, 130
Jacobi relation, 220
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Joining condition, 396
Jordan algebra, 168
Jordan mapping, 13, 15, 17, 23
Jordan-Schwinger realization, 244, 245, 251
JWKB approximation, 401

for rotation matrices, 404-408

see also rotation matrices

Kinetic momentum, 214, 215, 220, 224
as Hermitian operator on sections, 220,
221
Kramer’s degeneracy, 196
Kronecker product, 7, 81, 353, 357, 359
of irreps, 353
SU(2) irreps, 20, 91-94

Labeled arrow pattern, 50, 51, 57, 59, 65,
113-115
Labeled graph, 463
Ladder operators on sections, 215
Lagrangian function, 205
in quantum theory, 381
Left ideal, 37
graded maximal, 35
see also graded maximal left ideal
Left m-section, 225
Legendre expansion
integral representation, 282
relativistic generalization, 274
Legendre function, 417
asymptotic form, 269
for scattering amplitude, 267
Legendre polynomials, 268, 411, 417
Legendre series, integral representation, 282
Lexical patterns, 10, 11, 69, 108
Lexicality zeros, 80
Lie algebra, 174, 335
graded, 252
noncompact Lie groups
unitary irreps, 276
Su,n, 276, 277
and radial integrals, 284-306
Linear connection, 228
Little group, Poincaré group

SU(2), 274
SU(,1), 274
E(2), 274

Lloyd’s theorem, 184, 185

Local trivialization of a bundle, 229, 240
Lorentz force law, 203

Lorentz transformations, 174
Low-energy scattering, 267

Lowering operator for SU(1,1), 280
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Magic squares
and projective geometry, 367, 368
as semiring, 367
and Wigner /Racah coefficients, 366368
see also Regge array
Magnetic charge, 202, 208
vector potential, 203
Magnetic field, 203, 209
monopolar, 202
Magnetic monopole, 202, 221
vector potential, 208, 209
wave function, 210
sectional cigenkets, 215-218, 240-242
Mandelstam—Chew viewpoint, 272-275
Mandelstam variables, 270-272
Mapping
between binary and trivalent trees, 465
pairs of labeled binary trees to cubic
graphs, 461-469
of rays in Hilbert space, 159, 160
between U(2) and SU(2) Wigner operators,
82-85
of vectors in Hilbert space, 160
see also trees
Mapping diagram, commutative, 453
Matrix boson realization
of unit Racah operators, 124-131
Matrix elements
fundamental Racah operators, 106 (table)
fundamental Wigner operators, 14-17,
51
and the pattern calculus, 49-52, 57-66,
113-117
of Racah operators, 102, 118, 137, 141
of Wigner operators, 14, 64, 84
Maximal ideals, 39
Measurement theory, 167
Meromorphic function, 273
Method of steepest descents, 392, 397
Metric operator, 182
Minimal coupling, 229-230
and complex line bundle, 227-242
geometric meaning, 227
Minimum uncertainty relations, 307-349
for angular momentum, 313~349
three dimensions, 323-349
two dimensions, 313-319
for position and momentum, 307-313
Minimum uncertainty states
for angular momentum, 313-349
for number and angle operators, 341-349
for position and momentum, 310-313
Momentum, angular
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and canonical angles
classical, 325-327
quantal, 327-335
Momentum-energy conservation, 273 (fig.)
Monopolar harmonics, 201-227, 240-242
differential equations, 217
relationship to SU(2) representation
functions, 221-226
Motion reversal, see time reversal
Muitigraph, 463, 467
Multiplet averaging, 72, 73
Multiplicity-free group, 81
Mutltiplicity problem, 82
index set, 438
and recoupling theory, 438, 439
Multipole operators, 72

9-j symbol, 6, 457
Racah coefficient form, 458
Wigner coefficient form, 458
Nonabelian gauge field theory, 221
Nonoriented binary tree, 448, 449
see also tree
Nontrivial zeros (tabulated)
of the 3-j symbol, 428
of the 6-/ symbol, 420-427
Norm, of operator, 33
Normalization
as requirement for determining Wigner
operators, 79
symplecton states, 249
Normed ring, 33
NPCF, see numerator pattern calculus factor
Null space
accidental null space, 79, 80, 109, 416
characteristic null space, 26, 105, 108, 109,
120-122, 134
properties of Racah coefficients, 120-122
properties of Wigner coefficients, 47-89
of RW-algebra, 47-89
structure theorems, 75-80, 122
of a tensor operator, 20-22, 38, 40, 47-89,
263, 264
trivial null space, 80, 107-109, 122, 133,
134
unit Racah operator, 105-109
of W-algebra, 120-122
Wigner operator, 47-89
Null space form
Racah coefficient, 138-145
Wigner coefficient, 64
Null space properties
Racah coefficient, 118-123
Wigner coefficient, 20-22, 47-89

Subject Index

Number operator, 16, 335-337
Numerator patterns, 62
Numerator pattern calculus factor, (NPCF),
64-66, 73-77, 80, 113115, 119, 120,
123, 138, i41
definition, 65

Operator(s)
adjoint, 350
angle, 327, 341
canonical, 328-340, 345
angular position, 313, 314
anti-umtary, 160
boson number, 335
bounded, 309, 314, 315
conjugate angle, 335, 336
discrete, 340
Hermitian, 350
nonnormal in physics, 339, 340
number, 16, 335-337
orbital angular momentum and conjugate
angle, 327
orbital rotation, Ly, 313-317
self-adjoint extensions, 316
position, improper eigenvectors, 317
projection, 262, 321, 341
Dirac, 338
Racah invariant, 25
on sections, 214
self-adjoint, 350
shift, 14, 99, 133, 259, 264, 337
symmetric, 350
symmetry mapping, 159, 160
unbounded, 314, 350
unitary, 160, 17!
unit Racah, 99
vector Wigner, 330
Weyl form, 309
Wigner, 14
see also angular momentum
see also Racah operator
see also Wigner operator
Operator pattern(s)
extremal, 60, 65, 112
labels, 29
Racah coupling of, 28, 29, 111, 135
see also Racah invariant
Operator ring
completeness of, 33
Orbital angular momentum
see angular momentum
Ordered product of angular momentum
labels, 440
Orthocomplementation, 168
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Orthogonality relations
9-j invariant operators, 134
9- cocfficients, 134
Racah coefficients, 27
Racah invariant operators, 26, 43, 44
Racah operators, 99
SU2) X SU(2) Wigner coefficients, 93
Wigner coefficients, 19
Wigner operators, 19

Pairwise coupling of angular momenta,
440-450
see also binary coupling schemes
Parentheses problem, 440, 477
Parity operator, 185
Partial hooks, 50
Pascal’s theorem. 360
Pasch axiom, 360
geometric construction, 361 (fig.)
Pattern
denominator, 62
numerator, 62
Pattern calculus, 47-52, 57-66, 113-117
arrow pattern, 49, 57-59
associativity, 62
extended patterns, 103-105, 113
rules
for fundamental Racah operators,
103-106
for fundamental Wigner operators,
49-52
generalization, 57-60
for general Racah operator, 113-117
for general Wigner operator, 57-66
Pattern calculus factor (PCF), 49-52, 5766,
114-115
defined, 60
Pattern coupling of Racah operators, 111
Pauli matrices, 178
as generators of SU(1,1), 267
PCF, see pattern calculus factor
Permutation of angular momenta, 441, 442,
445-448, 465, 469
Peter—Weyl theorem, 185
Phase, 170, 171, 445
arbitrariness of in quantum mechanics,
158
freedom of, and rays, 158
Phase conventions
Racah coefficient, 112 (AMQP), 158
(AMQP)
rotation matrix, 181
solid harmonics, 184
time reversed angular momentum states,

527

183
Wigner cocfficient, 18, 183, 184, 186,
80 (AMQP)
consistency with time reversal, 184
Phase factors, 171, 190, 219
time reversal, [86—188
Phase invariance, 385, 386
Phasé transformation, 457, 460
see also binary bracketing
Physical tensor operators
algebra of, 258-265
null space aspects, 263, 264
see also tensor operators
Planar diagram, 462, 467, 470
see also graph
Planck relation
and Galilean symmetry, 190
Pochhammer notation, 56
Poincaré group, 174, 191, 274
Poincaré irreps, 275
Poisson bracket, 205, 314, 324, 325-328,
339
relations, 204
Polar form, 334
of vector Wigner operators, 334, 336
Polynomial P,
determination from its zeros
Racah coefficient, 148-153
Wigner coefficient, 85-87
reflection symmetry, 122
proof, 143145
Ponzano-Regge asymptotic relations
proof
for B-E identity, 388-393
for orthogonality relations, 399, 400
for Racah sum rule, 393-399
for 6-/ symbol, 384-400
symmetry properties, 385-388,
in transition and classically forbidden
regions, 400-403
Position-momentum uncertainty relation,
307, 309-313
see also uncertainty relations
Positive linear functional, 36
Positivity domains, 168
Potential scattering, Regge treatment,
266-272
Potentially real irrep, 186, 196
Principle of complementarity, 308
Probability amplitude, 157, 158, 369
interpretation in classical limit
of Racah coefficients, 376-379
of rotation matrices, 370-371
of Wigner coefficients, 371-376

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9780521116176
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-0-521-11617-6 - The Racah-Wigner Algebra in Quantum Theory
Lawrence C. Biedenharn and James D. Louck

Index

More information

528

Projection operator, 262, 263
Projective dimension, 169
Projective geometry, 353-368
Desarguesian, 357
fundamental theorem, 166
Moufang, lock-incidence, 357
PG(n,2), 359-365
and the 6-j symbol, 356-358
and the Wigner symmetry theorem,
164-169
and the Racah sum formula, 394
Projective representations, SO(2,1), 279
Projective space
and magic squares, 366-368
PG(n,2), 359
and Racah’s sum rule, 394
see also projective geometry
Proper orthogonal group, 173
see ulso SO(3)
Propositional calculus, 167, 168, 188
Pseudo-real irrep, 186

Quadrupole operator, 72, 73
Quantal rotation group, 171, 179, 340
Weyl method, 171
see also SU(2)
Quantization of length, 410
Quantum mechanical monopole problem,
237-240
Quantum mechanics, 168, 184, 186, 188,
369, 401, 410
exceptional type, 168, 169
generalization of, 220
quaternionic, 168, 169
relativistic, 187
semiclassical approximation for, 401
symmetry map, 159, 160
von Neumann'’s axioms, 168, 187
Quasi-ambivalent group, 81
Quaternions, 168

Racah algebra
see W-algebra
Racah coefficient(s), 25, 31, 80

accidental zeros, 415-419, 420-427 (table)
association with a complete quadrilateral,

355 (fig.)
association with a tetrahedron, 355 (fig.)
asymptotic limit, 359, 367, 379, 416
symmetries in, 385388
as basis for 3n-j coefficients, 455
Biedenharn—Elliott identity, 31

Subject Index

canonical form, 118, 119, 122, 128,
138-143
classical limit, 379, 382, 384, 411
as Jacobian determinant, 411
as complete quadrilateral, 355-358, 394
continuation, 122
coupling of triangle functions, 250
as crossing matrices, 282
degenerate, 362, 363
diagrammatic interpretations, 354-358
as discretized angle functions, 410
explicit forms, 138, 430, 498
as figure in projective plane, 394, 395
fundamental, 106 (table)
generalization, 123
as generalized Jacobi polynomials for
discretized angle space, 416
geometrical interpretation, 359-366
geometrical representation, 388, 389, 470
as hypergeometric series, 430
hypergeometric series and orthogonal
polynomials, 434
as magic square, 366368
mod2 map, 362, 363, 365
degenerate, 362
multiplication rule, 363
Racah identity, 364
multiplication properties, 355
nontrivial zeros, 415-428
nonvanishing, 360
null space form, 138-145
null space properties, 120-122
orthogonality, 27
phase
in asymptotic limit, 384
phase invariance under Regge symmetry
in asymptotic limit, 385
physical interpretation, 376-381
Ponzano—Regge asymptotics, 381-383,
383 (fig.), 408-413
as probability amplitude, 376-379
and projective geometry, 356, 357
Racah-Fano planar realization, 394
Racah identity, 356, 413
Racah’s form, 118
recursion relations, 144, 414
Regge symmetries, 361, 386, 432
Regge—Wigner tetrahedral representation,
394
Robinson’s interpretation, 359-366
rotation matrix as limit of, 356, 416, 417
semiclassical limit, 376-414
structural zeros, 120-122
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structure theorem, 122
symbolic forms, 153155
symmetries, 27, 360
in asymptotic limit, 385-388
under collincation, 360
as tetrahedron, 377-381, 384, 385 (fig.).
388, 389, 389 (fig.), 400, 411, 463
volume as kinetic energy, 411
volume invariance under Regge symme-
try, 388
as 3-simplex in model for quantized space,
411
transformation, 459, 460
in tensor product space, 456
Wigner coefficient as limit of, 379, 431
see also binary bracketing
see also Fano diagram
see also Ponzano-Regge asymptotic
relations
see also Shelepin array
Racah identity (sum rule), 356, 364, 413,
453, 456, 461
asymptotic form, 396
asymptotic relations, 393-397
and commutative map diagram, 453
geometrical representation, 394, 395
Racah invariant, 24
coupling law, 28
Racah invariant operators, 25, 26, 29, 109
cigenvalues, 25, 26
orthogonality, 26
SU2YyX SU(2), 109, 132
Racah operator
algebraic structures, 6—46
conjugate, 110
as element of enveloping algebra, 124~131
fundamental, 103-106
matrix elements 106 (table), 117
general matrix clement, 102, 118, 137,
141
general product law, 110, 111
monomial, 112
normalization, 117, 124
null space, 105-109
pattern coupling, 111
structure, 118-123
see also unit Racah operator
Racah product
of Racah operators, 111
of Wigner operators, 29
Racah sum rule, see Racah identity
Racah-Wigner algebra (RW-algebra), 32-40,
91

529

associativity, 30-32
definition, 35
equivalence relation in, 37
for general group, 80-82
inner product determined by functionals,
37,38
as limit of W-algebra, 90
norm, 36
null space, 47-89
representation constructed from function-
als, 36
for simply-reducible group, 81, 82, 97,
98
SURYXSUQ2), 132
SU@3), 82
symmetries, 80-82
see also tensor operators
see also Wigner operator
Raising and lowering operators
boson realization, 15, 125, 335
on sections, 215
SU(1, 1), 275-281, 284-304
Ray, of Hilbert space, 158-164
Radial integrals
for harmonic oscillator, 300-303
for hydrogen atom, 303, 304
and SU(L. 1), 284-304
Recoupling theory, 28, 435-479
see also coupling schemes
“Recoupling” of coupling schemes, 28
Recursion relations
generalized Wigner coefficients, 293, 294
Reduced matrix element, 8, 12, 13, 16
Condon-Shortley notation, 97
Reduced tensor operator in SU2) X SU(2),
96
Reflection symmetry, 69, 88, 119, 122,
143-145
Regge array, 366
augmented, 387
Regge calculus, 411
Regge mapping, 366, 368
Regge poles, 265284
defined, 269
Regge trajectory, 269-271
Regular graph, 463
Relative phase between state vectors, 187
Relative phase factor, 190
Relative phases, 188
Representation coefficients, 369371
Representation, conjugate, 180, 186
Riemannian metric, 411
Ring
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completeness, 33
normed operator, 17, 33
Rising factorial, 429
Robinson’s interpretation
of 6-f coefficient, 359-363
Rotation(s)
planar, 313
uncertainty relations, 313-319
quantum mechanics of discrete, 319-322
symmetry operator, 169-173, 179-182
and time reversal, 179-186
Rotation matrix(es)
asymptotic forms, 370, 371, 403-410
as asymptotic limit of Racah coefficient,
410
classical limit, 370, 371
differential equation, 404
explicit form, 53
geometrical representation, 407 (fig.)
as limit of Racah coefficient, 379
physical interpretation, 369-371
as probability amplitude, 369, 370
symmetries, 370
see also IWKB approximation
Rotation by 27, 181, 219
Rotational invariance, 170
Rotational symmetry, 167, 169-174
see also Wigner symmetry theorem
RW-algebra (algebra of Wigner operators)
see Wigner operator

s-channel, 272-275, 282
S; X S,, symmetry group of Racah coeffi-
cients, 362
S4, modular representation, 361
Saalschiitzian hypergeometric series, 430
Scalar product, see inner product
Scattering amplitude, 267, 271, 281
integral representation, 267
meromorphic, 268
signature parts, 281
Scattering matrix (.S matrix), 196, 270, 273
unitarity, 274
Scattering resonance, 271
Scattering of waves, short wavelength, 265
Schrodinger equation
integral equation solution, 266
for monopolar harmonics, 207, 238, 240
radial, 207, 267
Schwartz inequality, 37, 159, 310
Schwinger’s notation for discrete Weyl
systems, 320
Schwinger’s special canonical group, 323

Subject Index

Sectional harmonics, completeness, 218
Sectional ket vector, 215
Section(s)
cross, 228
of a fiber bundle, 202, 212
on the sphere, complete orthonormal set,
218
trivial, 221
Self-adjoint extension, 315
Self-adjoint operator, 350
Semiclassical approximation, 401, 404-408
see also JWKB approximation
Semilinear mapping, 166, 167, 191
Sequences of pairwise couplings, 435
see ulso coupling schemes
Shelepin array, 366, 368
see also Racah coefficient
Shift operators, 258265, 340
boson realization, 337
as nonnormal operators, 339, 341
Shift A induced by tensor operator, 13
Shift pattern, 48, 49, 59-68, 103-117
Simply-reducible (SR) group, 80-82
6-j coefficient, vatlues compared to asymptotic
formulas, 382 (fig.), 383 (fig.)
6-j symbol
and projective geometry, 355-368
as magic squares, 366-368
new interpretation, 394
in Robinson’s interpretation, 359-365
see also Racah coefficient
SO(2), 312
SO2,1), 279
SO03), 173, 176
SO(N)DG,, 418
Solvay Conference of 1927, 308
Sommerfeld number, 270
Sp(4), 244
Spherical geometry, 375
Spherical harmonics, 221
for sections, 215-218
half-integer, 217
operator-valued, 327
Spherical polar coordinates. 207, 325
Spherical wave decomposition, 267
Spin angular momentum operators, 177
Spin-, case
of time reversal operator, 178
Spin-0 case
of time reversal operator, 178
Spinor eigensections, 219, 220
Stability group, 274
Stationary phase method, 391, 392, 395-397
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Steepest descents, 392, 394, 397
Structural zeros, 80
Stueckelberg’s analysis of quantum Hilbert
space, 168, 184, 349, 350
SU D
irreps, 275-281, 280 (fig.)
discrete series, 280
principal series, 281
and radial integrals, 284-306
stability group, 274
SU2)
Clebsch-Gordan series, 20, 353, 438
complex conjugate representation, 19,
179, 180
conjugation symmetry, 249
direct product representation, 438
half-integer unitary irreps realized in (6, ¢)
space, 216
homomorphism onto SO(3), 171, 172
invariant, 77
irreps, 53, 403
conjugate, 179, 180
representation functions, 53, 403
Euler angle parametrization of, 241,
403
relationship to monopolar harmonics,
221-227
stability group, 274
symplecton realization, 245-251
see also quantal rotation group
SUQR)XSU?2)
diagonal subgroup, 92, 98
matrix irrep, 93
SU(2) projective functions, algebra,
132-136 .
tensor operators, 94-98
transformation property, 94, 95
Wigner operators, 91-98, 109
algebra, 131, 132
SU@3), 35, 82
Subgraph of G, 464, 477
Superposition principle, 158, 160, 188
Superselection rules, 159, 187, 188
univalence, for angular momentum,
186-188
Superselection sector, 188
Superselection subspaces, 188
Symmetric group in coupling theory, 479
Symmetric top, 208
Symmetry
fundamental considerations, 157-198
in quantum mechanics, 158
definition, 159

531

rotational, 167, 169-174
Wigner theorem, 157-169
Symmetry operator, 159, 160, 174
Symmetry relation
for generalized Racah coefficients, 123
for generalized Wigner coefficients, 69-71,
294
Symmetry transformation
definition, 159
Symmetry zeros
of Racah coefficients (Regge symmetry),
419
of Wigner coefficients, 79, 428
Symplectic group in four dimensions, 243
Symplecton, 243-258
adjoint operation, 248
characteristic eigenpolynomials, 247, 252,
254-258
defined, 245
inner product, 247-249
product law, 257
realization of SU(2), 245-251
as semisimple graded Lie algebra, 252,
253
Symplecton polynomials, 248, 250
basis property, 257, 258
generating function, 252
multiplication law, 255-257
transformation property, 252

t-channel, 272, 273, 282
TCP theorem, 185
Tensor operator(s), 11-14, 418
adjoint, 18, 19, 24
algebraic aspects of physical, 258-265
associativity of, 30-32
coupling of, 22-30
definition, 12, 40, 41
eigenvector construction, 262, 263
interpretation of integrals in terms of,
297-299
as irreducible tensorial sets, 18
null space, 20-22, 38, 40, 47-89, 263
orthogonality, 19, 27
simply-reducible group, 97
in SUQ2)X SU(2), 94-98, 111
irreducible, 94-97
reduced, 133
transformation property, 94, 95
in U(n), 47
unit Wigner, 13-28
see alfso null space
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see ulso Racah~Wigner algebra
see also SUQ2Q)XSU(2)
Tensor product, n-fold, 436
space, 478
see also Hilbert space
Terminal points, 445, 465
see also graph
Tetrahedron
as a cubic graph, 470
volume, 377 (fig.), 378, 379
Cayley’s formula, 380, 391
volume invariance (under Regge symmetry),
385
see also Racah cocfficient
3-j symbols
as magic squares, 366
and projective geometry, 367, 368
see also Wigner coefficients
3n-j cocfficients
of the first kind
in terms of 6-f coefficients, 473
in terms of pairs of binary trecs, 474
of the second kind
in terms of 6-/ coefficients, 474
in terms of pairs of binary trees, 474
3n-j symbol, relations in PG(n,2), 365
Time reversal. 160, 174-186
Frobenius—-Schur invariant, 179-186
invariance, 184, 185, 188, 195
phase conventions, 184
phase relations, 188
physical consequences, 194, 195
for electromagnetism (Lloyd’s theorem),

184
for weak interactions (Biedenharn-Rose
result), 185

and quantal rotation group, 171-173,
177-183, 186-189
and SO(3), 169-171, 173
symmetry, 181, 188
Time reversal operation, 188, 195
Time reversal operator, 176, 184
relativistic, 178
Schwinger’s definition, 178
Wigner's definition, 178
Toeplitz-Hellinger theorem, 309
Total angular momentum and constituent
angular momenta, 436
Transformation coefficients, 450-463, 465,
468-470
classification problem, 459-461
classification by cubic graphs, 469-477
equivalence of, 469

Subject Index

graphical methods, 451
in terms of Racah coefficients, 459, 460
Transition function, 212
Transition points, 405, 406
Transition probabilities, 159, 164, 165, 175
Tree(s)
binary, 443-445, 448 (fig.), 449 (fig.), 462,
465-467
bifurcation points, 444, 447, 448
equivalence class, 448
internal points, 444, 446
labeled, 446, 447, 451, 456, 461, 464-469
labeled fork, 461, 464, 467
mapping of pairs to cubic graphs,
461-469
mapping to trivalent trees, 465
nonoriented, 448, 449
pair of, 462
root, 443, 448
terminal point, 444, 446449
unlabeled, 444, 445, 448
see also binary couplings
Triality quantum number, 189
Triangle conditions, 14, 20, 24-26, 101, 108,
250, 380, 381, 415, 418, 461
Triangle coefficients, transformation law,
250
see also Racah coefficient
Triangle function, 250, 430, 432
Triangle rule, see triangle conditions
Trivalent trees, 435, 464-470
Trivial bundle, 228
Trivial null space, 107, 108, 122, 133
definition, 107
see also null space
Turning points, 405, 406
“Two-valued” representations of SO(3), 173
Type of cubic graph, 468-470, 475-478

u-channel, 272, 273
Uhlhorn’s generalization of Wigner symmetry
theorem, 164—169
Umbral transformation, 53
Unbounded operators, 8, 16, 350
Uncertainty principle, 372, 373, 377
essays on, 349, 350
Uncertainty relations, 369, 370, 377
for angular momentum, 307-351
in three-dimensional space, 323-349
in two dimensions, 313-323
Hardy's theorem, 350, 351
position and momentum, 307, 309-313
role of, 307-309
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Unitary groups, U(n), 9, 47
Unitary invariants, 324
Unitary irrep, 185
Unitary mapping, 174
Unitary operator, 175, 180, 192
Unitary subgroup, 192
Unitary symmetric matrix, 196
Unit tensor operator
see Wigner operator
Unitary transformation, 170, 171, 324, 439
Unit Racah operator(s), 99, 100, 101
algebra, 110-111
basis property, 109, 110
coupling laws, 110, 111
definition, 99, 124
extended definition, 137, 138
general, 115, 127
matnx boson realization, 124-131
normalization, 117, 124
null space, 105-109
orthogonality relations, 99
trace orthogonality relation, 109
see also Racah operator
Unit step function, 19
Univalence superselection rule for angular
momentum, 186-191
Unlabeled graph, 464
U(2), 48
mapping onto SU(2), §2

Vector operator, 72

Vector potential, 205, 207, 209, 210
electric and magnetic charge, 208
equivalence class, 210
magnetic charge, 203
magnetic monopole, 208

Velocity operator, 211

von Neumann's axiom VII, 186, 187

W -algebra (algebra of W-coefficients),
90-131
construction, 98-117
definition, 99
limits, 117
null space properties, 118-123
structure theorem, 118-123
see also Racah operator
see also unit Racah operator
Watson-Sommerfeld transformation, 267,
268 (fig.). 281, 282
Wave function(s), 169-171, 182, 189, 190
angular part. 208, 209

533

on coordinate patches, 212
of fiber bundle, 211-220
magnetic monopole, 210
as sections, 219
single-valued property, 212
see also section
Wedderburn theorem, 360
Wedderburn-Etherington number, 448, 465
Weyl branching law, 10
Weyl commutation relation, 340
Weyl form of Heisenberg commutation
relations, 309
Weyl method, for quantal rotation group,
171
Weyl systems, discrete, 319-323
operator basis, 322, 323
Weyl tableau
double standard, 451
standard, 10, 11
Weyl’s theorem on invariants, 130, 131
Wigner—Araki-Yanase theorem, 350
Wigner coefficient(s)
as asymptotic limit of Racah coefficient,
367, 431
classes of zeros, 79, 80
classical limit, 374, 375, 379
denominator pattern factor, 64, 66
generalization, 69-71, 293-294
as hypergeometric series, 431, 432
as limit of Racah coefficient, 367, 379,
431
as magic square, 366-368
as matrix elements, 14, 18, 64
null space, 71-80, 85
numerator pattern factor, 62-63, 74, 75
orthogonality, 19-20, 26
phase conventions, 184
physical interpretation, 371-376
polynomial part, 64, 66, 74
determination from zeros, 85-87
reflection symmetry, 69, 85
zeros, 74, 85
as probability amplitude, 374
Racah form, 52, 57, 88
and integrals of associated Laguerre
functions, 289, 290, 292, 302-304
recursion relations
generalized coefficients, 293, 294
reflection symmetry, 69-71, 88
Regge symmetry, 432, 433
SU(1,1), 282, 293, 294
SU(lL 1), SL(2, R), 82
SU(2), 82,91, 92
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SU2) <X SU(2), 90-93
symbolic forms, 87, 88
symmetries, 69-71, 79, 80, 366, 442
from hypergeometric series representa-
tion, 432, 433
van der Waerden form, 57
Wigner form, 52, 57, 88
see ulso Racah—Wigner algebra
see also tensor operator
Wigner—Eckart theorem, 8, 1113, 23, 38,
96, 244, 258, 332
Wigner invariant, 198
Wigner operator(s)
algebraic structures, 6-46
angular momentum basis states, in terms
of. 21
canonical form, 64
elementary, 52
fundamental, 14-17, 35, 49-57, 67
boson realization, 16, 54
pattern calculus rules, 49-52
general matrix element, 14, 64, 84
general SU(2)
boson realization, 54
mapping of U(2), §2-85
matrix elements, 14, 51, 60, 64, 66, 84
maximal shift, 21
normalization, 76

Subject Index

null space, 73-75, 338

orthogonality relations, 97

pattern calculus factors, 74-76

product laws, 23-24, 28, 29

special, 54, 56
finite-dimensional matrix representa-
tions, 42, 43

SU2), 52-71

SU)XSUQ), 91-98

SU2) X SU(2) algebra, 131-133

SUR)YX SU(2): SU(2) projective functions,
132-136

transformation under SU(2), 17, 19, 55

Wigner symmetry theorem, 157-160, 189,

191, 196
applied to rotations, 169-174
proof, 160164
Uhlhorn’s extension, 164-169

Wigner’s threefold choice, 198

Young frame, 11
Young tableaux, 10

Zcros (tabulated)

nontrivial (accidential)
of the 6-j symbol, 420-427
of the 3-; symbol, 428
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