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PART 1

RESEARCHES INTO FLUXIONS AND INFINITE SERIES
(1670-1671)

INTRODUCTION 3

Barrow reports on a new Newtonian treatise of infinite series (December 1670), 3. Newton
tells Collins he has begun to ‘new methodiz’ the De Analysi but that other ‘buisinesse’ has
delayed him (July 1671), 5. The revise now (Christmas 1671) to be appended to the edition
of his ‘20 Dioptrick Lectures’, 7. Prompted by ‘wrangling disputes’ Newton abruptly decides
(May 1672) to publish neither, 8. Sherburne still advertises the treatise on series as ‘expected’
(in 1673), 10. The manuscript copied by Craige (1685?) and Jones (17107): Halley and
Raphson still plan to print it (1691), 11. Pemberton’s intended publication thwarted by
Newton’s death (1727): Colson’s English (1736) and Horsley’s Latin (1779) princeps editions,
13. Contemporary quotation by Newton of the 1671 tract, 14. His conception (inspired by
Barrow?) of time and fluxional increase, 17. Quadrature of curves defined by trinomial
equations (1676?7), 18,

AppENDIX (ULC. Add. 3968. 39: 538). Newton’s citation of the 1671 tract in a draft preface
to his Commercium Epistolicum (late 1712): quotations from Collins’ contemporary correspon-
dence with James Gregory, Bertet, Borelli, Vernon and Newton (1670-2), and from Newton’s
epistole prior et posterior for Leibniz (1676), 20.

1. PRELIMINARY SCHEME FOR A TREATISE ON FLUXIONS 28
(In private possession)
Two general problems on the direct and inverse methods of fluxions, followed by applica-

tions (21 problems) to the determination of extreme values, tangents, quadratures, curva-
ture and rectifications and to the comparison of curves.

2. THE TRACT ‘[DE METHODIS SERIERUM ET FLUXIONUM]’ 32

§1 (restored from contemporary transcripts by Jones and David Gregory). The missing
first leaf of Newton’s autograph manuscript. Introduction: algebra as universal arithmetic,
with infinite series the analogue of unterminated decimal sequences, 32. An example of
reducing an algebraic fraction by infinite division, 36.
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§2 (ULC. Add. 3960. 14: 3—-132). The main autograph text. Further examples of reduction
to infinite series by division, 38. Examples of reduction by extracting roots as infinite
series (binomial expansion for index %), 40. The roots of equations reduced to infinite
series: the numerical instance of y®—2y —5 = 0, 42. Extension of the method to general
algebraic equations: preliminary observations, 46. The parallelogram rule for isolating
‘fictitious’ equations at any stage, 50. The method exemplified at length (x assumed
small), 54. Used to invert the series expansions of log (1 +y) and sin—'y, 58. Rounding off
to desired accuracy: exemplified as before, but the fictitious cubic now supposed irreducible,
60. Adjustments to be made when x is assumed large, 64. Tentative (inaccurate) generali-
ties on convergence: Newton generalizes Gregory’s concept of a (double) series convergens,
68. Axiomatic assumption of ‘ time’ as an intuitively known, uniformly fluent base variable
to measure the instantaneous ‘fluxion’ (speed of motion) at a point: Barrow’s evident
influence, 70. Introduction of literal fluxions of fluent variables (typically I, m, n, r of
v, X, Y, 2), 12.

Problem 1. Given an equation to find the corresponding fluxional derivative. Use of
modified Huddenian multipliers in simple cases, 74. Geometrical justification and Ferma-
tian ‘proof’ of the technique (by considering limit-increments om, on, or of x, y, z, where
0 is the time-increment), 78.

Problem 2. The inverse problem: given a fluxional equation, to determine its fluent form.
Use of inverse Huddenian multipliers to determine (finite) solutions by inspection in
simple cases of first-order fluxional equations involving two variables (x, y), 82. The
solution of more general first-order cases: distinction of ‘related’ and ‘ correlate’ quantities
(to avoid confusion), 86. Case 1 (two fluent variables but the related quantity itself not
present): straightforward reduction to integrable form by extracting n/m as the root of
an algebraic equation, 90. Case 2 (two fluent variables, both present) : preliminary reduc-
tion of fractions to equivalent infinite series is advised, 94. Derivation of a ‘solutio par-
ticularis’ of the reduced equation as an infinite series (x assumed small) : for the most part
examples are general de Beaune equations (of form n/m = A+ By), 98. Elimination of
fractional powers of the related quantity by substitution of a new one, 102, The ‘solutio
generalis’ exemplified in the case of a de Beaune equation (4 = 1—3x+4% B = 1+x),
104. A ‘solutio particularis’ of the ‘Riccati’ equation n/m = 3+ 2y —x~12, 106. Exact
‘solutiones particulares’ of two de Beaune equations, 108. Examples where series solution
is valid for large «: illustrated by a de Beaune equation (B = x~%), 110. Fractional powers
of the related variable eliminated by substitution of a new one: ‘this is very rarely of use’,
110. Case 3 (more than two fluent variables are involved): reduced to the preceding by
appropriate elimination of all but two of the fluents, 112. ‘Demonstration’ of the validity
of these solutions by taking their fluxions: the original fluxional equation must be obtained
(equivalently as an infinite series), 112, The problem of the arbitrary constant of integra-
tion clarified on the geometrical model of points moving in line-segments, 114.

Problem 3. Determination of maxima and minima by the Fermatian technique of
equating the fluxion to zero: simple examples, 116. List of nine problems to which the
method may be applied, 118.

Problem 4. Determination of tangents to curves defined in nine ‘modes’ of coordinate
system by considering the ratios of limit-increments of the co-ordinate variables (which
are those of their fluxions). Mode 1, standard (oblique) Cartesian co-ordinates: examples
include the pair of a line and an ellipse, the Cartesian trident and the conchoid, 120. The
inflexion points in the conchoid determined by maximizing the subtangent, 126. Examples
in more complex ‘mechanical’ curves (notably the quadratrix and Archimedean spiral)
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and composite curves (influence of James Gregory and Barrow), 128. Mode 2, ‘focus-
directrix’ co-ordinates: examples include the pair of a conic and quartic and the con-
choid, 132. Mode 3, standard bipolars: instanced in the Cartesian oval, 136. Modes 4/5/6,
variants on a simple monopolar system (the last a generalization of Cartesian co-ordinates) :
no examples, 138. Mode 7, polar co-ordinates: examples include the Archimedean and
Fermatian spirals, 140. Mode 8, ‘quadratrix’ co-ordinates: the quadratrix itself is
Example 2 (variant proof of Barrow’s construction of the subtangent), 144. Mode 9,
‘trochoidal’ co-ordinates (taken from Gregory): Example 2 is the general cycloid, 146.
Enunciations of seven allied problems involving consideration of tangents (instantaneous
direction of a curve at a point), 148,

Problem 5. Determination of the curvature of a curve at any point. Preliminary con-
siderations: the curvature is that of the osculating circle, 150. Possible defining ‘symptoms’
of the centre of curvature: limit-meet of normals in the vicinity of a point, instantaneous
centre of motion, centre of the circle having 3-point contact, 152. Analytical measure of
the radius of curvature in Cartesian co-ordinates (centre defined as limit-meet of normals) :
examples include the general conic, cissoid, conchoid, 156. Curvature in the cycloid:
properties of its evolute (a congruent cycloid), general observations on angles of contact
stemming from the (infinite) curvature at its cusp, 160. The quadratrix, 168. Analytical
measure of curvature in polar co-ordinates: instances in the Archimedean and general
Fermatian spirals, 168. The (cumbrous) equivalent method of measuring curvature by
constructing the circle having 3-point contact (worked through on the simple Apollonian
parabola), 174. ‘Certain related questions’: to determine the points on a curve where
there is a given curvature, 178. ‘Straight’ points {general inflexions, of zero curvature)
and cusps (of infinite curvature), 178. Location of points of extreme curvature, 180.
Determination of the evolute: the cycloid and parabola are cited as examples, 182: The
diacaustic of refraction at an interface, 184. Radius of curvature at a vertex (the limit
value of the subnormal): examples in the ellipse and conchoid, 184.

Problem 6. The ‘quality’ of curvature at a point. Justification of the (intrinsic) measure
of ‘inequability’ of curvature by the ratio of the fluxion of the curvature radius to that of the
arc-length (zero in the circle, constant in the logarithmic spiral), 186. Evaluation of this
measure (dp/ds) in the general conic (varies as the ordinate), 188. The inequability of
curvature in the logarithmic spiral and cycloid compared with that in a given parabola
(y® = 6x), 192. Related problems: to determine the points of a curve where the inequa-
bility of curvature has a given value, and to identify members of a family of curves (especi-
ally conics) which have given curvature and variation of curvature at a point, 194.

Problem 7. Determination of the area of curves capable of exact algebraic quadrature.
Statement of the fundamental theorem: the fluxion of the area of a curve is proportional
to its ordinate, 194. Examples: the Apollonian and other simple parabolas, 196.

Problem 8. General transformations which preserve area. Transform of

s =J‘v.dx—>t =fy.dz

by f(s, t, v, x) = 0 and ¢(s, x, z) = 0: general observations, 198. Examples in geometrical
curves: the circle v? = ax —?% and hyperbola v?2 = x*+¢2, 198. The cissoid 2 = x3/(a —x),
202. Use of integration by parts to evaluate the area under mechanical curves (of algebraic
slope) : exemplified in the cycloid and sinusoid, 204. Cavalierian area-preserving convolu-
tion of a Cartesian curve into a corresponding polar spiral: the Apollonian parabola and
its convolute (an Archimedean spiral), 206. The main use of Problems 7 and 8 is to draw
up catalogues of the areas of curves, 208.
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Problem 9. Methods of determining the area of any curve proposed. Further examples
of simple exact quadrature in the case of general parabolas and hyperbolas, 210. By
reducing the ordinates to convergent infinite series all curves may be reduced to integrable
form: examples are mostly taken over from the introduction, 212. Integral bounds: in all
cases the area is the difference of the values of the integral corresponding to the upper
and lower limits of the base, 216. Interpretation of negative areas, 218. ‘Square’ notation
for hyperbola-area (to be evalutated by an infinite series) introduced and exemplified, 218.
Numerical calculation of areas expressed by infinite series: parallel computation of the

i
hyperbola/circle segments f JIx +4%] .dx, 222, An evaluation of 7 (correct to 15 D) is
0

a corollary, 226. Computation of the area log (1+x) under the hyperbola y = 1/(1 +x),
x small: a simplified version of his 1665 calculations, 226. Construction on this basis of
a canon of natural logarithms (of low primes): their conversion to common form by
dividing through by log 10, 230. A method of subtabulating means in this table, 232.
A hint that it may be generalized to ‘interpolating’ arbitrary means, and that similar
methods will produce tables of logarithmic sines and tangents without prior construction
of the natural sines and tangents, 234. A “prior’ catalogue of curves of form

y = dzM-Y(e 4 fzn)k
and their exact areas ‘constructed by the help of Problem 7°, 236. And of the ordinates of
curves whose area is 20(e + fz7 4 gz*1)A (h 4+ iz7)#, “by means of which the way is opened up
to higher things’, 238. Preliminary explanation of a diagram depicting instances of the
general central conics d = (e+fx)v and v? = e+ jfx+gx%, 240. A ‘posterior’ catalogue,
‘ constructed with the help of Problem 8°, evaluating the areas of curves of form
y = dzM e+ fz1 + gz%)e

and y = dzA1~Ye+fz%)# (h+iz7)? in terms of the areas s (and o) of these, 244. Observations
on the two catalogues: unknowns may be positive or negative, 258. Ways of indefinitely
extending either table, 260. Duplicate entries are retained because of their usefulness, 262.
Negative areas: correctly choosing bounds, 264. Similar tables might be constructed in-
volving comparisons with curves of higher order, 264. The latter catalogue used to square
special curves: the versiera (witch of Agnesi), 266. The kappa (Gutschoven) quartic, 268.
The cissoid and conchoid, 270. The quartic y2(c? —2%) = (22 +bz—¢)?, 272. The quadra-
ture of mechanical curves is (where possible) to be reduced to that of allied geometrical
ones by means of Problem 8 (integration by parts when slope is algebraic, or reverse
convolution from polar to Cartesian form), 274. An integration by parts yields the area
of the ‘conic-arc’ curve, 276. Justification of the quadratures of the four latter curves by
ad hoc limit-increment methods, 278. Equivalent fluxional arguments in the case of the
kappa quartic and cissoid, 282. Scholium. The area and ordinate of a curve is but a
canonical instance of the relationship of a fluent quantity to its fluxion: by choosing
appropriate units the two preceding catalogues may be used in all problems of integration
(rectifying arcs, measuring solid content, and so on), 284. Related topics: the ‘mechanical’
approximation of areas, 288. Given the area z of a curve r = f(x) as an infinite series in
terms of its base x, to find the ordinate r (or 2) as a series in z, 290.

Problem 10. To find arbitrarily many curves of finite (algebraic) arc-length. Five pre-
liminary observations on evolute properties: the length of a convex evolute’s arc is the
difference of the curvature radii at the points on any involute of it corresponding to its
end-points, 292. Measure of the curvature radius in a Cartesian co-ordinate system:
rectification of Neil’s semicubical parabola by determining the curvature of its involute
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Apollonian parabola, 296. The same performed in semi-intrinsic ‘ Newtonian’ co-ordinates:
an equivalent rectification of Neil’s cubic by means of the involute parabola, 298. An
insufficient criterion for a cusp, 300.

Problem 11. To find arbitrarily many curves whose arc-lengths may be expressed
algebraically in terms of that of a given curve. First method: the arc-length v of the given
curve f(s,t) = 0 is related to that of the curve F(x, y) = O determined in semi-intrinsic
‘Newtonian’ co-ordinates by some transform x = a(s), y = f(s, v), 304. Exemplified for
a circle (f= s*+1*—as) and hyperbolas (f = st—a® and (a/c)s®—12—4a2), 306. Second
method: the Gregorian length-preserving ‘involution’ of a Cartesian curve into an
equivalent polar ‘spiral’, 308. The primary example is Roberval’s theorem that the
involute of an Apollonian parabola is an Archimedean spiral, 314.

Problem 12. The rectification of curves defined in Cartesian co-ordinates. The arc-
length ¢ of the curve f(y, z) = 0 is found by ‘integrating’ its fluxion ¢ (or f) = ,/[y?+2%],
314. Examples (finite) of the rectification of simple cubics (including Neil’s parabola) and
quartics, 316. ‘Logarithmic’ rectification of the cissoid by relating its arc-length to the
area under a constructed hyperbola, 320. That of an ‘elliptical’ sinsuoid, 322. Rectifica-
tion of a curve defined in terms of the (logarithmic) complementary area of a hyperbola is
reduced to finding the area under a conic, 322. Arc-lengths determined as infinite series in
the base variable: examples of the hyperbola, ellipse and quadratrix, 236.

§3 (ULC. Add. 3960. 4: 33-46). An intended addendum on geometrical fluxions (to
Problem 9 preceding). Proofs by fluxions appear more ‘natural’ than those by limit-
increments, 328. Four axioms on the fluxions of uniformly fluent magnitudes, 330. The
fluxion of the product of two magnitudes is equal to the sum of the products of each
multiplied into the other’s fluxion, 330. Nine corollaries extend this fundamental theorem
to finding the fluxion of the n-th power of a magnitude, 334. The fluxional form of
Pythagoras’ theorem on right triangles: (cancelled) remarks on the fluxion of an areca, 338.
The fluxions of the ‘legs’ of a triangle of given base, whose vertex is on a given straight line.
340. Those of the intercepts cut off on a given line by a rotating radius vector, 342. The
fluxion of the area of a rectangle and triangle as one side ‘flows’ parallel to itself, 344.
That of the area generated by a rotating radius vector, 346. That of an arc intercepted by
the radius vector, 348. The contact point of a tangent ‘rolling’ round a curve is the
instantaneous centre of motion, 350. Equivalent fluxional proofs of Examples 2, 3 and 4
of Problem 9 of the 1671 tract, 350.

ArrenDpix (ULE. David Gregory MS, A56). Gregory’s ‘Tractatus de Seriebus infinitis
et Convergentibus’ (c. 1690, copied by Craige?). The opening pages duplicate those in the
1671 tract, 354. Summary of Newton’s ‘reduction of affected equations’, 358. Problems 1
and 2 drastically summarize those of Newton, 364. Problems 3, 4 and 5 are short extracts
from Newton’s Problems 9, 7 and 8, 366. Problem 6 repeats his method of constructing
the circle of curvature (Problem 5) as that having 3-point contact with a curve, 369. Loose
(English) jottings from Newton’s Kinckhuysen ‘Observations’ and his 1676 epistola prior
to Leibniz, 370.

. THE QUADRATURE OF CURVES DEFINED BY POLYNOMIALS 373
§1 (ULC. Add. 3962. 6: 77"). First calculations, 373.
§2 (ULC. Add. 3962. 6: 74—76"). First extended draft. Transformation of the area

4
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§ = fv .dx under the curve f(x,v) = 0into that, s/7, under f(z7, yz'-") = 0: determination of

the ordinate of a curve from its area, and the converse (simple polynomial examples), 374.
*The Quadrature of all Curves whose Aquations consist of but three termes’: threefold

determination of the area s = f v.dx under bv*+-cvfx®+dxé = O from that, s/ = f y.dz,

under its transform (4y*+ By#)? = z: a simple example is given, 375. Reducing ‘y® index
of y® dignity’ to ‘y® least fraction’ and so determining ‘y® simplest curve w'* w® y° pro-
pounded curve may be compared’, 376.

§3 (ULC. Add. 3962. 6: 70"~72r). The improved, augmented version. Reduction in the
general trinomial case, 380. ‘ The Quadrature of many Curves whose @quations consist of
more then three terms’, 384. Another rule for binomials, 385.

PART 2

MISCELLANEOUS RESEARCHES
(Early 1670’s)
INTRODUCTION 389

Newton’s restyling of Book 2 of Euclid’s Elemenis and ° A fragment relating to the comparison
of curved surfaces’ (intended for professorial lectures?), 389. Simple harmonic motion induced
by gravity in a vertical cycloid: Newton’s possible debt to Huygens, 390,

AppEnDIX. Huygens, Brouncker and Pardies on cycloidal motion. Galileo and Mersenne
on the (near) isochronism of the circular pendulum: Huygens’ prior analytical investigation
(December 1659) and James Gregory’s published series solution (1672), 392. Huygens’ 1659
discovery that (for constant gravity to a distant point) the cycloid is the true tautochrone, 394.
Brouncker’s first attempts to confirm Huygens’ result (January/February 1662), 395. Hooke’s
criterion (1666) for isochronous motion, 398. Brouncker’s third proof that the cycloid is the
tautochrone (May 1673) : Huygens’ reservations, 398. Pardies’ independent proof (pre-1673),
400.

1. THE SECOND BOOK OF EUCLID’S ‘ELEMENTS’ REWORKED 402

(ULC. Add. 3959. 2: 227; Add. 3970. 11: 635v/637"). Condensed geometrical restatement
(using squares and rectangles) of Propositions 1-10, 402. ‘ Improved’ version of Proposi-

tions 12 and 13: diagrams for Propositions 11 and 14 (repeated from Barrow’s 1655
edition), 406.

2. RESEARCH INTO THE ELEMENTARY GEOMETRY OF
CURVED SURFACES 408

(ULC. Add. 3963. 16: 184™-185"). Axiomatic bounds to surface area and solid content,
408. The area of a circle sector and the volume of a prism standing upon it, 408. The curved
surface and content of a cylindrical wedge: introductory lemmas and proofs, 412. The
curved surface of a conic frustum, 416. The area of the zone of a sphere (regarded as the
limit of a ‘pumpkin’) and of a ‘spherical triangle’ (one side of which is a small circle
parallel to the tangent plane at the opposite vertex), 418,
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3. HARMONIC MOTION IN A CYCLOIDAL ARC 420

(ULC. Add. 3958. 5: 89791V}, The force (‘power’) induced by simple gravity in a vertical
cycloid is proportional to the distance of fall along it to its lowest point, 420. Hence all
bodies, wherever let fall from rest in it, reach that point in the same time, 422. Cycloidal
‘cheeks’ of the (congruent) evolute deflect a pendulum bob into a cycloidal path, 424.
Newton uses a (Huygenian) limit-increment argument to obtain an explicit measure of
the total time of fall, 428. Harmonic motion in the cycloid corresponds to uniform motion
in the generating circle, 430.

PART 3

RESEARCHES IN GEOMETRICAL OPTICS
(c. 1670-1672)

INTRODUCTION 435

Newton’s ‘20 Dioptrick Lectures’: the autograph version retained and the (variant) copy
deposited in 1674, 435. They intentionally pursue the theme of Barrow’s preceding lectures,
437. In amplification, Newton expounds his own hypothesis that ‘white’ light is a congeries
of elemental coloured rays, each separately refracted, 438. The preamble to his first lecture
(January 1670), 438. Mathematical aspects of the two versions of the ‘ Lectiones’: construction
of refraction points in a plane interface, models for the variation of dispersion with that of the
density of the refractive medium, 440. Refraction at a spherical interface: the theory of thin
lenses and explanation of the radius and colour-sequence of the n-ary bow (especially n = 1, 2),
441. Newton’s failure to construct an achromatic refractor (but he is not convinced that a
colour-free compound lens is impossible), 442,

APrPENDIX 1. Newton’s exordium to his optical lectures (ULC. Add. 4002: 1-2): variants in
the deposited copy (ULC. Dd. 9. 67), 444.

APPENDIX 2. Pemberton’s (or Jones’?) editorial description of the ‘Optice Pars prima’.
Résumé of Newton’s optical discoveries, 445. Breakdown of this first part of his lectures (as
deposited), 446. Appreciation of Barrow’s influence, 449.

1. EXTRACTS FROM NEWTON’S LECTURES ON OPTICS (1670-1671) 450

§1 (ULC. Add. 4002: 99-100, 92-5/101-2, 115-20). Refraction at a plane interface.
Construction of the refraction point: the resulting quartic is solved in Cartesian style by
the meets of a circle and parabola, 450. Barrow’s variant construction in lecture 5 of his
Lectiones (used by Newton in his revise), 452. Barrovian centres of radiation: their con-
struction, 456. The locus of these centres (a Dioclean cissoid) as the refractive index varies,
462. Extremes of dispersion in refractive media of varying density: the basic geometrical
model, 464. The problem of locating maximum dispersion is ‘solid’ (reducing to a cubic
equation),468. The ‘plane’ construction of this maximum when the dispersion is small, 472.

§2 (ULC. Dd. 9. 67: 64-77). Refraction at a curved interface. Construction of the principal
focus of rays refracted at a spherical interface, 476. Extension to several interfaces: applica-
tion to the construction of image points in telescopes and microscopes suggested, 480.
Lemma: use of the subnormal to construct the centre of curvature at a conic’s vertex, 480.
Finding the principal focus for rays incident on a general interface of known vertex
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curvature from a point in its axis, 480. The error by which parallel rays refracted at a
spherical interface digress from the principal focus: expression of this spherical distortion
as an infinite series, 482. Corollaries: measures of the depth of focus of a spherical interface
and of its ‘lateral’ error, 484. The image of a point when rays incident from it are refracted
over a small region of a spherical interface: the Barrovian condition for the spherical dia-
caustic, 488. The particular case where the object point is at infinity: the condition
di/dr = tan iftan r, 492. Generalization to any curved surface whose curvature is known,
494. Descartes’ refractive ‘ellipses’, 496. Lemma: determination of tan i/tanr, given
sin i/sin r and cos i/cos r, 498. Determination of the angular radius of the primary bow
(Harriot’s priority), 500. And of the secondary bow, 504. Generalizations to bows of
higher orders, 506. Estimate of the chromatic distortion of a spherical interface, both
laterally and in depth, 508. Comparison of spherical and chromatic distortion for a tele-
scope lens (object at infinity): the latter is ‘far greater’, 510. Possibility of eliminating
chromatic distortion in a compound lens by ‘contrary refractions’, 512.

. MISCELLANEOUS RESEARCHES INTO REFRACTION AT

A CURVED INTERFACE 514

§1. Theory of spherical lenses. [1] (ULC. Add. 4004: 71*-72v). ‘Optical theorems’. The
basic refraction condition 1/r—1fu = (I/R)(1/r—1/v): the case of reflection (I = —R),
514. Fluxional derivation of this theorem, 516. Problems: given a spherical lens (plano-
convex or doubly convex), to find the refractive index and the curvature of the surfaces,
520. The method exemplified for two telescopes (one Babington’s), 524. [2] (ULC. Add.
4004: 737). ‘Outline of a new telescope’: a coated concave lens is used (in place of a simple
mirror) in a Newtonian reflector to minimize chromatic distortion, 526.

§2 (ULC. Add. 4004: 907). Descartes’ problem of twofold refraction resolved. Given one
refracting interface, the refractive index, radiating point and focus, to define the second
refracting interface through any point: Newton’s construction implicitly invokes the
common diacaustic of the two points, 528. Extension to three or more refracting inter-
faces, 530.

ArpENDIX 1. Miscellaneous optical calculations. [1] (ULC. Add. 4004 : 72V/73" [insert]).
Construction of the general diacaustic point, 532. [2] (ULC. Add. 3958. 2: 327). Fluxional
evaluation (nullified by a slip) of the ‘error’ between diacaustic point and principal focus
of a spherical interface: Cartesian notation for refractive index used, 532. [3] (ULC.
Add. 4004 : 72v/73" [insert]/3970. 11: 6347). Straightforward computation (again nullified
by a small slip) of this refractive error, 534. [4] (ULC. Add. 3970. 11: 638"). A successful
attempt to evaluate the error (Barrow’s notation is used) by means of a diacaustic involute,
536. [5] (ULC. Add. 3970. 11: 6387/638"). The revised version with diacaustic involute
eliminated (substantially the one incorporated in the ¢ Optical problems’), 537. [6] (ULC.
Add. 3970. 11: 6337/634"). A preliminary worksheet for the ‘new’ catadioptrical telescope
correcting for chromatic distortion: a small error vitiates the construction, 539. [7] (ULC.
Add. 4004: 72v/73" [insert]). Revised computations for the ‘new’ telescope (Cartesian
notation used): a numerical example is given, 541.

APPENDIX 2. Newton’s explanation of the rainbow. [1] (ULC. Add. 3975: 14). Observa-
tions, based on chapter 8 of Descartes’ Meteores (Latin version), of the colour of the re-
fractions of a ‘large glasse Globe filled wtt water’, 543. [2] (ULC. Dd. 9. 67: ,96-100).
Newton’s deduction of the colour sequence, bow width and angular radii of the primary
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and secondary rainbows: the light refracted after three internal reflections is ‘scarce
strong enough to cause a sensible Bow’, 544.

APpPENDIX 3. (ULC. Add. 3970. 3: 428 5i5*/3970. 9: 615-6177). The general problem of
twofold refraction, point to point, as solved in the Principia (Book 1, Section 14, Proposi-
tions 97-8). The problem resolved for a single interface (by Descartes’ ovals), 549. Con-
struction of the second interface in twofold refraction, 551. But chromatic aberration (rather

than spherical distortion) remains the main ‘impediment’ to the perfection of dipotrics,
552

APPENDIX 4. (ULC. Add. 3970. 3: 4717). Correcting (1692?) for spherical distortion by
means of a compound (glass-water) lens: but ‘y® different refrangibility of several rays’
still prevents the perfection of telescopes, 553.

APPENDIX

NEWTON’S MATHEMATICAL CORRESPONDENCE
(1670-1673)

Topics in Newton’s contemporary mathematical correspondence, not dealt with in his extant
papers, are solved by applying general techniques developed earlier, 558. The two problems
proposed in late 1669 by Collins, 559. Newton’s use of ‘ Gunters line’ (July 1672) to locate the
roots of numerical equations (approximately), 560. Summing a general ‘musical’ series: exact
computation (January 1670) when the harmonic progression has only a few terms, 561.
Logarithmic approximation (February 1670) by comparison with the area under a rectangu-
lar hyperbola: justification of Newton’s harmonic and geometric bounds (July 1671), 563.
Solution of Collins’ annuity problem (February 1670): ‘I could give exacter solutions but. ..
have noe leisure’, 566. Series solution (February 1670) to Dary’s problem of finding the area
of a zone of a circle: extension (late 1670) to computing the ‘second segment’ of a spheroid,
567. Newton’s approximation (August 1672) of that of an ellipsoid as the second segment of
a ‘parabolick spindle’: the rule is ‘not exact but approaches. . . exactly enough for practice’,
568. His communication to Collins (August 1672, without proof} of his organic description of
conics, 569. Dary’s problem (September 1673) of constructing an equilateral 24-gon in an
ellipse: Newton calculates that its construction would require solution of an equation of
324-th degree, 570. His contemporary optical correspondence and replies to Collins’ request
for algebraic enlightenment, 571.
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