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QUASI-FROBENIUS RINGS

The study of quasi-Frobenius rings grew out of the theory of group represen-
tations in the 1940s and has produced an enormous body of results. This book
makes no attempt to be encyclopedic but provides an elementary account of
the basic facts about these rings at a level allowing researchers and graduate
students to gain entry to the field. Many earlier results about self-injective rings
are extended to the much wider class of mininjective rings; the methods used
unify and simplify what is known in the area and so bring the reader up to
current research. Sufficient background knowledge can be found in standard
texts on noncommutative rings. However, appendices on Morita equivalence;
on perfect, semiperfect, and semiregular rings; and on the Camps—Dicks the-
orem are included to make the book self-contained. After the basic results are
established in Chapters 1 through 6, recent work is reviewed on three open
problems in the field (the Faith conjecture, the FGF-conjecture, and the Faith—
Menal conjecture). Some new results are provided and new and old methods
for attacking these problems are outlined in an easily accessible format.

W. K. Nicholson is Professor of Mathematics at the University of Calgary.

M. FE. Yousif is Professor of Mathematics at The Ohio State University.

© Cambridge University Press www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

CAMBRIDGE TRACTS IN MATHEMATICS

General Editors

B. BOLLOBAS, W. FULTON, A. KATOK, F. KIRWAN,
P. SARNAK

158 Quasi-Frobenius Rings

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

QUASI-FROBENIUS RINGS

W. K. NICHOLSON
University of Calgary

M. E. YOUSIF
The Ohio State University

2= CAMBRIDGE

» UNIVERSITY PRESS

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE
The Pitt Building, Trumpington Street, Cambridge, United Kingdom

CAMBRIDGE UNIVERSITY PRESS
The Edinburgh Building, Cambridge CB2 2RU, UK
40 West 20th Street, New York, NY 10011-4211, USA
477 Williamstown Road, Port Melbourne, VIC 3207, Australia
Ruiz de Alarcén 13, 28014 Madrid, Spain
Dock House, The Waterfront, Cape Town 8001, South Africa

http://www.cambridge.org
© W. K. Nicholson & M. E. Yousif 2003

This book is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2003
Printed in the United Kingdom at the University Press, Cambridge
Typeface Times 10/13 pt. System ISIEX 2¢  [TB]
A catalog record for this book is available from the British Library.

Library of Congress Cataloging in Publication Data
Nicholson, W. Keith.
Quasi-Frobenius rings / W. K. Nicholson, M. F. Yousif.
p. cm.— (Cambridge tracts in mathematics ; 158)
Includes bibliographical references and index.
ISBN 0-521-81593-2
1. Quasi-Frobenius rings. 1. Yousif, M. F. (Mohamed F.) II. Title. III. Series.

QA251.5 .N53 2003
512'.4 — dc21 2002041003

ISBN 0 521 81593 2 hardback

© Cambridge University Press www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

CAMBRIDGE

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

For Kathleen and Eman

© Cambridge University Press www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif

Frontmatter
More information
Contents
List of Symbols page xiii
Preface XV
1 Background 1
1.1 Injective Modules 2
1.2 Relative Injectivity 6
1.3 Continuous Modules 9
1.4 Quasi-Continuous Modules 14
1.5 Quasi-Frobenius Rings 20
1.6 Pseudo-Frobenius Rings 29
2 Mininjective Rings 36
2.1 Definition and Examples 37
2.2 Morita Invariance 42
2.3 Minsymmetric Rings 46
2.4 Duality 49
2.5 The Kasch Condition 51
2.6 Minannihilator Rings 52
2.7 Universally Mininjective Rings 53
3 Semiperfect Mininjective Rings 56
3.1 Basic Properties 57
3.2 Minfull Rings 62
3.3 Nakayama Permutations 67
3.4 Min-PF Rings 68
3.5 Annihilator Chain Conditions 70
4 Min-CS Rings 78
4.1 Semiperfect Min-CS Rings 79

ix

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif

Frontmatter
More information

X Contents
4.2 Continuity 84
4.3 Quasi-Frobenius Rings 88

5 Principally Injective and FP Rings 95
5.1 Principally Injective Rings 96
5.2 Kasch P-Injective Rings 102
5.3 Maximal Left Ideals 103
5.4 GPF Rings 107
5.5 Morita Invariance and FP-Injectivity 109
5.6 FP-Injective Rings 112
5.7 Semilocal Mininjective Rings 117
5.8 FP Rings 119
5.9 Group Rings 126

6 Simple Injective and Dual Rings 130
6.1 Examples 131
6.2 Matrix Rings 134
6.3 The Kasch Condition 138
6.4 Dual Rings 142
6.5 The AB5* Condition 145
6.6 Ikeda—Nakayama Rings 148
6.7 Applications to Quasi-Frobenius Rings 152
6.8 The Second Socle 159

7 FGF Rings 164
7.1 FGF Rings and CF Rings 165
7.2 C2Rings 167
7.3 The Gémez Pardo—Guil Asensio Theorem 173
7.4 Weakly Continuous Rings 183
7.5 The Faith—Walker Theorems 191

8 Johns Rings 201
8.1 On a Theorem of Ginn and Moss 202
8.2 Right Johns Rings 204
8.3 The Faith-Menal Counterexample 209

9 A Generic Example 214
9.1 Generalities 214
9.2 The Main Theorem 216
9.3 Some Examples 220
9.4 Other Properties of R = [D, V, P] 225

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

Contents

A Morita Equivalence
A.1 Additive Equivalence
A.2 Morita Invariants
A.3 Tensor Products
A.4 Morita Contexts
A.5 Morita Equivalence

B Perfect, Semiperfect, and Semiregular Rings
B.1 Semiperfect Rings
B.2 Projective Covers
B.3 Supplements
B.4 Perfect Rings
B.5 Semiregular Rings

C The Camps—Dicks Theorem
Questions

Bibliography
Index

Xi

231
231
235
240
243
246

252
252
260
264
267
274

286
291

293
303

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif

Frontmatter
More information
List of Symbols
N Set of natural numbers
/ Ring of integers
Q Field of rational numbers
R Field of real numbers
C Field of complex numbers
Ly, Ring of integers modulo n
ZLp) Integers localized at the prime p
Ly Priifer group at the prime p
8ij Kronecker delta
| X| Cardinality of a set X
XcCY X CYand X #7, forsets X and Y
EM) Injective hull of the module M
soc(M) Socle of the module M
rad(M) Radical of the module M
dim(M) Uniform (Goldie) dimension of the module M
length(M) Composition length of the module M
Z(M) Singular submodule of the module M
char(R) Characteristic of the ring R
Sy, S soc(Rg), soc(gR)
Zr, Zy Z(Rg), Z(rR)
J, J(R) Jacobson radical of the ring R
r(X), 1(X) Leftand right annihilators of the set X
R[x] Polynomial ring over the ring R
F(x) Ring of rational functions over the field F
M,(R) Ring of n x n matrices over the ring R
R", R, Row matrices, column matrices over the ring R
end(M) Endomorphism ring of the module M
K € M K is an essential submodule of the module M

Xiii

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif

Frontmatter

More information
xiv List of Symbols
K cmr M K is a maximal submodule of the module M
K" M K is a small submodule of the module M
KcC®MmM K is a direct summand of the module M
c, C Left (right) multiplication map by the element ¢
MD The direct sum of |I| copies of the module M
M! The direct product of |I| copies of the module M
lat(M) Lattice of submodules of the module M
M* Dual of the module M

modR, Rmod Categories of right and left modules over the ring R
V®r W, v@w Tensor product of modules, elements

© Cambridge University Press www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521815932

Cambridge University Press
0521815932 - Quasi-Frobenius Rings
W. K. Nicholson and M. F. Yousif
Frontmatter

More information

Preface

A ring R is called quasi-Frobenius if it is right or left self-injective and right
or left artinian (all four combinations being equivalent). The study of these
rings grew out of the theory of representations of a finite group as a group of
matrices over a field — the corresponding group algebra is quasi-Frobenius. At
the turn of the twentieth century G. Frobenius carried out fundamental work
on representations of “hypercomplex systems” — finite dimensional algebras in
modern terminology. This topic was revived in the late 1930s and early 1940s by
Brauer, Nesbitt, Nakayama, and others in their study of “Frobenius algebras.”
Nakayama introduced quasi-Frobenius rings in 1939 and, in 1951 Ikeda charac-
terized them as the left and right self-injective, left and right artinian rings. The
subject is intimately related to duality, the duality from right to left modules
induced by the hom functor, and, more importantly for us, the duality related to
annihilators. The present extent of the theory is vast, and we make no attempt
to be encyclopedic here. Instead we provide an elementary, self-contained
account of the basic facts about these rings at a level allowing researchers and
graduate students to gain entry to the field. This pays off by giving new insights
into some of the outstanding open questions about quasi-Frobenius rings.

Our approach begins by extending many earlier results to a much wider
class of rings than heretofore investigated. We call these rings mininjective. The
remarkable thing is that our general methods yield basic information about these
rings that has been overlooked in more focused studies. We present important
facts about mininjective rings that were not known even for the (much smaller
class of) self-injective rings studied classically. Moreover, the methods we have
developed unify and simplify what is known in this area of research and so bring
researchers and graduate students up to the research level.

The required background knowledge of noncommutative rings can be found
in texts such as T. Y. Lam’s Lectures on Modules and Rings (Springer-Verlag,
1998) or F. Anderson and K. R. Fuller’s Rings and Categories of Modules

XV
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XVi Preface

(Springer-Verlag, 1992). Appendices are included that develop the basic facts
about Morita equivalence and about perfect, semiperfect, and semiregular rings
to a level sufficient for our purposes. For more detailed information, the reader
is referred to C. Faith’s Algebra II, Ring Theory (Springer-Verlag, 1976),
F. Kasch’s Modules and Rings (Academic Press, 1982), and R. Wisbauer’s
Foundations of Module and Ring Theory (Gordon and Breach, 1991).

Consider the following four theorems: A ring R is quasi-Frobenius if it
satisfies any of the following conditions:

1. R is right (or left) artinian and, if {ej, e, ..., e,} is a basic set of primitive
idempotents of R, there exists a permutation o of {1, 2, ..., n} such that
soc(Rer) = Rey/Jeosr and soc(eqsr R) = exR/er J.

2. R isright (or left) perfect and left and right self-injective.

3. Every right (or left) R-module embeds in a free module.

4. Risright (or left) noetherian and every one-sided ideal of R is an annihilator.

Here (1) and (4) are essentially due to Nakayama, (2) is due to Osofsky, and
(3) is due to Faith and Walker. There are numerous other equivalent conditions
that a ring is quasi-Frobenius; we have chosen these because of their relevance
to three problems that we will refer to as follows:

The Faith conjecture: Every left (or right) perfect, right self-injective ring is
quasi-Frobenius.

The FGF-conjecture: Every right FGF ring is quasi-Frobenius. (A ring is
called aright FGF ring if every finitely generated right module embeds in
a free module.)

The Faith—Menal conjecture: Every strongly right Johns ring is quasi-
Frobenius. (A ring R is called right Johns if R is right noetherian and
every right ideal is an annihilator; and R is called strongly right Johns if
the matrix ring M, (R) is right Johns for all n > 1.)

This book reviews recent work on these conjectures and provides some new
results. One of the main purposes of the monograph is to clearly outline both
new and old methods for attacking these problems in an easily accessible format.

The chapter dependencies are pretty much in the order they appear, except that
neither Chapter 3 nor Chapter 4 depends very much on the other. The required
background about injectivity and continuity is developed in Chapter 1. A ring
is called right mininjective if every isomorphism between simple right ideals
is given by multiplication, and the basic properties of these rings are derived
in Chapter 2. The profound consequences of insisting that a right mininjective
ring is semiperfect are investigated in Chapter 3, leading to some important
subclasses (the right minfull rings and the right min-PF rings) that are referred
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to throughout the book. Chapter 4 varies the theme of Chapters 2 and 3 and
deals with the min-CS rings in which every simple right ideal is essential in a
direct summand.

Two important subclasses of mininjective rings are introduced in Chapters
5 and 6. The right principally injective rings (for which every linear map from
a principal right ideal to the ring is given by multiplication) are described in
Chapter 5 and are shown to be closely related to the right FP-injective rings.
This motivates the study of the FP rings [semiperfect, right FP-injective with
essential right (or left) socle] as a generalization of the well-known class of
pseudo-Frobenius rings. A ring is called right simple injective if every linear
map with simple image from a right ideal to the ring is given by multiplication.
These rings are investigated in Chapter 6 and are used to study dual rings (for
which every one-sided ideal is an annihilator) and right Tkeda—Nakayama rings
[for which 1(A N B) = 1(A) 4 1(B) for all right ideals A and B of R, where
1(X) denotes the left annihilator].

A ring is called a right C2 ring if every right ideal that is isomorphic to a
direct summand is itself a direct summand. In Chapter 7 the FGF-conjecture is
shown to be closely related to these right C2 rings: A ring is quasi-Frobenius
if every matrix ring over it is a C2 ring and every 2-generated right module
embeds in a free module. This implies several important results in the literature
and leads to a reformulation of the conjecture: The FGF-conjecture is true if
and only if every right FGF ring is a right C2 ring. More recently, extensive
work on the conjecture has been carried out by Gémez Pardo and Guil Asensio.
They show that a right FGF ring is quasi-Frobenius if it is a right CS ring (every
right ideal is essential in a direct summand). This in turn stems from their more
general result: Every right Kasch, right CS ring has a finitely generated essential
right socle, generalizing (and adapting the proof of) a well-known theorem of
Osofsky in the right self-injective case.

The Faith—-Menal conjecture is investigated in Chapter 8; in Chapter 9 a
generic example is constructed to study the Faith conjecture and provide a
source of examples of many of the rings studied in the book.

Of course a book like this rests on the research of many mathematicians,
and it is a pleasure to acknowledge all these contributions. Special thanks go to
Esperanza Sanchez Campos who gave the entire manuscript a thorough reading,
made many useful suggestions, and caught a multitude of typographical errors.
In addition, we thank Joanne Longworth for many consultations about the
computer. We also acknowledge the support of the Ohio State University, the
University of Calgary, NSERC Grant A-8075, and a Killam Resident Fellowship
at the University of Calgary. Finally, we thank our families for their constant
support during the time this book was being written.
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