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Ap, type, 63
Abel-Jacobi map, 270
abelian surface, 20, 33
abelian variety, 411, 440
principally polarised, 269, 313
abundance, 28, 52, 55
for general type, 56
for numerical Kodaira dimension zero, 56
for surface, 421
for threefold, 52, 421
log, 52
abundant divisor, 55
ACC (ascending chain condition), 48
for canonical thresholds, 256
for log canonical thresholds, 52, 261, 368
for minimal log discrepancies, 48
adjacent elements, 450
adjunction
for fibration, 36
inversion of, 35, 51
of Cohen—Macaulay schemes, 180
to Cartier divisor, 8, 9
to minimal Ic centre, 35
to reduced divisor, 35
adjunction exact sequence, 180
affine cone, 33, 112, 180
classical, 398
affine space, 2
Albanese map, 412
algebraic group, 64
algebraic scheme, 2
algebraic space, 196
alpha invariant, 405
ample cone, 15, 435
ample divisor, 14, 15
ample model, 36

ample sheaf, 3

analytic model, 10

analytic space, 10

anti-canonical divisor, 20, 93
anti-canonical embedding, 389
anti-canonical ring, 325, 326
anti-canonical system, 93

arc space, 51

arithmetic genus, 312, 371

Artin approximation, 60

Artin’s algebraisation theorem, 62
Artin—-Mumford example, 270
ascending chain condition, see ACC
Atiyah flop, 24, 121
Atiyah—Singer index theorem, 98
automorphism group, 112, 435
axial multiplicity, 105

Azumaya algebra, 314

BAB conjecture, 368
base locus, 6
relative, 16
base-point free theorem, 30
analytic, 32
basket, 106, 448
packing, unpacking of, 449, 450
under covering, 126
bend and break, 266, 363, 366
Bernoulli number, generalised, 86
Bertini’s theorem, 7
Betti number, 98, 269, 433
big cone, 18, 436
big divisor, 17, 18
big linear system, 258
binary polyhedral group, 69, 389
birational automorphism group, 439
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birational contraction map, 24
crepant, 36
negative, 36
non-positive, 36
birational map, 3
small, 24
birational rigidity, 272, 275
of conic bundle, 319
of del Pezzo fibration, 348
of Fano threefold, 276, 398
of hypersurface, 276, 399
over the base, 272
birational superrigidity, 273
birationally bounded family, 370
blow-up, 9
Kawamata, 118
symbolic, 163
weighted, 70, 71
Bogomolov’s inequality, 417
Borel-Moore homology, 50
Borel-Weil theory, 382
boundary, 28
bounded family, 360
Brauer group, 314
Buchsbaum—-Eisenbud theorem, 183

cApn, cDy, cE,, type, 77
cA/r,cAx/r,cD/r,cE|r, type, 90
Calabi—Yau fibration, 435

log, 435
Calabi—Yau variety, 435
canonical divisor, 7

of projective space, 7

of ruled surface, 253

of weighted blow-up, 71

relative, 23
canonical map, 315, 387, 446
canonical model, 37

log, 37
canonical ring, 41, 446

log, 41
canonical singularity, 29, 351

cyclic quotient, 72, 88

strictly, 107

surface, 77

threefold, 84, 107, 148, 203

under covering, 75
canonical threshold, 256, 257

ACC for, 256
Cartier divisor, 5
Castelnuovo’s contraction theorem, 19
Castelnuovo’s criterion for rationality, 268

Index

categorical quotient, 65
c¢DV (compound Du Val) singularity, 77
isolated, 78
type of, 77
centre, 28
Ic, 35, 375
maximal, 274
non-klt, 35
chain, 190, 363
character of group, 86
even, odd, 86
primitive, 69
Chern character, 98
Chern class, 97
of projective space, 97
top, 97, 348
total, 97
Chern polynomial, 98
Chow ring, 98
Chow’s lemma, 3

479

Chow-theoretic decomposition of the diagonal,

271
class T, 189, 327
Clemens—Griffiths criterion, 269
Clifford map, 394
Cohen—Macaulay sheaf, 8, 76, 177
Cohen—Macaulay singularity, 6, 33, 183
multiplicity of, 78
cohomology and base change, 5
cohomology ring, 96
of projective space, 97
cohomology with compact support, 345
comb, 366
compatible base map, 250
complement, 368
complete linear system, 6
complete scheme, 2
completion
formal, 276, 309
of ring, 60, 62, 244
profinite, 418
complex scheme, 2
complex torus, 269, 411
complex variety, 2
compound Du Val singularity, see cDV
singularity
conductor ideal, 89
conductor in the normalisation, 89
conductor of character, 86
cone as scheme
affine, 33, 112, 180
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cone as scheme (cont.)
classical affine, 398
classical projective, 267
cone in vector space
ample, 15, 435
big, 18, 436
convex, 15
effective, 436
mobile, 355, 435
nef, 15, 435
of curves, 15, 30
positive, 440
pseudo-effective, 18, 435
rational polyhedral, 436
cone theorem, 23, 30
analytic, 32
conic bundle, 286
Gorenstein, 294, 295
over perfect field, 311
Q-, see Q-conic bundle
standard, 286, 291
threefold, see threefold conic bundle
conical fibration, 286
embedded, 286
equivalence of, 286
connected fibres, 3
connectedness lemma, 34, 120
contraction, 19
associated with face, 30
crepant, 36
divisorial, 26, 31
extremal, 19
face corresponding to, 436
flipping, 24, 31
flopping, 202, 429
negative, 36
non-positive, 36
of fibre type, 19
small, 24
contraction theorem, 23, 30
analytic, 32
Castelnuovo’s, 19
Grauert’s, 194
contribution, 100
of cyclic quotient singularity, 101
surface, 105
threefold, 106, 110
under deformation, 101
cover
cyclic, 72,73
index-one, 74

Index

splitting, 212, 297
covering family, 363
Cox ring, 346, 355, 358
Cremona group, 272
crepant birational map, 36
curve, 2
(-1)-, 19
chain of, 190, 363
cone of, 15, 30
deformation of, 223, see also bend and
break
elliptic, 190, 438, 445
general in polarised system, 412
hyperelliptic, 315
monomial, 163, 185
plane, 282
rational, see rational curve
relative, 13
space, 281
trigonal, 271, 315
type in divisorial contraction, 181
cusp, 52, 380
cycle, 13
fundamental, 83, 130
relative, 13
cyclic cover, 72, 73
cyclic group, 2, 68
cyclic quotient singularity, 70
canonical, terminal, 72, 88
contribution of, 101
fourfold, 433
surface, 35, 189
threefold, 88, 107
type of, 70
weighted blow-up of, 70
cylinder, 51

Dy, type, 63
DCC (descending chain condition), 48
for Sarkisov degrees, 256
deformation, 186, 365, 385
L-,222

miniversal (semi-universal), see miniversal

deformation
of curve, 223, see also bend and break
of extremal neighbourhood, 221
versal, 186
deformation retract, 81
degree
along polarised system, 412
of del Pezzo fibration, 325
of del Pezzo surface, 112, 325
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of Grassmannian, 383, 395
of weak del Pezzo fibration, 339
on curve, 140
Sarkisov, 256
splitting, 208, 297
weighted, 70
del Pezzo fibration, 325
degree of, 325
elementary, 325
threefold, see threefold del Pezzo fibration
weak, 339
del Pezzo surface, 111, 325
degree of, 112, 325
over perfect field, 343
structure, 325
descending chain condition, see DCC
dévissage, 4
different, 35
difficulty, 47
discrepancy, 29, 122
log, 29
minimal log, see minimal log discrepancy
discriminant divisor, 287
quintic, 314
discriminant locus, divisorial part of, 319
discriminant of polynomial, 271
divisor
abundant, 55
ample, 14, 15
anti-canonical, 20, 93
big, 17, 18
canonical, see canonical divisor
Cartier, 5
discriminant, 287
dreamy, 406
effective, 5, 6, 12
free, 6, 16
integral, 12
mobile, 7, 16
nef, 14
principal, 5
pseudo-effective, 18
Q-.R-, 12
reduced, 6
relatively effective, 18, 436
semi-ample, 16
simple normal crossing (snc), 9
very ample, 14
Weil, 6
divisor class group, 6
of Du Val singularity, 172

of ordinary double point, 12
of quartic threefold, 276
of quasi-smooth hypersurface, 399
of terminal threefold singularity, 84, 95, 430
divisorial contraction, 26
elementary, 26, 31
log, 31
threefold, see threefold divisorial
contraction
divisorial extraction, 117
divisorial sheaf, 6
dlt (divisorially log terminal) singularity, 29,
33,76
Donaldson—Futaki invariant, 404
Douady space, 309
double projection, 390
double solid, 270, 317
dreamy divisor, 406
Du Bois singularity, 425
Du Val singularity, 62, 77
as quotient singularity, 68
curve in, 172
divisor class group of, 172
dual graph of, 130
simultaneous resolution of, 203
type of, 63
dual graph, 130
dualising complex, 8, 425
dualising sheaf, 8
duality
Grothendieck, 8, 425
Poincaré, 97, 347
Serre, 9
Dynkin diagram, 130

E,, type, 63
&-lc singularity, 368
easy addition, 53
effective cone, 436
effective divisor, 5, 6, 12
elementary del Pezzo fibration, 325
elementary divisorial contraction, 26, 31
elementary flipping contraction, 24, 31
elliptic curve, 190, 438, 445
elliptic involution, 400
elliptic singularity, 82, 83, 377
embedding dimension, 62, 83
Enriques surface, 20
Euler characteristic, 4

topological, 98, 345

under covering, 372
Euler class, 97
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Euler sequence, 7 Gorenstein, 360
relative, 253, 287 K-stability of, 403
exceptional locus, 9 Q-, 360
exceptional type, of divisorial contraction, 123 rational connectedness of, 267, 366
existence of flips, 27, 31, 42, 200 weak, 360
exponential sequence, 11 fibre coproduct, 196
extension theorem, 43 fibrewise link, 250
extremal contraction, 19 fictitious singularity, 106
extremal face, 30 fixed part, 7, 16
contraction associated with, 30 flatness, 62, 286, 288, 293, 299
corresponding to contraction, 436 flip, 24, 200
negative, 30 elementary, 24, 31
extremal neighbourhood, 188, 211, 295 existence of, 27, 31, 42, 200
as deformation, 188 Francia, 25
classification, 193, 195, 197, 231, 245 log, 31
deformation of, 221 pre-limiting (pl), 42
divisorial, 188 termination of, 27, 33, 40, 46
irreducible, 188 threefold, see threefold flip
isolated, 188 flipping contraction, 24
semistable, 192, 245 elementary, 24, 31
extremal ray, 30, see also extremal face log, 31
length of, 31 flop, 202, 428, 430
Atiyah, 24, 121

face, extremal, see extremal face
factoriality, 12, 293
of Ici singularity, 399
of quartic threefold, 277
of surface singularity, 173
Q-, see Q-factoriality
family
birationally bounded, 370
bounded, 360
covering, 363
of Reid—Fletcher, 398
Fano index, 372, 398
Fano threefold
birational rigidity of, 276, 398
classification, 378, 382, 387, 391, 398
general elephant of, 371
genus of, 372
line in, 384, 389
Mukai’s description, 394

D-, 202,430
threefold, 203, 430
flopping contraction, 202
analytic, 429
D-,202
foliation, 415
formal completion, 276, 309
Francia flip, 25
free divisor, 6, 16
free linear system, 6
free rational curve, 365
free resolution, 177
minimal, 177
Fujita conjecture, 447
fundamental class, 97
fundamental cycle, 83, 130
fundamental domain, 436
fundamental group, 85, 95, 208, 296, 388

Mukai—-Umemura, 389 étale, 418

of principal series, 389 G,-manifold, 395

Q-, see Q-Fano threefold GAGA principle, 11

rationality of, 391 general elephant, 93

volume for, 372, 398 conjecture, 94

weak, 371 of conic bundle, 305
Fano type, 368 of del Pezzo fibration, 327

&g-lc, 368 of divisorial contraction, 131, 137, 164
Fano variety, 360 of Fano threefold, 371, 377

boundedness of, 360, 368 of flipping contraction, 231
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of terminal singularity, 94 pseudo-automorphism, 435
general linear group, 65 representation of, 65, 172, 382, 419
general point, 7 small, 68
general type, variety of, 53, 434, 446 special linear, 65
abundance for, 56 special orthogonal, 394
generic semi-positivity, 414 symplectic, 395
genus Weyl, 440

arithmetic, 312, 371
geometric, 446
of Fano threefold, 372
geometric genus, 446
geometric invariant theory, 331
geometric quotient, 64, 67
germ, 2
Gieseker stability, 413
gluing lemma, 366
good log minimal model, 56
Gorenstein ideal, 183
Gorenstein scheme, projectively, 180
Gorenstein singularity, 78, 425
artinian, 81
of codimension three, 183

Harder—Narasimhan filtration, 413

hidden non-Gorenstein point, 123

Hilbert polynomial, 5, 288, 360
reduced, 413

Hilbert scheme, 223, 360, 363, 386

Hilbert—Burch theorem, 178

Hilbert—Mumford criterion, 331

Hirzebruch surface, 20, 250, 369
canonical divisor of, 253

Hirzebruch—Riemann—Roch theorem, 98

Hodge decomposition, 269

Hodge index theorem, 362

Hodge number, 269, 433

Hom scheme, 223

homaloidal transform, 252

-, 12,74
uer£)r0j;:Ztion of 179 homology manifold, 347
arade, 183 ’ Hurwitz’s theorem, 246

hyperelliptic curve, 315

hyperelliptic surface, 20

hypersurface, 272, 276, 329, 398
hypersurface singularity, 60, 85, 88, 187

Grassmannian, 268, 382
degree of, 383, 395
orthogonal, 394
relative, 313

symplectic, 395 ideal
Grauert-Riemenschneider vanishing, 29 conductor, 89
Grauert’s criterion for contractibility, 194 Gorenstein, 183
Grothendieck duality, 8, 425 irrelevant, 346, 355, 370
Grothendieck-Lefschetz theory, 276, 418, 438 monomial, 257
group multiplier, 375
algebraic, 64 perfect, 183
automorphism, 112, 435 Titaka conjecture, 58
binary polyhedral, 69, 389 Titaka dimension, 53, 423
birational automorphism, 439 numerical, 54, 423
Brauer, 314 Titaka fibration, 53, 446
character of, 69, 86 image, 2
Cremona, 272 inverse, 2
cyclic, 2, 68 of rational map, 3
divisor class, see divisor class group implicit function theorem, Tougeron’s, 60
étale fundamental, 418 imprimitive point, see primitive point
fundamental, 85, 95, 208, 296, 388 incidence scheme, 268, 315, 317, 329
general linear, 65 index
linearly reductive, 65 Fano, 372, 398
orthogonal, 440 of Q-Gorenstein variety, 74
Picard, 5 topological, 296
polyhedral, 296 index-one cover, 74
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integral divisor, 12
integral scheme, 2
intermediate Jacobian, 269, 313
intersection multiplicity, 79
intersection number, 4, 13, 15
local, 13
on surface, 192
invariant element, 64, 65
inverse image, 2
inversion of adjunction, 35
precise, 51
irregularity, 268, 313, 411
irrelevant ideal, 346, 355, 370
Iskovskikh—Manin theorem, 265, 276, 399

Jacobian, 18, 269, 313, 314
intermediate, 269, 313
Jordan—Holder filtration, 413

k-, over field, 311
K -condition, 355
K-polystability, 404
K-semistability, 404
under deformation, 409
K-stability, 404
K?-condition, 348
K3 surface, 20, 376, 396, 440
Kihler-Einstein metric, 403
Kawamata blow-up, 118
Kawamata log terminal singularity, see kit
singularity
Kawamata—Morrison cone conjecture, 436
Kawamata—Viehweg vanishing, 29
analytic, 32
Kleiman’s ampleness criterion, 15
kit (Kawamata log terminal) singularity, 29
numerically, 295
surface, 191
under covering, 75
Kodaira dimension, 53
numerical, 54
Kodaira vanishing, 29
Kodaira’s lemma, 17, 18
Kodaira’s table, 437
Kummer sequence, 388
Kustin—Miller unprojection, 180

L-deformation, 222
[-splitting, 237
Lagrangian, 394, 395
Landau’s symbol, 4
Ic centre, 35
minimal, 35, 375
Ic (log canonical) singularity, 29, 33, 42, 446

numerically, 191
surface, 190
under covering, 75
Lefschetz condition, 277
effective, 277, 418
Lefschetz fixed-point formula, holomorphic,
102
Lefschetz hyperplane theorem, 273
Lefschetz number, holomorphic, 102
Leray spectral sequence, 4
level, of unpacking, 450
line, 384, 389
linear equivalence, 6
Q-.R-, 14
relative, 14
linear system, 6
anti-canonical, 93
big, 258
complete, 6
free, 6
mobile, 6, 251, 351
restriction of, 43, 275
standard, 252
linearly reductive group, 65
link, 250
fibrewise, 250
Sarkisov, 250, 261
square, 253
local complete intersection (Ici) singularity, 51
factoriality of, 399
local intersection number, 13
locally primitive germ, 208, 297
log abundance, see abundance
log Calabi—Yau fibration, 435
log Calabi—Yau pair, 435
log canonical model, 37
weak, 39
log canonical ring, 41
log canonical singularity, see lc singularity
log canonical threshold, 52, 405
ACC for, 52, 261, 368
log discrepancy, 29
minimal, see minimal log discrepancy
log divisorial contraction, 31
log flip, see flip
log flipping contraction, 31
log minimal model, 31, 37, 52
good, 56
marked, 434
log Mori fibre space, 31
log resolution, 10
strong, 10

© in this web service Cambridge University Press & Assessment

www.cambridge.org



www.cambridge.org/9781108844239
www.cambridge.org

Cambridge University Press & Assessment
978-1-108-84423-9 — Complex Algebraic Threefolds
Masayuki Kawakita

Index

More Information

Index 485

log terminal singularity, see It singularity
lower semi-continuity, of minimal log
discrepancies, 48
It (log terminal) singularity, 29
surface, 191
Liiroth’s problem, 268

map, rational, see rational map
marked log minimal model, 434
marking map, 434
matrix factorisation, 177
Matsusaka’s big theorem, 361
maximal base modification, 441
maximal centre, 274
McKay correspondence, 172, 176
minimal log discrepancy, 48
ACC for, 48
by arc space, 50
divisor computing, 52
lower semi-continuity of, 48
of threefold, 85, 95
minimal model, 25, 37, 428
good, 56
log, 31, 37,52
marked, 434
relative, 31
minimal model program (MMP), 26, 32
for surface, 21
with scaling, 39
minimal point, 222
minimal resolution, 23
miniversal (semi-universal) deformation, 187
of comb, 366
of hypersurface singularity, 187
space, 187
Mittag-Leffler condition, 243
MMP, see minimal model program
mobile cone, 355, 435
effective, 436
mobile divisor, 7, 16
mobile linear system, 6, 251, 351
mobile part, 7, 16
model
ample, 36
analytic, 10
canonical, 37
log canonical, 37
log minimal, see log minimal model
minimal, see minimal model
semistable, 331
stable, 331
standard, 326, 333

weak log canonical, 39
monomial curve, 163, 185
monomial ideal, 257
Mori fibre space, 25, 250

log, 31

relative, 31
motivic integration, 434
Mukai pairing, 396
Mukai vector, 396
Mukai-Umemura threefold, 389
multiplicity

axial, 105

intersection, 79

of one-cycle, 352

of singularity, 78, 83
multiplier ideal, 375
Mumford-Takemoto stability, 413

n-fold, 2
Nadel vanishing, 375
Nakai’s criterion, 14
natural number, 2
nef cone, 15, 435

effective, 436
nef divisor, 14
nef sheaf, 375, 452
nef threshold, 40, 322
negativity lemma, 21
nodal cubic, 190, 283
Noether normalisation, 8
Noether’s formula, 340
Noether—Fano inequality, 253
Noether-Lefschetz theorem, 276
non-klt centre, 35
non-klt locus, 35
non-vanishing, 56, 373, 411
non-vanishing theorem, 30
normal form, 133, 209
normal sheaf, 370, 379, 395
numerical equivalence, 13, 14
numerical Iitaka dimension, 54, 423
numerical Kodaira dimension, 54

Oka—Cartan theorem, 11
orbifold coordinate, 69
orbit, 64
order, 28, 63, 118
weighted, 70
ordinary double point, 12, 121, 169, 271, 277
ordinary type, of divisorial contraction, 123
orthogonal Grassmannian, 394
degree of, 395
orthogonal group, 440
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P*-bundle, 2
packing, 449
pair, 28
automorphism of, 435
exceptional, 368
isomorphism of, 435
log Calabi—Yau, 435
pseudo-automorphism of, 435
pseudo-isomorphism of, 435
without effectivity, 351
perfect ideal, 183
Pfaffian, 183
maximal, 183
Picard group, 5
Picard number, 14
relative, 13
under flip, 25
pl flip, 42
plane, 384
plane curve, 282
pliability, 275
of cardinality at least three, 346
of cardinality two, 276, 358
plt (purely log terminal) singularity, 29, 34
Pliicker embedding, 382
Pliicker quadric, 397
pluricanonical map, 446
plurigenus, 268, 446
Poincaré duality, 97, 347
point, 2
general, 7
minimal, 222
ordinary double, 12, 121, 169, 271, 277
primitive, imprimitive, see primitive point
very general, 7, 363
polarisation, 396, 404
polarised system, 412
general curve in, 412
polyhedral group, 296
polystable sheaf, 413, 419
positive cone, 440
effective, 440
pre-limiting (pl) flip, 42
precise inversion of adjunction, 51
primitive character, 69
primitive element, 70
primitive point, imprimitive point, 208, 297
classification, 213, 300
principal divisor, 5
principal series, Fano threefold of, 389
profinite completion, 418

Index

projection formula, 4, 14, 97
projective cone, classical, 267
projective morphism, 3
projective space, 2

canonical divisor of, 7

Chern class of, 97

cohomology ring of, 97

weighted, 71, 277, 398
projective space bundle, 2

weighted, 347, 355
projectively Gorenstein scheme, 180
proper mapping theorem, 11
Prym variety, 313
pseudo-automorphism, 435
pseudo-automorphism group, 435
pseudo-cover, 312

associated with conic bundle, 313
pseudo-effective cone, 18, 435
pseudo-effective divisor, 18
pseudo-effective threshold, 321
pseudo-isomorphism, 435
pseudo-reflection, 68
pull-back, 12, 14

on surface, 192
purely log terminal singularity, 29, 34
push-forward, 8, 14

Q-conic bundle, 294
base of, 304
classification, 303
germ, 294
irreducible, 294
Q-divisor, 12
Q-Cartier, 12
Q-factorialisation, 41, 171
of threefold, 203, 206
Q-factoriality, 12
for divisorial contraction, 26
for flip, 25
for Mori fibre space, 32
of quotient singularity, 68
of surface singularity, 173
Q-Fano threefold
a la Prokhorov—Reid, 402
birational rigidity of, 398
birational unboundedness of, 370
Fano index of, 398
general elephant of, 377
in family of Reid—Fletcher, 398
K-stability of, 408
Q-Fano variety, 360
boundedness of, 368
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rational connectedness of, 267
weak, 360
Q-Gorenstein singularity, 12
index of, 74
Q-linear equivalence, 14
Q-smoothing, 105
quadratic involution, 399
quasi-smooth variety, 398
quotient, 65
categorical, 65
geometric, 64, 67
quotient singularity, 68, 75
cyclic, see cyclic quotient singularity
surface, 35, 68, 189, 191
threefold, 85, 88, 107

R;, Serre’s condition, 6
R-divisor, 12
R-Cartier, 12
R-linear equivalence, 14
ramification formula, 74
rational chain connectedness, 267, 364
rational connectedness, 267, 366
under deformation, 272
rational curve
chain of, 190, 267, 363
covering family of, 363
free, 365
nodal cubic, 190, 283
sheaf on, 20
tree of, 132, 166, 365
twisted, 281, 387
very free, 365
rational map, 3
birational, 3
birational contraction, 24
image of, 3
rational polyhedral cone, 436
rational polytope, 39
rational singularity, 33, 188, 248
surface, 83, 173
rationality, 265
Castelnuovo’s criterion, 268
Clemens—Griffiths criterion, 269
of conic bundle, 310
of del Pezzo fibration, 343
of Fano threefold, 391
of hypersurface, 272
stable, see stable rationality
under deformation, 272
real torus, 443
reduced divisor, 6

Index

reflection, 68

reflexive sheaf, 6, 310, 414
Reid-Fletcher, family of, 398
relative setting, 13

relatively effective divisor, 18, 436

representation of group, 65, 172, 382, 419

resolution of module, 177
resolution of singularities, 9
log, 10
minimal, 23
simultaneous, 203
strong, 9, 10
restricted volume, 407
retract, deformation, 81
Riemann—Roch theorem
asymptotic, 4
Hirzebruch, 98
singular, 99, 105, 106
ring
anti-canonical, 325, 326
canonical, 41, 446
Chow, 98
cohomology, 96, 97
completion of, 60, 62, 244
Cox, 346, 355, 358
log canonical, 41
round-down, 2, 12
round-up, 2, 12
ruled surface, 253
ruledness, 266
of hypersurface, 272
under deformation, 272

S;, Serre’s condition, 6
Sarkisov category, 250
Sarkisov degree, 256
DCC for, 256
Sarkisov isomorphism, 250
Sarkisov link, 250, 261
type of, 250
Sarkisov program, 255, 261
of Corti, 261
Sarkisov relation, 403
Sarkisov threshold, 252
saturation, 207
scaling, MMP with, 39
scheme, 2
algebraic, 2
complete, 2
complex, 2
Hilbert, 223, 360, 363, 386
Hom, 223

487
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scheme (cont.) It, 29, 191
incidence, 268, 315, 317, 329 plt, 29, 34

integral, 2
Schubert calculus, 383, 395
semi-ample divisor, 16
semi-invariant function, 69
semi-positivity, generic, 414
semi-positivity theorem, 375
semi-universal deformation, see miniversal
deformation
semistable extremal neighbourhood, 192, 245
semistable model, 331
semistable polynomial, 331
semistable sheaf, 413
Serre duality, 9
Serre vanishing, 5
Serre’s criterion, 6
sheaf
ample, 3
Cohen—Macaulay, 8, 76, 177
divisorial, 6
dualising, 8
nef, 375, 452
normal, 370, 379, 395
on projective line, 20
polystable, 413, 419
reflexive, 6, 310, 414
semistable, 413
stable, 413
tangent, 97
very ample, 3
Shokurov’s polytope, 39
simple normal crossing (snc) divisor, 9
singular Riemann—Roch formula, 99
for surface, 105
for threefold, 106
singularity, 2
canonical, see canonical singularity
cDV, 77,78
Cohen—Macaulay, 6, 33, 78, 183
dlt, 29, 33, 76
Du Bois, 425
Du Val, see Du Val singularity
&-lc, 368
elliptic, 82, 83, 377
fictitious, 106
Gorenstein, see Gorenstein singularity
hypersurface, 60, 85, 88, 187
klt, see klt singularity
Ic, see Ic singularity
local complete intersection (Ici), 51, 399

Q-Gorenstein, 12, 74
quotient, see quotient singularity
rational, see rational singularity
resolution of, see resolution of singularities
surface, see surface singularity
terminal, see terminal singularity
threefold, see threefold singularity
slope, 413
slope stability, 413
small birational map, 24
small group, 68
socle, 81
space curve, 281
special linear group, 65
special orthogonal group, 394
spectral sequence, Leray, 4
Spinor embedding, 394
splitting cover, 212, 297
splitting degree, 208, 297
splitting principle, 97
square link, 253
stabiliser, 64
stability
Gieseker, 413
in geometric invariant theory, 331
K-, 404
slope (Mumford—Takemoto), 413
stable model, 331
stable polynomial, 331
stable rationality, 268
criterion, 271
of conic bundle, 310
of hypersurface, 272
under deformation, 272
without rationality, 271
stable sheaf, 413
standard conic bundle, 286, 291
standard linear system, 252
standard model, 326, 333
Stein factorisation, 3
strict transform, 9
string, 189
conjugate, 190
subadjunction formula, 35
support, 6
surface, 2
abelian, 20, 33
abundance for, 421
del Pezzo, see del Pezzo surface
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Enriques, 20
Hirzebruch, 20, 250, 369
hyperelliptic, 20
intersection number on, 192
K3, 20, 376, 396, 440
pull-back on, 192
rationality for, 268
ruled, 253
singular Riemann—Roch formula for, 105
test, 275, 282
surface singularity
canonical, 77
elliptic, 82, 83, 377
factorial, 173
Ic, 190
It, 191
quotient, 35, 68, 189, 191
rational, 83, 173
terminal, 23
symbolic blow-up, 163
symbolic power, 139, 207
symbolic power algebra, 163
symplectic Grassmannian, 395
degree of, 395
symplectic group, 395

T, class, 189, 327
tangent sheaf, 97
terminal lemma, 88
terminal singularity, 23, 29
cyclic quotient, 72, 88
surface, 23
threefold, see threefold singularity, terminal
under covering, 75
terminalisation, 203
termination of flips, 27, 33, 40, 46
test configuration, 404
test surface, 275, 282
theta characteristic, 315
even, odd, 315
threefold
abundance for, 52, 421
cubic, 268, 273, 317, 382
Fano, see Fano threefold
minimal, 421
of general type, 447
Q-factorialisation of, 203, 206
Q-Fano, see Q-Fano threefold
quartic, 265, 276, 391
singular Riemann—Roch formula for, 106
stably rational but irrational, 271
Ueno’s example, 22

unirational but irrational, 268
unirational but stably irrational, 270
threefold Calabi—Yau fibration, 439
threefold conic bundle, see also Q-conic
bundle
birational rigidity of, 319
general elephant of, 305
pseudo-cover associated with, 313
rationality of, 310
with discriminant divisor of degree six,
seven, eight, 317
with quintic discriminant divisor, 314
threefold del Pezzo fibration
birational rigidity of, 348
elementary, 326
general elephant of, 327
multiple fibre of, 339
of degree four, 343
of degree three, 327
of degree two, one, 333, 348
rationality of, 343
standard model for, 326, 333
threefold divisorial contraction
to curve, 162, see also extremal
neighbourhood
general elephant of, 164
type of curve, 181
to point, 117
cyclic cover of, 125
general elephant of, 131, 137
geometric classification, 148
numerical classification, 122
type of, 122
threefold flip, see also extremal neighbourhood
classification, 231, 245
double cover of, 207
existence of, 200
Francia, 25
general elephant of, 231
termination of, 46
threefold flop, 24, 121, 203, 430
threefold singularity
canonical, 84, 107, 148, 203
quotient, 85, 88, 107
terminal, 78, 88, 90
divisor class group of, 12, 84, 95, 430
general elephant of, 94
minimal log discrepancy of, 85, 95
type of, 90
threshold
canonical, 256, 257
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threshold (cont.)
log canonical, 52, 261, 368, 405
nef, 40, 322
pseudo-effective, 321
Sarkisov, 252
Todd class, 98
topological index, 296
Torelli theorem, 440
toric variety, 15, 70, 346
torus
complex, 269, 411
real, 443
total weight, 404
Tougeron’s implicit function theorem, 60
tower, 119
trace map, 8, 300
transform
homaloidal, 252
strict, 9
weak, 118
tree, 132, 166, 365
triangulation, 81
trigonal curve, 271, 315
Tsen’s theorem, 311
two-ray game, 171, 250, 258, 344, 390

Ueno’s example, 22
uniformising parameter, 133, 209, 326
unirationality, 268

without rationality, 268

without stable rationality, 270
uniruledness, 266

criterion, 266, 363, 414

separable, 266

under deformation, 272
universal exact sequence, 383
unpacking, 449

at level [, 450
unprojection, 179, 180

vanishing
Grauert—Riemenschneider, 29
Kawamata—Viehweg, 29, 32
Kodaira, 29
Nadel, 375
Serre, 5

variety, 2

Index

abelian, see abelian variety
Calabi—Yau, 435
complex, 2
Fano, see Fano variety
of general type, see general type
polarised, 396, 404
Prym, 313
rational, see rationality
rationally chain connected, 267, 364
rationally connected, 267, 272, 366
relative, 13
ruled, 266, 272
stably rational, see stable rationality
toric, 15, 70, 346
unirational, see unirationality
uniruled, see uniruledness

vector bundle, 396, 417

versal deformation, 186

very ample divisor, 14

very ample sheaf, 3

very free rational curve, 365

very general point, 7, 363

volume, 54, 361, 406, 434
for Fano threefold, 372, 398
restricted, 407

weak del Pezzo fibration, 339
weak Fano variety, 360
Gorenstein, 360
weak log canonical model, 39
weak transform, 118
Weierstrass preparation theorem, 62
weight
of semi-invariant function, 69
total, 404
weighted blow-up, 70, 71
weighted degree, 70
weighted order, 70
weighted projective space, 71, 277, 398
well-formed, 398
weighted projective space bundle, 347, 355
Weil divisor, 6
Weyl group, 440

Yau-Tian—Donaldson conjecture, 405

Zariski’s main theorem, 3
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