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Preface

Paterson: [voice over]
“I go through

trillions of molecules

that move aside

to make way for me

while on both sides

trillions more

stay where they are.”

—Ron Padgett

Time-frequency can be considered the natural language of signal processing. We live in
an ever-changing world, with time as a marker of events and evolutions. And from light
to gravitation, from biological clocks to human activities, our everyday experience is
faced with waves, oscillations, and rhythms, i.e., with frequencies.

Thinking of audio, the first attempts to record and transcribe the human voice go
back to 1857, with the invention of the “phonautograph” by Édouard-Léon Scott de
Martinville [1, 2]. The recording of speech as a signal was a success, but the transcription
from the only waveform was a failure. The modern way out only came almost one
century later with the invention of the “sound spectrograph” by W. Koenig, H. K.
Dunn, and D. Y. Lacy [3], who in 1946 opened a new window on speech analysis
by unfolding waveforms into time-frequency images. Starting therefore with “visible
speech” [4] questions, the applications of time-frequency analysis later happened to be
not only unlimited, but also instrumental in almost all areas of science and technology,
culminating somehow in the pivotal role recently played by wavelet-like methods in the
first detection of gravitational waves [5, 6].

The development of time-frequency analysis that has been observed since the 1980s
has led to the writing of many articles as well as of a number of books, including by
the present author [7], and one may question the need to add one more piece to the
existing literature. In fact, some of the books written at the turn of the century were
originally research monographs, and over the years, their content has either become
standard material or has been sidestepped or superseded by new developments. New
achievements have appeared and, for newcomers to the field, have been adopted mainly
in comparison to the current state of the art, which itself resulted from a cumulative
construction that most often lost track of the earliest attempts. One of the motivations
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xiv Preface

for the writing of the present book is therefore to be found in the desire to offer the reader
an overview of key concepts and results in the field by bridging new advances and older
ideas that, even if they have not been fully followed per se, have been instrumental in
deriving the techniques that were eventually adopted. In doing so, this book presents
a series of explorations that mix elementary, well-established facts that are at the core
of time-frequency analysis with more recent variations, whose novelty can be rooted in
much older ideas.
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Notation

STFT Short-Time Fourier Transform
EMD Empirical Mode Decomposition
AM Amplitude Modulation
FM Frequency Modulation
1D, 2D, 3D one-dimensional, two-dimensional, three-dimensiional
R real numbers
C complex numbers
i

√
−1

Re{z} real part of z ∈ C
Im{z} imaginary part of z ∈ C
P(.) probability function
p(.) probability density function
E{X} expectation value of X

var{X} variance of X

cov{X,Y} covariance of X and Y

H(p) Shannon entropy of probability density function p

Hα(p) α-order Rényi entropy of probability density function p

t time
ω (angular) frequency
x(t), X(ω) Fourier transform pair
x∗(t) complex conjugate of x(t)
Ex energy of x(t)
τ time delay
ξ Doppler shift
‖x‖p Lp-norm of x(t)
Lp(R) space of Lp-integrable functions
〈x, y〉 inner product of x(t) and y(t)
F
ρ

average of F with respect to the density ρ
δ(.) Dirac’s “δ-function”
δnm Kronecker’s symbol (= 1 if n = m and 0 otherwise)
eω(t) monochromatic wave of frequency ω
1T (t) indicator function of interval T (= 1 if −T/2 ≤ t ≤ +T/2 and 0 otherwise)
γx(τ) stochastic correlation function of x(t)
γ̃x(τ) deterministic correlation function of x(t)
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xvi Notation

Γx(ω) spectrum density of x(t)
rx(τ) relation function of x(t)
(Fx)(t) Fourier transform of x(t)
(Hx)(t) Hilbert transform of x(t)
(Mx)(t) Mellin transform of x(t)
(Tτ,ξx)(t) time-frequency shift operator acting on x(t)
hk(t) Hermite function
g(t) circular Gaussian window
Fx(z) Bargmann transform of x(t)
F

(h)
x (t, ω) STFT of x(t) with window h(t)

S
(h)
x (t, ω) spectrogram of x(t) with window h(t)

Ŝ
(h)
x (t, ω) reassigned spectrogram of x(t) with window h(t)

t̂(t, ω), ω̂(t, ω) reassignment time, reassignment frequency
r̂x(t, ω) reassignment vector field of x(t)
F̃

(h)
x (t, ω) synchrosqueezed STFT of x(t) with window h(t)

Wx(t, ω) Wigner distribution of x(t)
Ax(ξ, τ) ambiguity function of x(t)
Cx(t, ω;ϕ) Cohen’s class distribution of x(t) with kernel ϕ(ξ, τ)
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