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Ordinary Differential Equations
Many interesting and important real life problems in the field of mathematics, physics,
chemistry, biology, engineering, economics, sociology and psychology are modelled
using the tools and techniques of ordinary differential equations (ODEs). This book
offers detailed treatment on fundamental concepts of ordinary differential equations.
Important topics including first and second order linear equations, initial value problems
and qualitative theory are presented in separate chapters. The concepts of physical models
and first order partial differential equations are discussed in detail. The text covers twopoint boundary value problems for second order linear and nonlinear equations. Using
two linearly independent solutions, a Green’s function is also constructed for given
boundary conditions.
The text emphasizes the use of calculus concepts in justification and analysis of
equations to get solutions in explicit form. While discussing first order linear systems,
tools from linear algebra are used and the importance of these tools is clearly explained
in the book. Real life applications are interspersed throughout the book. The methods
and tricks to solve numerous mathematical problems with sufficient derivations and
explanations are provided.
The first few chapters can be used for an undergraduate course on ODE, and later
chapters can be used at the graduate level. Wherever possible, the authors present the
subject in a way that students at undergraduate level can easily follow advanced topics,
such as qualitative analysis of linear and nonlinear systems.
A. K. Nandakumaran is a Professor at the Department of Mathematics, Indian Institute
of Science, Bangalore. He received the Sir C. V. Raman Young Scientist State Award in
Mathematics in 2003. His areas of interest are partial differential equations,
homogenization, control and controllability problems, inverse problems and
computations.
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research interests include nonlinear hyperbolic equations, hyperbolic conservation laws,
ordinary differential equations, evolution equations and boundary layer phenomenon.
Raju K. George is Senior Professor and Dean (R&D) at the Indian Institute of Space
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functional analysis, mathematical control theory, soft computing, orbital mechanics and
industrial mathematics.
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We would like to dedicate the book to our parents
who brought us to this wonderful world.

© in this web service Cambridge University Press

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

Contents

Figures
Preface
Acknowledgement
1

Introduction and Examples: Physical Models
1.1
1.2

1.3
1.4
2

xiii
xv
xix

A Brief General Introduction
Physical and Other Models
1.2.1 Population growth model
1.2.2 An atomic waste disposal problem
1.2.3 Mechanical vibration model
1.2.4 Electrical circuit
1.2.5 Satellite problem
1.2.6 Flight trajectory problem
1.2.7 Other examples
Exercises
Notes

1
3
3
6
8
9
10
13
14
19
21

Preliminaries
2.1
2.2
2.3
2.4

Introduction
Preliminaries from Real Analysis
2.2.1 Convergence and uniform convergence
Fixed Point Theorem
Some Topics in Linear Algebra
2.4.1 Euclidean space Rn
2.4.2 Points versus vectors
2.4.3 Linear operators

© in this web service Cambridge University Press

22
22
22
34
38
41
42
42

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

viii

Contents

2.5

2.6
2.7
2.8
3

43
46
48
51
53
54
55

First and Second Order Linear Equations
3.1

3.2
3.3

3.4
3.5
3.6
4

Matrix Exponential eA and its Properties
2.5.1 Diagonalizability and block diagonalizability
2.5.2 Spectral analysis of A
2.5.3 Computation of eJ for a Jordan block J
Linear Dependence and Independence of Functions
Exercises
Notes
First Order Equations
3.1.1 Initial and boundary value problems
3.1.2 Concept of a solution
3.1.3 First order linear equations
3.1.4 Variable separable equations
Exact Differential Equations
Second Order Linear Equations
3.3.1 Homogeneous SLDE (HSLDE)
3.3.2 Linear equation with constant coefficients
3.3.3 Non-homogeneous equation
3.3.4 Green’s functions
Partial Differential Equations and ODE
Exercises
Notes

56
57
59
60
65
66
72
74
77
79
88
89
93
97

General Theory of Initial Value Problems
4.1

4.2

4.3

4.4

Introduction
4.1.1 Well-posed problems
4.1.2 Examples
Sufficient Condition for Uniqueness of Solution
4.2.1 A basic lemma
4.2.2 Uniqueness theorem
Sufficient Condition for Existence of Solution
4.3.1 Cauchy–Peano existence theorem
4.3.2 Existence and uniqueness by fixed point theorem
Continuous Dependence of the Solution on
Initial Data and Dynamics

© in this web service Cambridge University Press

99
99
100
103
103
106
107
112
116
119

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

Contents

ix

4.5

5

6

Continuation of a Solution into Larger Intervals and Maximal
Interval of Existence
120
4.5.1 Continuation of the solution outside the
interval |t − t0 | ≤ h
121
4.5.2 Maximal interval of existence
123
4.6 Existence and Uniqueness of a System of Equations
125
4.6.1 Existence and uniqueness results for systems
127
4.7 Exercises
130
4.8 Notes
133
Linear Systems and Qualitative Analysis
5.1 General nth Order Equations and Linear Systems
134
5.2 Autonomous Homogeneous Systems
136
tA
5.2.1 Computation of e in special cases
137
5.3 Two-dimensional Systems
139
5.3.1 Computation of eB j and etB j
140
5.4 Stability Analysis
143
5.4.1 Phase plane and phase portrait
143
5.4.2 Dynamical system, flow, vector fields
145
5.4.3 Equilibrium points and stability
147
5.5 Higher Dimensional Systems
155
5.6 Invariant Subspaces under the Flow etA
165
5.7 Non-homogeneous, Autonomous Systems
167
5.7.1 Solution to non-homogeneous systems
(variation of parameters)
168
5.7.2 Non-autonomous systems
169
5.8 Exercises
175
5.9 Notes
179
Series Solutions: Frobenius Theory
6.1 Introduction
180
6.2 Real Analytic Functions
180
6.3 Equations with Analytic Coefficients
183
6.4 Regular Singular Points
189
6.4.1 Equations with regular singular points
190
6.5 Exercises
198
6.6 Notes
200

© in this web service Cambridge University Press

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

x

Contents

7

Regular Sturm–Liouville Theory
7.1 Introduction
7.2 Basic Result and Orthogonality
7.3 Oscillation Results
7.3.1 Comparison theorems
7.3.2 Location of zeros
7.4 Existence of Eigenfunctions
7.5 Exercises
7.6 Notes
8 Qualitative Theory
8.1 Introduction
8.2 General Definitions and Results
8.2.1 Examples
8.3 Liapunov Stability, Liapunov Function
8.3.1 Linearization
8.3.2 Examples
8.4 Liapunov Function
8.5 Invariant Subspaces and Manifolds
8.6 Phase Plane Analysis
8.6.1 Examples
8.7 Periodic Orbits
8.8 Exercises
8.9 Notes
9 Two Point Boundary Value Problems
9.1 Introduction
9.2 Linear Problems
9.2.1 BVP for linear systems
9.2.2 Examples
9.3 General Second Order Equations
9.3.1 Examples
9.4 Exercises
9.5 Notes
10 First Order Partial Differential Equations:
Method of Characteristics
10.1 Linear Equations

© in this web service Cambridge University Press

201
203
208
211
218
219
220
222
223
224
228
229
230
233
238
245
248
248
253
264
266
267
269
274
275
276
280
284
284

286

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

Contents

10.2
10.3
10.4
10.5
10.6

Quasi-linear Equations
General First Order Equation in Two Variables
Hamilton–Jacobi Equation
Exercises
Notes

Appendix A

xi
290
295
302
304
306
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Preface

Many interesting and important real life problems are modeled using
ordinary differential equations (ODE). These include, but are not limited
to, physics, chemistry, biology, engineering, economics, sociology,
psychology etc. In mathematics, ODE have a deep connection with
geometry, among other branches. In many of these situations, we are
interested in understanding the future, given the present phenomenon. In
other words, we wish to understand the time evolution or the dynamics of
a given phenomenon. The subject field of ODE has developed, over the
years, to answer adequately such questions. Yet, there are many
important intriguing situations, where complete answers are still awaited.
The present book aims at giving a good foundation for a beginner,
starting at an undergraduate level, without compromising on the rigour.
We have had several occasions to teach the students at the
undergraduate and graduate level in various universities and institutions
across the country, including our own institutions, on many topics
covered in the book. In our experience and the interactions we have had
with the students, we felt that many students lack a clear notion of ODE
including the simplest integral calculus problem. For other students, a
course on ODE meant learning a few tricks to solve equations. In India,
in particular, the books which are generally prescribed, consist of a few
tricks to solve problems, making ODE one of the most uninteresting
subject in the mathematical curriculum. We are of the opinion that many
students at the beginning level do not have clarity about the essence of
ODE, compared to other subjects in mathematics.
While we were still contemplating to write a book on ODE, to address
some of the issues discussed earlier, we got an opportunity to present
a video course on ODE, under the auspices of the National Programme

© in this web service Cambridge University Press

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

xvi

Preface

for Technology Enhanced Learning (NPTEL), Department of Science
and Technology (DST), Government of India, and our course is freely
available on the NPTEL website (see www.nptel.ac.in/courses/
111108081). In this video course, we have presented several topics. We
have also tried to address many of the doubts that students may have at
the beginning level and the misconceptions some other students may
possess.
Many in the academic fraternity, who watched our video course,
suggested that we write a book. Of course, writing a text book, that too
about a classical subject at a beginning level, meant a much bigger task
than a video course, involving choosing and presenting the material in a
very systematic way. In a way, the video course may supplement the book
as it gives a flavour of a classroom lecture. We hope that in this way,
students in remote areas and/or places where there is lack of qualified
teachers, benefit from the book and the video course, making good use of
the modern technology available through the Internet. The teachers of
undergraduate courses can also benefit, we hope, from this book in fine
tuning their skills in ODE.
We have written the present book with the hope that it can also be used
at the undergraduate level in universities everywhere, especially in the
context of Indian universities, with appropriately chosen topics in
Chapters 1, 2 and 3. As the students get more acquainted with basic
analysis and linear algebra, the book can be introduced at the graduate
level as well and even at the beginning level of a research programme.
We now briefly describe the contents of the book. The book has a total
of ten chapters and one appendix.
Chapter 1 describes some important examples from real life situations
in the field of physics to biology to engineering. We thought this as a
very good motivation for a beginner to undertake the study of ODE; in a
rigorous course on ODE, often a student does not see a good reason to
study the subject. We have observed that this has been one of the major
concerns faced by students at a beginning level.
As far as possible, we have kept the prerequisite to a minimum: a good
course on calculus. With this in mind, we have collected, in Chapter 2,
a number of important results from analysis and linear algebra that are
used in the main text. Wherever possible, we have provided proofs and
simple presentations. This makes the book more or less self contained,
though a deeper knowledge in analysis and linear algebra will enhance the
understanding of the subject.
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xvii

First and second order equations are dealt with in Chapter 3. This
chapter also contains the usual methods of solutions, but with sufficient
mathematical explanation, so that students feel that there is indeed
rigorous mathematics behind these methods. The concept behind the
exact differential equation is also explained. Second order linear
equations, with or without constant coefficients, are given a detailed
treatment. This will make a student better equipped to study linear
systems, which are treated in Chapter 5.
Chapter 4 deals with the hard theme of existence, non-existence,
uniqueness etc., for a single equation and also a system of first order
equations. We have tried to motivate the reader to wonder why these
questions are important and how to deal with them. We have also
discussed other topics such as continuous dependence on initial data,
continuation of solutions and the maximal interval of existence of a
solution.
Linear systems are studied in great detail in Chapter 5. We have tried to
show the power of linear algebra in obtaining the phase portrait of 2 × 2
and general systems. We have also included a brief discussion on Floquet
theory, which deals with linear systems with periodic coefficients.
In the case of a second order linear equation with variable coefficients,
it is not possible in general, to obtain a solution in explicit form. This has
been discussed at length in Chapter 3. Chapter 6 deals with a class of
second order linear equations, whose solutions may be written explicitly,
although in the form of an infinite series. This method is attributed to
Frobenius.
Chapter 7 deals with the regular Sturm–Lioville theory. This theory is
concerned with boundary value problems associated with linear second
order equations with smooth coefficients, in a compact interval on the
real, involving a parameter. We, then, show the existence of a countable
number of values of the parameter and associated non-trivial solutions of
the differential equation satisfying the boundary conditions. There are
many similarities with the existence of eigenvalues and eigenvectors of a
matrix, though we are now in an infinite dimensional situation.
The qualitative theory of nonlinear systems is the subject of Chapter 8.
The contents may be suitable for a senior undergraduate course or a
beginning graduate course. This chapter does demand for more
prerequisites and these are described in Chapter 2. The main topics of the
chapter are equilibrium points or solutions of autonomous systems and
their stability analysis; existence of periodic orbits in a two-dimensional

© in this web service Cambridge University Press

www.cambridge.org

Cambridge University Press
978-1-108-41641-2 — Ordinary Differential Equations
A. K. Nandakumaran , P. S. Datti , Raju K. George
Frontmatter
More Information

xviii

Preface

system. We have tried to make a presentation of these important notions
so that it can be easily understood by any student at a senior
undergraduate level. The proofs of two important theorems on the
existence of periodic orbits are given in the Appendix.
Chapter 9 considers the study of two point boundary value problems
for second order linear and nonlinear equations. The first dealing with
linear equations fully utilises the theory developed in Chapter 3. Using
two linearly independent solutions, a Green’s function is constructed for
given boundary conditions. This is similar to an integral calculus
problem. For nonlinear equations, we no longer have the luxury of two
linearly independent solutions. A result which gives a taste of delicate
analysis is proved. It is also seen through some examples how phase
plane analysis can help in deciding whether a given boundary value
problem has a solution or not.
In Chapter 10, we have attempted to show how the methods of ODE are
used to find solutions of first order partial differential equations (PDE). We
essentially describe the method of characteristics for solving general first
order PDE. As very few books on ODE deal with this topic, we felt like
including this, as a student gets some benefit of studying PDE and (s)he
can later pursue a course on PDE.
We have followed the standard notations. Vectors in Euclidean faces
and matrices are in boldface.
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