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A semi-stable case of the Shafarevich
Conjecture

Victor Abrashkin

Abstract

Suppose K = W(k)[1/p], where W (k) is the ring of Witt vectors with coef-
ficients in an algebraically closed field k of characteristic p # 2. We discuss
an explicit construction of p-adic semi-stable representations of the absolute
Galois group of K with Hodge—Tate weights from [0, p). This theory is applied
to projective algebraic varieties over Q with good reduction outside 3 and
semi-stable reduction modulo 3.

Introduction

In this expository paper we discuss the following result in the spirit of the Sha-
farevich Conjecture about non-existence of non-trivial abelian schemes over Z.

Theorem 1.1. If'Y is a projective algebraic variety over Q with good reduc-
tion outside 3 and semi-stable reduction modulo 3 then h*(Y¢) = hi-1(Ye).

In particular, the above theorem implies that there are no such (non-trivial)
abelian varieties Y (first proved in [13, 27]). Our result also eliminates a great
deal of other varieties, e.g. all K3-surfaces.

The proof of Theorem 1.1 is given in [11] and is based on a:

— study of torsion subquotients of the Galois module H 62, (Y 0 Q3);

— modification of Breuil’s torsion theory of semi-stable p-adic represena-
tions with HT (Hodge—Tate) weights from [0, p — 1] over W (k), where
k is an algebraically closed field of characteristic p;
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— formalism of pre-abelian categories (short exact sequences, 6-term Hom —
Ext exact sequences, p-divisible group objects, devissage);

— study of the group of fundamental units in Q(v/3, ¢*7'/%) (via the compu-
ting package SAGE).

The strategy of the proof is very close to the strategy used in the following
“crystalline case” of the Shafarevich Conjecture [23, 7].

Theorem 1.2. Suppose X is a projective algebraic variety over Q with
everywhere good reduction. Then

(a) h'(Xc) =0, h*(Xc) = h"!(Xc) and h*(Xc) = 0;
(b) h*(Xc) = h®2(Xc) under Generalized Riemann Hypothesis (GRH).

Part (a) of this Theorem was obtained in [7] by studying the finite subquo-
tients of the Galois modules Heit(X@, Qs) with 1 < i < 3. These Galois
modules are unramified outside 5 and their local behaviour at 5 is described by
the Fontaine—Laffaille theory [19] of p-adic torsion crystalline representations
with HT weights from [0, p — 2]. The approach in [7] is essentially similar to
the approach from [23] but Fontaine considers etale cohomology with coeffi-
cients in Q7. (Of course, these results would be not possible without the great
achievements of Fontaine’s theory of p-adic periods.)

Part (b) was proved by the author in [7]. The proof requires the study of
the Galois module Hf,(XQ, Qs), where the tools of the Fontaine—Laffaille
theory are not sufficient. For this reason, we developed in [6] a modifica-
tion of the Fontaine—Laffaille theory for crystalline representations with HT
weights from [0, p — 1]. Note that our modification of Breuil’s theory works
also in the context of crystalline representations and can be applied to reprove
part b) of Theorem 1.2 (and similar results for varieties over Q(i), Q(+/—3)
and (@(\/5) from [7]). The appropriate comments will be given in due course
below.

The constructions in [11] are very technical and we just sketch and discuss
their basic steps. Most of them can be illustrated by earlier results related to
the Shafarevich Conjecture, cf. Section 1.

In Sections 2—4 we work with a local field K = Frac W (k), where W (k)
is the ring of Witt vectors with coefficients in an algebracally closed field
k of characteristic p, p > 2. Let K be an algebraic closure of K and
'k = Gal(K/K). In Section 2 we outline the construction of the func-
tor V* from an appropriate category of filtered modules to the category of
F,[T" g ]-modules. This construction is based on the introduction of a mod-
ulo p “truncated” version of Fontaine’s ring of p-adic semi-stable periods.
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We associate to V* the functor CV* with values in the category of co-filtered
I, [T" ]-modules and prove that this functor is fully faithful. In Section 3 we
obtain the ramification estimates for the Galois modules H from the image
of V*:if v > 2 — 1/p then the higher ramification subgroups I‘g) act triv-
ially on H. We also obtain the ramification estimate for the Galois modules
which are associated with the modulo p subquotients of crystalline represen-
tations with HT weights from [0, p) and prove that both estimates are sharp.
The methods we use here are close to the methods from [8, 9, 10]; one can
use also our constructions to show that the estimates from [24] are sharp if
e = n = 1. In Section 4 we explain the construction of our modification of
Breuil’s functor V/*. In fact, it is very close to the construction of the modifi-
cation of the Fontaine—Laffaille functor from [6] but it can be developed in a
simpler way due to advantages of Breuil’s theory. One of the main features of
this construction is that on the level of modulo p subquotients, V/* essentially
coincides with the functor V* from Subsection 2. This gives the ramification
estimates for modulo p subquotients of semi-stable and crystalline representa-
tions with HT weights from [0, p). Finally, in Section 5 we outline the proofs
of Theorems 1.1 and 1.2.

1. The Shafarevich Conjecture

Conjecture. (I.R.Shafarevich, 1962) There are no projective algebraic
curves over Q of genus g > 1 with everywhere good reduction, [29].

The case g = 1 was considered by Shafarevich himself. He has just listed
explicitly 22 elliptic curves over QQ with good reduction outside 2 and verified
that all these curves have bad reduction at 2. Later his PhD student (Volynsky)
studied the case of curves of genus 2. This approach resulted in enormous
calculations and was not published. In both cases the approach was based on
the study of canonical equations for these curves. It became clear later that one
should study the problem in a more general setting.

Conjecture. There are no abelian varieties A over Q of dimension g > 1 with
everywhere good reduction.

This statement is easier to approach. The existence of such abelian variety
would have provided examples of non-trivial p-divisible groups over Z (for
all prime numbers p). The question about the existence of such p-divisible
groups was asked by J.Tate in [31]. In this way the conjecture was proved
in [21, 3] in 1985. The main features of used methods will be described
below.
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1.1. Small values of g

In [1, 2] it was proved that any 2-divisible group over Z of height 2 < 6 is
isogeneous to the trivial 2-divisible group. This gave the cases g = 2 and
g = 3 of the Shafarevich Conjecture. The method can be explained as follows.

Suppose G is a f.f.g.s. (finite flat group scheme) over Z such that 2idg = 0.
Then

(a) if the order |G| = 2 then G is either etale (Z/2)7 = Spec(Z & Z) or
multiplicative uy = Spec Z[)c]/()c2 — 1) ff.g.s. over Z, [31];

(b)if |G| = 4 and G = Spec A(G) is not a product of f.f.g.s. of order 2 then
there is a short exact sequence of f.f.g.s.

O0—p2—>G—(Z/2)z — 0

and A(G) = A(u2) ® Z[il, [1]. In particular, A(G)g # Q & K, where
[K : Q] = 3. (Use that A(G)g is etale over Q and there are no cube field
extensions K /QQ unramified outside 2.)

(c) there are similar short exact sequences for f.f.g.s. G over Z of order 2"
withn =3,4,5,6,

0 —> u§ — G —> (2/2) — 0,

where a + b = n, [2]. This statement is highly non-trivial because the Galois
group of the field-of-definition Q(G) of Q-points of f.f.g.s. of order 2" is not
generally soluble if n > 4. On the one hand, we used the Tate formula for the
discriminant of A(G) from [31], v2(D(A(G)) = d2", where d = dim(G ®F»)
(it implies that v2(D(A(G))) < 192 because we can assume that d < 3 by
switching, if necessary, from G to its Cartier dual). On the other hand, we used
the Odlyzko lower bounds for the minimal discriminants of algebraic number
fields, cf. [30, 18, 25];

(d) in the special pre-abelian category of f.f.g.s. G over Z such that
2idg = 0, one has

Ext(u2, (Z/2)z) = Ext(Z/2)z, (Z/2)z) = Ext(u2, n2) = 0.

Therefore, the above exact sequences for G and devissage in the pre-abelian
category of finite flat 2-group schemes over Z give the following exact
sequence of 2-divisible groups over Z

0 —> {u2n)is, — G — (Q2/Z2)" — 0, (1.1)

where G is of height a + b < 6 (for more details about devissage in pre-abelian
categories cf. Appendix, especially Theorem A.1);

(e) such 2-divisible group G never comes from a non-trivial abelian scheme
A over Z. Otherwise, looking at dimensions we obtain b # 0, but the exact
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sequence of 2-divisible groups from (d) splits over [ and, therefore, A has
infinitely many [F;-points. The contradiction.

The above method does not work in higher dimensions.

Indeed, suppose A is an abelian scheme over Z and G = Ker(2id,) is a
group scheme of points of order < 2 on A. Then |G| = 228, dim(G®F,) = g
and Tate’s formula gives v2(D(A(G))/28) = g. Note that A(G) @ Q is the
product of algebraic number fields (because G ® Q is etale) and these fields
are unramified outside 2 (because G ® Z; is etale if [ # 2). Therefore, the
normalized discriminant of A(G) equals 2¢ and tends to infinity if g — oc.

On the other hand, if Q(G) is the field-of-definition of @—points of G,
then Gal(Q(G)/Q) C SL(2g, F,) is not generally soluble if g > 2, and
the only global idea we can use in this situation is related to lower bounds
of minimal discriminants of algebraic number fields. The best known bounds
are the Odlyzko estimates and they are given by the tables of real numbers
{dv | N € N} such that if [K : Q] = N then |D(K/Q)|'/N > dy. For large
N, dy ~ dy ~ 22.3; under GRH there are better estimates {dy, | N € N} in
this case d, ~ 44.76, [30, 18, 25].

Unfortunately, an analogue of Odlyzko estimates under additional assump-
tion that K/Q is ramified only over 2, does not exist. Nonetheless, A(G)
is considerably smaller than its integral closure and Tate’s formula can be
replaced by a much better upper estimate for the 2-adic valuation of the nor-
malized discriminant of Q(G). The evidence for its existence is illustrated in
the next section.

1.2. The Shafarevich Conjecture, the ordinary case

Suppose our abelian variety A has good ordinary reduction at 2. Then:

(a) G := Ker(2idy) is a f.f.g.s. over Z of order 22,

(b) there is a short exact sequence of f.f.g.s. over Z;

0— H™!' 5 G®yZy — HY — 0,

where H™"!" is multiplicative and H® is etale group schemes over Z, of
order 28;

(c) because H” @ W(F2) = [1;(Z/2)y s, and H™!" @ W(Fy) =
[1; 42, w(#,)» we have

G W) =) Gij € i JEXU(Z/2) yc,): Ho.w (i)
i,J
where for all i, j, there are short exact sequences of f.f.g.s.

00— Ko iy — Gij — (Z/Z)W(ﬂ?z) — 0;
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(d) the field-of-definition of geometric points of G;; over the maximal
unramified extension Q2 ,, of Q2, is Q2 ,-(,/vi;), where all v;; are princi-
pal units in Q2 -, cf. Appendix by J.Tate in [26]. Therefore, for all v > 1, the
higher ramification subgroups I‘g ) of g, = Gal(Q2/Q>) act trivially on the

2

field-of-definition Q,(G) of all Qg-points of G;

(e) the triviality of ng)-action, where v > 1, implies the inequality
|D(Q(G)/Q)|/1QG):Q ~ 22 (e.g.use Prop9.4 of Ch.1, [12]). But the
Odlyzko estimate ds < 4 and we obtain [Q(G) : Q] < 4. Therefore,
Q(G) C Q(i), we can use devissage to obtain the exact sequence (1.1) for
a = b = g and finish the proof similarly to the case of small g.

In the above discussion, the prime number 2 can be replaced by arbi-
trary prime number p. If A ® F, is ordinary and G = Ker(pida) then for

v > 1/(p — 1), the ramification subgroups ng) act trivially on Q,(G) and

using the Odlyzko estimates we can see that for 3 < p < 17, Q(G) C QY1).
This implies that G is the product of constant etale and multiplicative f.f.g.s.
over Z, the corresponding p-divisible group of A will be just the product
of several copies of trivial etale (Q,/Zp)z and multiplicative {uon 7},>1
p-divisible groups over Z and, therefore, such abelian variety does not
exist.

The above case of the Shafarevich Conjecture was not published but gave a
right direction towards the proof of the general case.

1.3. The Shafarevich Conjecture, the general case

In this case the same ramification estimates are proved in the general situation
[21, 5]: if G is a finite flat group scheme over W (k), where k is a perfect field of
characteristic p, pidg = 0 and Frac W(k) = K then the higher ramification
subgroups ng) act trivially on the field-of-definition of K -points of G for all
v>1/(p—1).

Essentially, Fontaine found ramification estimates for any finite flat p-
group schemes over the valuation ring O, of complete discrete valuation field
L > Q. His method uses the rigidity properties of p-divisible groups defined
over valuation rings and a very elegant interpretation of Krasner’s Lemma. The
methods in [3, 5] are much more computational and use Fontaine’s theory of
f.f.g.s. over Witt vectors, [20]. In Section 3 we present an alternative proof
of ramification estimates. It works also equally well for the subquotients of
crystalline and semi-stable p-adic representations.

In our approach from [3, 5] we treated systematically also the case p = 2.
Here the category of f.f.g.s. over W(k) is not abelian contrary to the case
p # 2, but one can still proceed with the devissage. This gave us not only
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the bigger list of algebraic number fields where the Shafarevich conjecture
about the non-existence of abelian varieties with everywhere good reduction
holds. Our main idea [4] of removing the restriction to unipotent objects in
Fontaine’s classification of 2-group schemes in [20] gave later a right approach
to the constructions of modifications of the Fontaine—Laffaille [6] and Breuil
[11] functors. These modifications allow us to obtain the ramification estimates
for all modulo p subquotients of representations with HT weights from [0, p).
They also provide us with the nullity of some groups of extensions in the cat-
egory of Galois modules appearing as such subquotients. As a matter of fact,
these two key ingredients resulted finally in proving Theorem 1.1 and part (b)
of Theorem 1.2.

2. The functor CV*

Let W1 = k[[u]], where u is an indeterminate. Denote by o the automorphism
of k induced by the p-th power map on k and agree to use the same symbol
for the continuous extension of o to W such that o (1) = u”. Denote by N :
W) — W the unique continuous k-differentiation such that N (1) = —u.

2.1. Categories of filtered modules

Introduce the following categories:

® the category ZS — its objects are L = (L, F(L), ¢), where L and F (L) are
Wi-modules, L D F(L) and ¢ : F(L) —> L is a o-linear morphism of
Wi -modules; the morphisms are W -linear maps of filtered modules which
commute with the corresponding o -linear maps ¢;

® the category Z* — its objects are L = (L, F(L),p, N), where
(L,F(L),p) € Zz and N : L — L/uPL is such that for w € W and
le L, N(wl) = N(w)l + wN () (we use the same notation / for the image
of [ in L /u” L); the morphisms are the morphisms from ZZ; which commute
with the corresponding differentiations N;

® the category L) is a full subcategory of Zg consisting of £ = (L, F(L), ¢)
such that the module L is free of finite rank, u?~!L C F(L) and the natural
embedding ¢(F (L)) C L induces the identification

o(F(L)) @ ovp Wi = L;

® the category L* is a full subcategory of Z* consisting of £ =
(L, F(L), ¢, N) such that (L, F(L),9) € L, for any [ € F(L), one
has uN(l) € F(L)Ymodu”L and N(¢(l)) = ¢mN()) (we use the same
notation ¢ for the morphism ¢ mod u” L).
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The above categories are analogs of the categories of filtered modules from
[14], Subsection 2.1.2, but we work with the category of WW;-modules. (Breuil
uses modules over the appropriate divided power envelope of W (k)[[u]]).)
Note that in the context of V/;-modules the monodromy operator N can’t be
defined as a map with values in L. In [11], Subsection 1.1, we proved that N
can be defined as a map from L to L/u?PL and it appears as a unique lift of
its reduction Ny = Nmod u? L. (We used the existence of such a lift when
proving in [11] that the category L£* is pre-abelian; we also need this property
when defining the functor V* in Subsection 2.3 below.) In this chapter we use
the notation N for this (mod u?)-map Ny;

® the category L7, is a full subcategory in L£* consisting of the objects
(L, F(L), ¢, N) such that N(¢(F(L))) = 0.

For obvious reasons, (L, F(L), ¢, N) € L, is completely determined by
(L, F(L),p) € L. Note that the category L, is very closely related to the
category of Fontaine—Laffaille modules, cf. [11], Subsection 1.3.

According to above definitions the objects of the categories L, L* and L7,
are filtered free VV;-modules with additional structures. The category of fil-
tered free VW;-modules is a typical example of a special pre-abelian category,
i.e. it is an additive category with kernels and cokernels and nicely behaving
bifunctor Ext, cf. Appendix. In Subsection 1.1 of [11] we verified that £, £*
and L7, inherit the property of being special pre-abelian.

There are the concepts of etale, unipotent, connected and multiplicative
objects in our categories defined in the following way; for more details cf.
Subsection 1.2 of [11].

Suppose L = (L, F(L), ¢, N) € L*.

Introduce a o-linear map ¢ : L — L via¢ : [ — @(uP~'l). The module
L is etale (resp., connected) if ¢ mod u is invertible (resp., nilpotent) on L /uL.
Denote by £*¢' (resp, £*) the full subcategory of £L* consisting of etale (resp.
connected) objects. Then any £ € L* contains a unique maximal etale sub-
object (£¢,i¢") and a unique maximal connected quotient object (£, j¢) and
the sequence

0—co e
is short exact.

Note that ¢(F (L)) is a o(W)-module and L = ¢(F (L)) ®cw,) Wi.
If] € L and for 0 < i < p, the elements 1D e F(L) are such that
[ = 20<i<p oDy @ ul, set V(1) = {9, Then Vmodu is a o~ !-linear
endomorphism of the k-vector space L/ulL.
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The module £ is multiplicative (resp., unipotent) if V mod u is invertible
(resp., nilpotent) on L/uL. Denote by L*" (resp, L*") the full subcategory of
L* consisting of multiplicative (resp. unipotent) objects. Then any £ € L* con-
tains a unique maximal multiplicative quotient object (£™, j™) and a unique
maximal unipotent subobject (£", i*) and the sequence

sm

00—t gl m

is short exact.
Note that £* and L£** are abelian categories: it follows easily from the
description of simple objects of £* in Subsection 1.4 of [11].

2.2. The object R, € £

Let R = 1(iLn(0_/ p)n be Fontaine’s ring; it has a natural structure of k-algebra
n
via the map k — R given by o l(iLn([o’”a]mod p), where [y] € W(k) C
n

O denotes the Teichmiiller representative of y € k. Let mg be the maximal

ideal of R.
Choose xg = (xé”) mod p),>0 € Rand ¢ = (¢ mod P)n>0 such that for
alln > 0, x(()"H)p = x(()") and e"TDP = 0 with x(()o) =—p,e® = 1but

e £ 1. Denote by vg the valuation on R such that vg(xg) = 1.

Let Y be an indeterminate.

Consider the divided power envelope R(Y) of R[Y] with respect to the
ideal (Y). If for j > 0, y;(Y) is the j-th divided power of Y then R(Y) =
@j>0Ry;(Y). Denote by Ry, the completion ]_[j>0 Ry;(Y) of R(Y) and set,
Fil’Ry, = J] i>p Ry;(Y). Define the o-linear morphism of the R-algebra
Ry, by the correspondence Y — xé’ Y; it will be denoted below by the same
symbol o.

Introduce a W;-module structure on R,; by the k-algebra morphism
Wi — Ry such that u +— 1(u) := xgexp(=Y) = xo Zj>0(—1)fyj(Y).

Set F(Ry) = Yocicp Xy Ryi(Y) +Fil” Ry

Define the continuous o -linear morphism of R-modules ¢ : F(Rgy) —>
Ry, by setting for 0 < i < p, (p(xg_l_lyi(Y)) =y (Y)(1 = (i/2)x}Y), and
fori > p, p(yi(Y)) = 0.

Let N be a unique R-differentiation of Ry, such that N(Y) = 1.

Note that (Rg, F(Rs), ¢, N) is not an object of Z*, e.g. ¢ is not a
o-linear morphism of W;-modules. Nevertheless, all appropriate compati-
bilities between above introduced additional structures on Rg; hold modulo
xgp Ry;, cf. Proposition 2.1 in [11], and we can introduce
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= (R}, F(R s 0. N)eL",

st

where R?t = R;;mod x(’;mR and F(R?t = F(RS,)modxé’mR with the
appropriate induced maps ¢ and N.

In our theory R , plays arole of the ring Ay; from the theory of p-adic semi-
stable representations [14], Subsection 3.1.1. In particular, R , can be provided
with continuous Galois action as follows. Forany t € I'k, let k(r) € Zbe such
that 7(xo) = e xp and let log(1 + X) = X — X2/2 4 ---— XP~1/(p — 1)
be the truncated logarithm. Define a map t : R;; —> Ry, by extending the
natural action of T on R and setting for all j > 0,

()= > yji(Vyi(oge).
0<i<min{j,p—1}
Then the correspondences y;(Y) + t(y;(Y)) induce a I'g-action on the
Wi-algebra RY, which extends the natural I'g-action on R and respects the
structure of R?t as an object of the category Z*, cf. Proposition 2.2 in [11].

2.3. The functor V*

For any £L = (L, F(L),9, N) € L*, consider the I'x-module V*(L) =
Homz* (L, Rg,) Note that in this definition we need N to be defined slightly
better than just modulo u” L (we work modulo xo mp, rather than modulo x; PR)
but such lift exists and unique, cf. Subsection 2.1. The Galois module V*(L£)
can be studied via the following method from [15], Subsection 2.3.

Let R = (R%, F(RY), ¢) € Ly, where R = R/xtmg, F(R®) = x}~ RO,
the Wi-module structure on R is given via u — x¢ and ¢ is induced by the
map r > rp/x" =D e xg_lR.

If f € V*(£) and i > 0, introduce k-linear morphisms f; : L —> RO
such that for any [ € L, f(I) = Zi>0 fi(Dyi(Y). The correspondence f +—
fo gives the homomorphism of abelian groups pr, : V*(£) —> Vj(£) =
Homﬁ(ﬁ, R9). Then, cf. Subsection 2.2 of [11],

— pry is an isomorphism of abelian groups;
—if rkyy, L = s then [V;(£)| = p°.

Therefore, V* is an exact functor from L£* to the category of finite IF,[T'x ]-

modules.
Introduce the ideal J = Zo<l<p'x0 mRy,(Y) + Fll”R0 in RO Then
F (R ) =) J and ®|7 17 is nllpotent Therefore, we can introduce R / 7,

F(R )/J ¢ mod J) € Lp, there is a natural prOJecnon R — R in L'O
and for any £ € L, Homﬁ* c, R ) = Homﬁ* (Z, R”) Th1s 1mphes the

following description of the F x-modules V*(L), E e L%,

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107691926
http://www.cambridge.org
http://www.cambridge.org

	http://www: 
	cambridge: 
	org: 


	9781107691926: 


