Cambridge University Press
978-1-107-19776-3 — Attosecond and Strong-Field Physics

C.D. Lin, Anh-Thu Le , Cheng Jin , Hui Wei
Excerpt
More Information

Elements of Atoms, Molecules,

and Wave Propagation

1.1 One-Electron Atoms

1.1.1 Hydrogenic Atoms and Wavefunctions

This book begins with the simplest hydrogenic atom. Within the spectral resolution of
its interaction with ultrafast light pulses, this atom can be considered as a nonrelativistic

electron in the field of a Coulomb potential ¥(r) = —Z/r from the nucleus of infinite mass
with positive charge Z(= 1). In spherical coordinates, the eigenstate can be expressed as
VEm(r) = Re(r) Yim (0, ¢), (1.1)

where Y, is the familiar spherical harmonic. In this book, atomic units, where m = |e| =
A = 1 will be used unless otherwise noted. Here, m and e are the mass and charge of the
electron, respectively. The inside back cover of the book gives fundamental constants and
conversion factors that are useful for attosecond and strong-field physics.

Introducing ug(r) = rRg(r), the radial equation for ug reads

1 I+1)
2 dr? 272

For the bound states, the eigenvalues are

+ V(r):| ug)(r) = Eug(r). (1.2)

Z2
E, = e (1.3)
with the principal quantum number 7.
The radial wavefunctions are given by
27\ 27
Ru(r) = wilr) _ % (— ) \Fy <l+ 1 —n20+ 2,—r>, (1.4)
r n n
where | F is the confluent hypergeometric function. The normalization factor N,; is
1 22\*  (n+10)!
Ny=——/|— ) —m—m/m . 1.5
"l (2l+1)!\/(n> 2n(n—1—1)! (15

For the wavefunction of a continuum state, let £ = k%/2, the radial equation of a
hydrogenic atom, where

[d2 (1+1) 27
T

dr? 2

+ kz} ug(r) =0 (1.6)
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has two linearly independent solutions: the regular Coulomb function Fj(y,kr) and the
irregular Coulomb function Gy(y,kr). The former vanishes at » = 0 while the latter
diverges. Therefore the allowed solution takes the form

ME](V) = CF[()/,kl”), (17)

where the Sommerfeld parameter y = —%.
The asymptotic behaviors of F; and Gy are

r—00

Fi(y,kr) "~ sin(kr — y In(2kr) — Iz /2 + oF)), (1.8)
Gi(y,kr) "=° cos(kr — y In(2kr) — /2 + o), (1.9)

where the real quantity o = arg[I'(/ 4+ 1 4 iy )] is the Coulomb phase shift.
The radial wavefunctions ug;(r) are not square integrable. They are usually momentum
or energy normalized, which means

ugi(ryug(r)dr = §(k — k') momentum normalized, (1.10)

ugi(r)ug(r)dr = 8(E — E') energy normalized. (1.11)

9\8 O"\g

For momentum normalization, the normalization constant C = ‘/2 and for energy

c . _ 2
normalization C = ,/ =

The hydrogenic wavefunction is also separable in parabolic coordinates defined by

E=r+z=r(1+cosh) (1.12)

n=r—z=r(l-cosb) (1.13)

¢ = arctan)—/ (1.14)
X

with0 < & <00,0 <15 <o00,0 < ¢ <2m. The surfaces & = const and n = const are
paraboloids of revolution about the z-axis.
In parabolic coordinates, the eigensolutions can be written as

V(& n,¢) =/1§)g(n) (o), (1.15)

where the ¢ dependence is ®(¢) = ﬁeim with m = 0,%+1,+£2,... being the magnetic
quantum number.

For bound states these are called Stark states. For unbound states that exhibit azimuthal
symmetry (m = 0), the continuum wavefunction is

¥(r) = CN T\ Fy =iy, Likn) = C&% 1 Fy (—iy, Lik(r - 2)), (1.16)

where C depends on the normalization convention.
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3 One-Electron Atoms

1.1.2 Single Active Electron Model for Atoms

In principle, when an atom (or ion) consists of N electrons, one needs to solve the
complicated N-electron Schrodinger equation. However, for measurements where the
interaction involves only one electron, treating such an electron alone is desirable. In this
single “active” electron model, all of the other electrons are assumed to provide only an
effective potential to this active one. In this way, the whole atom may be analyzed in the
framework of a one-electron system in a central model potential V(). This potential can be
written as a pure Coulomb potential plus a short-range potential

Vir) = —% + V(7). (1.17)

The short-range potential ¥, (r) must satisfy

lim 7 Vy.(r) = 0. (1.18)
r—00
Note that the parameter Z, in Equation 1.17 is the asymptotic charge felt by the active
electron. In a neutral atom, Z, = 1.
The radial equation for the bound state with energy E = — 82 /2 for such a model one-
electron system is

2
[5—2 - l(lj; D + 2Ze _ 2V (1) — /32i| ug(r) = 0. (1.19)
'S r r

This equation can be solved numerically. The energy level E,; can be expressed by

ZZ
Ey=———"5%—, 1.20
where A,; is called the quantum defect as a result of the short-range potential V,(r). For
large n, the quantum defect is independent of 7.
For the unbound state with energy E = &2 /2, the radial equation for this system is

& ll+1) N 27,
dr? 72

2 +k2} uri(r) = 0. (1.21)

This equation can also be solved numerically. In the asymptotic region in which V,
vanishes,

ugi(r) "X AF)(y kr) + BGy(y, kr)
"2 Csinlkr — y In(2kr) — I /2 + o + 851 (1.22)
Here, y = —Z./k and o = arg|T"(I+ 1 +iy)] is the Coulomb phase shift. C = v/ 42 + B2

is the normalization constant mentioned previously. §g; = arctan % is the additional phase
shift caused by the short-range potential.
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4 Elements of Atoms, Molecules, and Wave Propagation

1.1.3 Scattering of an Electron by a Central Field Potential

Scattering by a Short-Range Potential

Consider an electron scattered by a target where the interaction can be modeled by a short-
range potential Vs, (r). In the asymptotic region where V,(r) vanishes, the wavefunction
should take the form:

ikr
r—00

AR +f(0)67. (1.23)

Here, the energy of the incident electron £ = k?/2. The first term is an incident plane
wave traveling along the z direction; the second term is an outgoing scattered spherical
wave. The scattering amplitude f{6) is a complex quantity depending on scattering angle 6
and energy E. Due to cylindrical symmetry, f'is independent of ¢. The differential cross-

section is
D _\no)p, (1.24)
aQ -
and the total cross-section is
7
o= f |A(6))7d2 = 2n/|f(9)|2sin9d6. (1.25)
0
The total wavefunction i can be expanded in a series of partial waves as
00
v = IX(;AIME;(F)PI(COSG), (1.26)

where ug;(r) is the solution of the radial equation

|:d2 I(I+1)

dr? 72

— 2V (r) + kz} ug(r) = 0. (1.27)
In the asymptotic region as 7 goes to infinity

ugy(r) "= Akrjy(kr) + Blormy (kr)
"X 4sin(kr — I /2) — Beos(kr — I /2)
= Csin(kr — I /2 + ), (1.28)
where j; and n; are spherical Bessel and Neumann functions, C = +/42 + B? and 8p =
—arctan(B/4). The phase shift 8z is an important quantity because it carries information

about the short-range potential near the nucleus to physical effect in the asymptotic region.
Note that 6z; depends on both the energy E and the angular momentum quantum number /.

With the help of
o oo .
‘ . kr —In /2
& — Z(ZH— 1)i'ji(kr)Py(cos ) e Z(2l+ 1)ef7/2 MP}(COS 6), (1.29)
=0 =0 b
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5 One-Electron Atoms

and comparison to Equation 1.26 in the asymptotic region (here, choose C = 1), one can

obtain
. 1 .
Aje~ 0 = L2+ 1)e/2, (1.30)
By comparing Equations 1.23 and 1.26 in the asymptotic region, one can easily obtain
1 o0
f10) = = 21+ 1)eP sin 8Py (cos 0). (1.31)
k =0

The differential cross-section is | /{#)|2. The total cross-section is

T
. 4 & .
o= 2nf | (6)]? sin 6d6 = = > (214 1) sin® 8g. (1.32)
0 =0
Each partial wave contributes
4 .
o1 = k—2(21+ 1) sin® 8 (1.33)

to the total cross-section. When evaluating the cross-section, it is not practical to include
all partial waves. If the short-range potential has a range a, it is reasonable to cut off the
partial-wave expansion at /,,c ~ ka. Thus, in low-energy scattering, only a few partial
waves are needed.

Scattering by a Pure Coulomb Potential

If the incident direction of the electron is chosen as the z direction, for a pure Coulomb
potential V(r) = —Z/r, the total wavefunction can be expressed in parabolic coordinates as

W = Ce*¥\Fy(—iy, 1,ik(r — z)), (1.34)

where y = —Z/k. By choosing C = ¢~ ""/2T'(1 + iy), at large |r — z| the wavefunction
has the asymptotic form

Ir=z|—>00 ik tiy In[k(r—z)] y?

ik(r —z)
eikr—iy In(2kr) (1+ iy)2
(0 1 e ) 1.35
+406) (1+ G ) (135
The Coulomb scattering amplitude is given by
fé(e) — 4 e*[}/ ln[sin2(9/2)]+2ir750’ (1 36)

* 2ksin?(6/2)
in which ogg = arg[[(1 + iy)].

Clearly, the asymptotic expansion does not hold for & = 0 (r = z). For large |r — z|
the incident wave and the outgoing wave have each acquired a logarithmic phase. The
differential cross-section is

do, y? VA
_c=|f6(0)|2= 5 4 = 0 - 4 :
d2 4% sin*(0/2)  16E?sin*(0/2)

(1.37)
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6 Elements of Atoms, Molecules, and Wave Propagation

This result is identical to the Rutherford formula derived from classical mechanics. The
Rutherford differential cross-section diverges strongly in the forward direction 8 = 0, and
the total cross-section is not defined since the integral also diverges. This is the consequence
of the long-range Coulomb potential. However, in actual situations, the Coulomb potential
at large distance is screened by the environment, and thus the cross-section is finite.

Scattering by a Modified Coulomb Potential

For an electron scattered by a model potential, which consists of a Coulomb part and a
short-range part V(r) = —Z./r + V-(r), the scattering amplitude can be written as

f0) = 1(0) +£(0), (1.38)

where . is the Coulomb scattering amplitude given by Equation 1.36 with y = —Z./k, and
fs denotes the modification due to the short-range potential. Using partial-wave expansion,
fs 1s given by
l & o
£0) =+ D (21 + 1)e*H e sin 8Py (cos 6), (1.39)
=0

where og; = arg|[["(/+ 1 + iy )] is the Coulomb phase shift. 5 is the additional phase shift
due to the short-range potential (see Equation 1.22). The differential cross-section is

do B 2
"o = Le®) + 4O, (1.40)

Scattering Cross-Section across a Resonance

In general, the phase shift 8z varies smoothly with the incident energy E as does the
partial cross-section ;. However, 8z may vary rapidly near a resonance. As a result, the
corresponding partial cross-section o; may also change dramatically in this energy interval.
Resonance usually happens for a certain partial wave. Near the resonance, the total cross-
section is dominated by this partial wave, that is, 0 &~ o7. For example, the effective
potential for the /th partial wave

I(1+1)
27
may have a potential barrier at large » that can support a metastable state with a positive
energy E, that is below the top of the barrier. An incoming particle with an energy close to
E, will be trapped for a long time before it tunnels out of the barrier. This metastable state
has a finite lifetime or a resonance width I'. In this example, the resonance is called a shape
resonance because it is an effect of the shape of the effective potential.

Vopr) = V(r) + (1.41)

Near the resonance energy, the phase shift 6z; can be expressed by
r/2

E. —E

where £ is a background phase shift and the second term changes rapidly by 7 as the energy

goes through the resonance from below to above.

8p1 = &€ + arctan (1.42)
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7 One-Electron Atoms

If £ is negligible, the cross-section has the Breit—Wigner form

4 r/
o= — (21 + 1) sin? ( arctan

k E.—E
4 r2/4

= 20+ 1 . 1.43
k2( * )(E—E,)2+F2/4 (143)

Near the resonance energy, k can be taken to be constant and so o; has a Lorentzian shape
characterized by the width I" and the resonance energy E,.
For a nonzero &, by introducing the reduced energy € = El?—/g’ and the shape parameter

q = — cot &, the cross-section can be reduced to
4 ry/2
o) = kaT (21 + 1) sin? (é + arctan i iE)
4 1 (g+¢)?
= 21 —_— 1.44
2 AR 144> 1+¢€ (1.44)

This cross-section Equation 1.44 has the form of the Fano profile. When ¢ — 400 it
reduces to the Lorentzian profile. For small ¢ values, o; is smaller at the center of the
resonance than at the wings. Such resonances are called window resonances.

The First Born Approximation

For collisions at high energies, partial-wave expansion is not practical. One can use the
plane wave or first Born approximation. Let the incident wave be given by ; = %' and
the scattered wave by ¥y = ™™ where the momentum k; and ky only differ in direction
but not in magnitude. Then, a momentum transfer can be defined as

with its magnitude given by
0
q = 2ksin 7 (1.46)

The scattering amplitude given by the first Born approximation reads

1 1 _iq-
7= =t = —5- [ Voe (147)
If the potential ¥(r) is central symmetric, the scattering amplitude is
(0.¢]
1 2
=—— ) sin(gr)di (1.48)
1 0

Consider the incident electron scattered by N-independent atoms. Each atom is modeled
by a local potential V;(r’) and located at r = R;. By making the first Born approximation,
the total scattering amplitude has a simple form:
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8 Elements of Atoms, Molecules, and Wave Propagation

/o= [Z Vilr - :|e_iq'rdr

o
N
Z
i

in which, f[B !is the individual scattering amplitude for the ith atom. The phase factor e

[ / Vi(r — Ri)e_iq‘(r_R")dr:|

(1.49)

—iq-R;

accounts for the interference between different scattering centers. This interference depends
on the momentum transfer q and the geometric configuration determined by R;

1.1.4 One-Electron Atoms in Weak Electromagnetic Fields

Basic Formulation

With the one-electron potential V(r), the Hamiltonian of a one-electron system in an

electromagnetic field reads

H= %(p+A)2 —¢+V(r),

(1.50)

where A and ¢ are the vector and scalar potential of the electromagnetic field, respectively.
There is no external source for the cases considered in this book. Thus, it is convenient to

choose the Coulomb gauge

V.A=0,

¢ =0.
The vector potential satisfies the wave equation
1 %A

2 —
VA_CTW_O'

(1.51)

(1.52)

(1.53)

In general, A can be represented as a superposition of plane-wave components with
propagation direction £ and polarization direction €. Each component takes the form

A =é4p(w) cos(k - r — wi),

(1.54)

where w is the angular frequency, k = %l% is the wave-number vector, and 4p(w) describes
the magnitude of this plane-wave component. Equation 1.51 requires the wave to be
transverse, i.e., k - € = 0. The intensity distribution (intensity per unit angular frequency

range) is given by
€ 2.
[(w) = —wA
(w) o @ Ao o(w).

(1.55)
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9 One-Electron Atoms

Additionally, /(w) is related to the number of photons N(w) in a box with volume ¥ by

(o) = %N(a)). (1.56)
In the Coulomb gauge, the Hamiltonian can be written as
1 1

H=—§V2+V(r)—iA-V+§A2=Ho + H (1), (1.57)

where Hy = —%Vz + V(r) is the field-free Hamiltonian and H'() is the time-dependent

perturbation. Consider a weak field such that the 4% term can be dropped. The perturbation
becomes

H(t) ~ —iA- V. (1.58)

According to first-order, time-dependent perturbation theory, transition probability from
an initial state |a) to a final state |b) is given by
[ 2
Paalt) = | [0l ()1t | (1.59)
0
where |a) and |b) are eigenstates of the field-free Hamiltonian Hy with energies E, and Ep,
respectively. wp, = Ep — E, is the transition energy. For Ej, > E,, wp, > 0, which is the
case of photoabsorption, the transition probability due to a certain frequency component of
the electromagnetic field can be calculated by rewriting Equation 1.54 into two exponential
terms. After dropping the integral involving e@ren)! the result is

s 02 (@—Whg
sin” (—4t
Ppq(1) = A3 (@) [ Mpa () #2) (1.60)
(0 — wpg)
The matrix element Mp,, is given by
Mpy(w) = (bl "¢ - V|a). (1.61)

Assuming that the radiation is incoherent, the transition probability due to all of the
frequency components is obtained by integrating Equation 1.60 over the frequency w.
When ¢ is large,

sin? (‘” 2ba t) Tt

2
—= X —§(w— wpy). 1.62
(w C’)ba)z 2 ( bﬂ) ( )

Then, the transition probability integrated over the frequency is

b1
Pba(t) = EA(%(wbaﬂMba(a)ba)Pt (1.63)
and the transition rate for photoabsorption is
2
i T
Wpa = EAg(wba)lea(wba)F = Hwpa) [Mpa(wpa)|*. (1.64)
ba

An integrated absorption cross-section op,, which is the rate of absorption of energy
@pa Whqa divided by I(wp,), can also be defined as
2

Opg = |Mpa(wpa)]?. (1.65)

ba
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When Ep, < E,, wp, < 0, one can obtain the transition rate and cross-section integrated
over frequency for stimulated emission in a similar way:

2
Woa = ——1(|0pal) | Mpa(|pal) I, (1.66)
c|a)ba|
47?2 .
Oba = |Mpa(l0pal) - (1.67)
c|a)ba|

The transition-matrix elements between photoabsorption and photoemission are related by
Mpy(w) = (ble”™7e - V]a) = —M*) (). (1.68)

The stimulated emission and photoabsorption are in detailed balance, i.e., Wp, = W, and
Oba = Oab-

First-order perturbation theory can also be used for photoionization from an initial bound
state |7) to continuum states |E). The ionization rate per unit energy is

aw; 472
= _2[(U)Ei)|MEi(U)Ei)|2:0(E)’ (1.69)
dE CwE;

where wg; = E — E;, Mgi(w) = (E|e™®"é - Vi) and p(E) is the number of states per unit
energy. If |E) is energy normalized, p(E) = 1. The photoionization cross-section (per unit
energy) is

472 2
Gion = —— |MEi(wEi)|” p(E). (1.70)
CWE;

The semiclassical theory does not include spontaneous emission. According to quantum
electrodynamics, when there is no external electromagnetic field, the transition from
la) to |b) (E; > Ep) can still happen, and thus can emit a photon with momentum k
and polarization €;. Here, A can be one or two to specify two independent polarizations
perpendicular to k. The spontaneous-emission rate for a single mode of photon is

’ 4> s 2
Wha = 5 Mpa(@)178(@ = |@pal). (1.71)

The matrix element Mga is given in Equation 1.68 with € replaced by €.

It is desirable to calculate the total rate for emitting photons with all possible energy w,
propagation direction k, and polarization €. Using box normalization, the number of photon
modes is given by

14 14
— Kdkd = ——— &’ dwdS2, (1.72)

dn = (2m)3 (27c)?

where 2y is the solid angle. Integrating over dw, d2x and summing over two polarizations,
the total spontaneous emission rate is

, |wpal o 2
W, = 53 fkoA;2 M3 (|wpal) . (1.73)
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