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The following index combines people, topics, techniques, notations, acronyms, and
examples. Persons are cited by last name and one or two initials. References to figures
are in boldface. Entries pointing to footnotes go as page number followed by “n” and
then footnote number, e.g., “352n2”. Multiple crossreferences are separated by
semicolons; within a cross-reference, a comma indicates subordination (e.g., see A, B
means “look up B under main index term A”).

A

abdominal size, of a baby, 67–68

Adams, D., 14, 15

adding a predictor, see multiple regression,

added-variable plot

adjustment, 194, 197; see also multiple

regression

affine transformations, see likelihood ratio;

uniform transformations

Akaike information criterion (AIC), 175

algebra, see matrix algebra, covariance

algebra, tensor algebra

allometric center, 413, 5.55

allometry

of brain weight versus body weight,

184–190, 3.20a,b,c

and eigenanalysis, 261, 396, 5.44

evolutionary, 57–58, 2.8, 134, 5.60

growth, see growth curves

Huxley’s law, 42

of microstructural scaling exponents,

57–58, 2.8

analyzed in Procrustes form space,

311–317, 4.20–4.24

analyzed in Procrustes shape space, 407,

5.53–5.54

at distant landmarks, problems with, 417,

5.57

static, 55–56, 2.7

American Association for Physical

Anthropology, xv

analysis of covariance, see under multiple

regression

anatomy, comparative

details of, as unpromising for

morphometrics, 38, 490

and landmarks, see deformable template;

anthropometrics, Martin

as one source of morphometrics, 2, 16

anatomical variability, description of,

327–361, 5.2–5.22

GMM’s concept of homology for, 327

Anderson, T.W., 270

anthropometrics

of R. Martin, 336

data resources, 344–346, 5.16

measurements and indices, 351–353,

5.18, 5.19

registration, see Frankfurt Horizontal

from lateral cephalograms, 349, 5.17

contemporary

CAESAR (surfaces), 349–351

types of curves, 347–348
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a landmark-free example, see

examples, Domjanić

types of landmarks, 348–349

uses of ratios

among all distances, 356, 5.21

for selected ratios, 357, 5.22

future, 491–493

aortic arches, human, variability of, 5.13

appendices, see website

Arc-Sine Law (for random walks), 127–128,

2.47

area

and the formula for covariance, 49

in growth studies, alternative plots for, 2.42,

200, 3.28

of a polygon, formula for, 122

predicting by single extents, 205–207, 3.32

ratios of, invariant under affine

transformations, 211

of Vilmann’s neuro-octagons, 2.42

arithmetic-geometric mean inequality, 294

arithmetic to understanding (slogan), xiv,

8–11, 22, 118, 263, 331

averages, 18, 23–40, 2.1, 2.2

of images, 230, 3.46

least-squares property of, 26–29

maximum-likelihood property of, 35–38

assumptions, 37

must be measures of “the same thing,” 26

symbol for, see mathematical notation,

overbar

weighted, 33–35, 2.2, 207

weights must be positive, 261

see also linear regression, Edgeworth’s

interpretation of

B

baby, biostereometric, 322, 5.1

baseline, choice of, 375–380, 5.27, 5.31–5.34;

see also shape coordinates,

two-point

BE, see bending energy

BE–PwV plot (log bending energy – log

partial warp variance), 474–482,

5.92–5.96, 492

definition, 5.92

factor analysis of residuals from, 484–485,

5.100

integration, as slopes steeper than −1, 475,

5.92

self-similarity in, for the deflated

Mardia–Dryden distribution, 475,

5.93–5.94

meaning of slope zero, 482

see also Procrustes analysis, growth

gradients

bell curve, 4, 2.10, 19, 25

and the diffusion equation, 80

importance of, 59–60

milestones in our understanding of, 60–80

milestone 1, limits of binomials, 60–64,

2.9, 2.10

milestone 2, Galton’s quincunx, 64–68,

2.11–2.15

milestone 3, regression on the quincunx,

68–72, 2.12, 2.16

illustrated by Galton’s data, 2.17

milestone 4, better notation, 72–75

milestone 5, physical origin, 25, 75–80

kinematics of gases (Maxwell’s

derivation), 75–77, 2.18

maximization of disorder, 77–80, 2.19

see also entropy

probabilities as areas under curve segments,

74–75

required of errors if the average is to be

maximum-likelihood, 38

shoulders (inflection points) of, 62–63, 2.10

variance of, 71, 2.16

see also Wishart distribution

bell surface, belt around, 209, 4.2

Benazzi, S., xv

bending energy, 425, 431–435, 5.64–5.65

biological meaning of (localization),

431–432

and deflation, see deflation

eigenanalysis of, see principal warps

formula for, 426

minimized by the thin-plate spline, 426

specific bending energies, 432, 475

see also BE–PwV plots; semilandmarks

BGS, see examples, Berkeley

bias of eigenvalues, 307–309, 4.17

binomial coefficients nCk , 61

rate of falloff of, from their maximum,

62–63, 2.9

binomial distribution, see bell curve,

milestone 1

biology, human, reflexivity of, ii

biostereometric baby, 322, 5.1
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biplots, in principal component analysis, 272,

274, 4.5, 4.7–4.9

birds, brain weight in, see allometry, brain

weight

Birth of Venus (Botticelli), 5.7

birthweight, extreme values of, 168–172,

3.13–3.14

see also examples, birthweight

body mass index (BMI), 119–121, 2.40

isolines are straight lines in a log-log plot,

118, 2.40

body size, of a baby, 167–168

body weight, see allometry, brain weight;

BMI; examples, Berkeley

Bonferroni correction, 112

Boas coordinates, 412–414, 5.55

Bookstein coordinates, see shape coordinates,

two-point

Bowman, C., xvi, xvii

brain soup, see examples, Herculano-Houzel

brain weight, see allometry, brain weight

branching, variation of, incompatible with

GMM, 338, 5.13

branching processes, see phylogeny

Brownian motion, 6, 128–132, 2.48–2.50

methods of verification, see random walk,

verification

Bumpus, H., xiv; see also examples, Bumpus

C

Callebaut, W., xvi

Calvin, W., 132

Campbell, D., 85

caricature, one origin of thin-plate splines,

332–333, 5.9–5.12

Cartmill, M., xvi

Cattell, R., 16

causal chain, 19, 102–103

causation

not responsible for regression to the mean,

85

intrinsically ambiguous in multiple

regression, 155–156

consequences of a common cause, 100–102,

2.33

and Partial Least Squares, 283, 4.12

centroid, must be on the least-squares fit, 48

Centroid Size, 99, 2.42, 390, 468, 5.88

cephalometrics, 349, 5.17

cerebellum, 188

ceteris paribus, “other things being equal,” see

multiple regression, assumptions

chain, causal, see causal chain

chance, maliciousness of, in multivariate

analysis, 310–311

chickens, see under examples, Wright

χ2 (chisquare)

as Wishart distribution for one variable, 298

for sphericity for a covariance matrix, 305,

4.16

mean and variance, 305n13

circle

as belt of the bell surface for noncorrelated

Gaussians, 209, 3.34

distance from the center, in quadratic

discrimination, 3.49

as locus of indifference, in a relative

eigenanalysis, 232, 3.49

traced by a single semilandmark as the

tangent rotates, 442, 5.72

circle construction, for a triangle of

landmarks, 367–374, 5.25–5.28

a solution to Martin’s problem, 374

the general case, 368–369, 5.25

equivalent to the tensor algebra, 369

and distances across the triangle, 369–370

for small shape changes, 372–373, 5.28

special cases, 374, 5.28

statistics first, then variables, 374

see also shape coordinates, two-point

circumferential triangulation, 375–376,

5.29–5.31

class means, see under regression, simple

linear

classification, see linear discriminant analysis,

quadratic discriminant analysis

Cochran, W., 109

coefficient of variation, 116, 230

coins

and entropy of the bell curve, 78–80,

2.19–2.20

flipping of, 25, 29, 33

independence of, as a problem for

biological analogues, 113

as model for genes, 70

names of sides of, 29n2

probability of equal heads and tails, 61

unfair, 33

common cause, see under causation

complex arithmetic, 370–371, 411, 478
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computer printout, suppressed from this book,

147n1

concentration, of Tetrahymena, 109

condition number, of a matrix, 309

conjugate directions

on one ellipse, 83–84, 2.24

on two ellipses, 319; see also relative

eigenanalysis

consilience (interdisciplinarity of

explanations), 22, 162

of the adult and infant fetal alcohol studies,

233

constants of Nature

e, charge on the electron (Millikan), 40, 55

h, Planck’s constant, 40

height of Mount Everest, 137–138
2
3

, Jerison’s claimed allometric slope, 184

3
4

, Martin’s claimed allometric slope, 185

typically arise as slopes, 40

contours

of predicted value in a multiple regression,

141, 3.2

assumptions, 142, 3.4

of loglikelihoods of a discriminant function,

3.42, 3.44, 3.45, 3.49, 3.51

contrasts

in analyses of proportion, 218

must be meaningful, in eigenanalyses, 261

in phylogenetic inferences, 135, 2.52

Cook, D., xvi

Coquerelle, M., xv

corpus callosum, of the human brain, 5.4, 5.5,

5.6

digitization of, as a symmetry curve bearing

one landmarks, 329–330

transect, as vector data, 227, 3.43

see also examples, fetal alcohol damage;

quadratic discriminant analysis

correlation, 19, 41, 56, 86–100

canonical, 286, 402n5, 421n8

comparison of two, by Fisher’s z, 220

formulas for, 88 (three versions), 97, 100

in growth studies, 114–121, 201–202, 3.31

lagged, see growth studies

matrices, 96, 117, 141, 170

inverse of, 258

multivariate methods for, see multivariate

analysis

with a multiple regression prediction, see

multiple correlation

of multiple regression predictors, see

multiple regression, Version 1

on a modified quincunx, 86–88, 2.25

in Pearson’s study of familial limb length

correlations, 2.30

on a phylogeny, quite differently distributed,

132–136, 2.52

of residuals, see partial correlation

restores the symmetry broken by a

regression, 46, 2.25, 89

role in explanation, 56, 88–89

standard error of, 203

value of 0.999 is high, 57

zero correlation, one interesting origin of,

194, 3.22

see also noncorrelation

counterfactual, see multiple regression,

interpretations of

covariance

assumptions, 52

rarely bears biological meaning one at a

time, 250–251

coefficient, 3, 2.5, 17, 18

as difference of variances, 49

in an ecological regression, 179

for an ellipse with axes at 45◦ to the

horizontal, 80–81

formula for, 49,

geometry of, 51, 2.5

identities involving, 49, 422

matrix, see covariance matrix

patterns of, 22

product of correlation by standard

deviations, 52

role in regression, 24, 49

standard error of, 52

covariance distance, 317–320, 4.25

formula for, 317

this formula uniquely consistent with

factor models, 318

for longitudinal data, 414–415, 5.56

see also relative eigenanalysis, principal

coordinates analysis

covariance matrix, 4, 12, 98

and biological reality, 251–252

two roles of, in morphometrics, 251–263

inversion, 252–259, 4.2, 270n10

assumptions, 252, 259

eigenanalysis, 259–263, 4.2, 4.3

assumptions, 254, 260–261
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covariance matrix (cont.)

pair of, see quadratic discriminant analysis;

relative eigenanalysis

sampling variation of, see Wishart

distribution

analogy with a distinction in structural

equations modeling, 254

sphericity, likelihood test for, 294, 305, 4.16

see also covariance distance

covariance structures

comparisons of, for bivariate data, 219–220

paradox of, 235–240, 3.52

as an application of pattern analysis, 250

crease, see thin-plate spline, extrapolating

crosscovariance matrix, 265, 279, 4.12; see

Partial Least Squares

cumulative distribution function, 3.36

cumulative Gaussian distribution, 216, 3.36

curriculum committee, dilemma of the, 12

curves, as primary anatomical location data,

347–348

further reduction, to single vectors, 3.43,

328

see also landmarks; semilandmarks

D

dance, see Sparling

Darwin, C., 64, 140, 215, 279

Daumier, H., 337, 5.12

da Vinci, L., 335, 5.10, 5.83

data

centered, 268

display, tables vs. scatterplots, 90, 2.27, 2.28

good, 9

ignoring the middle third, in regression, see

under Tukey

morphometric, 322–361; see also landmarks

multiple scatterplots, 2.31

Pearson’s card for, 2.26

data matrix, as input to a singular-value

decomposition, 270

decomposition, singular-value, see

singular-value decomposition

deflation, 14, 477–479, 5.93–5.95

examples of, 5.96

suggest individualized reporting, 477

formula for, 478

of the Mardia–Dryden distribution, 475–479

self-similarity of, see self-similarity

thin-plate splines, 429, 5.96

deformable template, examples, 2.41, 5.3,

5.59, 5.101

conventions of this graphic, 328

deformation, see thin-plate spline

density

of a baby, 167

units appropriate for, 167–168

dependencies, linear, see bell curve,

milestone 3

derivatives, a mathematical tool, 3

second derivative, finite approximation to,

79

determinant of a matrix

in regression analysis, 48, 151, 268

rules for, 268

as product of eigenvalues, 259, 268

diameter

as a registration, 5.82

as a size measurement, 109

difference, variance of a, 49

differences, of covariance structure, 3.42–3.44,

3.50–3.52; see quadratic

discriminant analysis

diffusion, 13, 79–80, 131, 134

linearized plot against
√

time, 2.50

discriminant function analysis, see multiple

regression, linear discriminant

analysis; quadratic discriminant

analysis

disorder, Gaussian distribution as maximizer

of, 25, 60

and the Wishart distribution, 302

of a random walk, 126

see also bell curve, milestone 5

dissimilarity, see Procrustes distance

distances

rarely have meaning one at a time, 264

across a triangle of landmarks, see circle

construction

among Vilmann’s landmarks, 23–124,

2.43–2.44

logarithms of, 274–276, 4.7, 4.8

orthogonal pairs, 358, 3.31; see also tensor

algebra

ratios of interlandmark distances,

inefficiency of, 381–383, 5.35–5.36

transects, ratios of, see tensor algebra

distributions

binomial, see bell curve, milestone 1

chi, 131, 2.49
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χ2, chisquare, 109, 294–295, 297, 4.16; see

under distributions, Wishart

Gaussian

formulas for, 213, 247

ignorance, optimizing, 408;see also

entropy

offset isotropic Gaussian landmark

distribution, 5.37

relation to linear discriminant analysis,

208–215, 3.33–3.35

relation to maximum likelihood, 25

see also bell curve

Mardia–Dryden, see Mardia–Dryden

distribution

multivariate Gaussian, 247

Poisson, 60n7

Wishart, see Wishart distribution

Domjanić, J., xv; see also examples, Domjanić

double counting, of effects in multiple

regression, see multiple regressions,

correction

Dryden, I. L., 14, 15

see also Mardia–Dryden distribution

dummy variable, 183

Dürer, A., 336, 5.11

E

ecological fallacy, 192–194, 3.16, 3.22

ecological regression, 3.17

variances and covariances in, 179

econometrics, 138

Edgeworth, F. Y., 52–53

EDMA, see Euclidean distance matrix analysis

Edwards, W., xvi

effects, see multiple regression, effects

efficiency, 105, 105n11, 211; see also

Euclidean distance matrix analysis

eigenanalysis, of a matrix, 16, 20

formula, 268

of the inverse of a covariance matrix, 260

origin of the name, 259n4

of a covariance matrix, 250–253; see also

principal component analysis

eigenvalues

variance of, in very large samples, 271

first vs. second, for a single-factor

covariance structure, 310, 4.18

when to stop, 295, 393

see also principal components analysis

eigenvectors, variation of, in a simple

covariance structure, 4.19

formula for elementwise variability, in very

large samples, 271

see also principal components analysis

Einstein, A., 128

elephant, 188, 3.20c

ellipses, 3, 19, 25

axes as eigenvectors, 260, 4.2

as belt of a bell surface, 210–211, 3.35

as affine transformation of a circle, 210,

3.34

the corresponding likelihood ratio test,

292–294, 4.13

equation of, 84

roles in a quadratic discriminant analysis,

224, 3.42, 3.44

graphic for regression of Gaussians, 80–85,

2.21–2.24

vertical tangents of, see under regression,

simple linear

ellipsoidal hypercylinder (geometry of

semilandmarks), 445

Elsasser, W., 38, 113

eminence, inheritance of, regresses to the

mean, 85

encephalization quotient, 184–186, 3.20a, 188

energy, bending, see bending energy

entropy, 5, 75

see also coins, and entropy

EQ, see encephalization quotient

errors

in equations, 45, 106

minimized in mean square by simple

linear regression, 46–47

see also residuals

in measurements, 43

zero, for deductions from exact theory, 57

Euclidean distance matrix analysis (EDMA),

2.44, 5.21

statistical efficiency of, versus two-point

shape coordinates, 381–383,

5.35–5.36

eugenics, Pearson’s unfortunate views of, 90,

94–96

examples

Berkeley Guidance Study, 114–121,

2.37–2.40, 194–197, 3.23–3.26,

198–200, 3.27; see also website

birthweight, 139, 166–173, 3.12–3.15; see

also website

Broadbent-Bolton “ideals,” 471–472, 5.90
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examples (cont.)

Bumpus’s sparrow data, 139; see also

website

all adult males, 215–221, 3.36–3.40,

234–235, 3.50–3.51, 276–279, 4.9,

4.10

second PC predicts survival well, 278,

4.10

surviving adult males only, 140–153,

3.1–3.9

Domjanić’s female footprint data, 454–456,

5.82; see also website

fetal alcohol damage to the human brain

in adults, 226–230, 3.43–3.44, 463–464,

5.84; see also website

in infants, 230–234, 3.46–3.49; see also

website

Galton’s data on midparent-offspring

heights, 71–72, 2.17

Gunz’s anthropoid calvarial data, 5.3,

379–381, 5.34, 393–395, 5.43,

5.74–5.76, 5.78–5.80, 464–469,

5.87, 5.88; see also website

Herculano-Houzel’s neuronal data,

188–190, 3.20c; see also website

Khambay’s human smile data, 485–488,

5.101

Marcus’s mammalian cranial data, 419–421,

5.59–5.60; see also website

passive smoking (environmental tobacco

smoke), 139, 3.11, 160–162

Pearson’s data on extents in families, 89–95,

2.26–2.30, 248

Tetrahymena, 41, 109–111, 2.36, 180–184,

3.18–3.19; see also website

United States deathrate data, see under

Gompertz

Vilmann’s rodent data, 7, 121–124,

2.41–2.44, 200–202, 205, 3.28, 3.29,

3.31, 274–276, 4.7, 4.8, 311–313,

4.20–4.22 354–359, 5.21–5.22,

375–378, 5.29–5.33, 396, 5.44, 5.56,

5.77, 5.92, 5.97–5.100, 475,

481–482, 484–485; see also website

in earlier publications, 121–122

Visible Female (NIH), 328–329, 5.6

Weber-Bookstein skull data, 313–316,

4.23–4.24

West’s data set of allometric coefficients,

57–58, 2.8

Wright’s leghorn chicken data, 55–56, 2.7,

96–97, 2.31; see also website

experimental design, good, vs. simple

regression, 41

explanation

in growth studies, 198

the Mardia–Dryden distribution does not

conduce to, 429, 5.63

role of matrix analysis in, 261–262

types of, 138

see also arithmetic to understanding;

variance, “explained”

external studentizing, 111

F

face recognition, 5.7, 5.8

facial muscles, human, see examples,

Khambay

Facial Action Coding, see examples, Khambay

factor analysis, 102–103, 484–485, 5.100

in GMM, see BE–PwV plots, residuals of

preferred to PCA, 306–307

replacing independence hypothesis, 113

FAE, FAS, FASD, see under examples, fetal

alcohol

failed analyses

of an “adjustment,” 197

of a log transform, 172

false killer whale, 188

families, British, Pearson’s data on, see

examples, Pearson

Felsenstein, J., xv, xvii, 421

femur length

in leghorn chickens, 97–98, 2.31

in Bumpus’s surviving male sparrows,

141–153, 3.1–3.8

second-best predictor of snowstorm

survival, 216-218, 3.37

fetal alcohol damage to the human brain, see

examples, fetal alcohol

Fieder, M., xv

fish, brain weight in, see allometry, brain

weight

Fisher, Sir R. A., 14, 140, 205, 296, 4.15, 299

Flockhart, C., 5.8

folding, incompatible with GMM, 338

fontanelle, aperture for imaging the infant

brain, 230, 3.46

form space, see under Procrustes analysis

formulas, important

bell curve, 39, 59

correlation, 88, 97, 100

covariance, 49
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deflation of a shape coordinate distribution,

478

linear regression coefficient, 49

matrix inversion, 257

thin-plate spline, 426

Fornai, C., xv

Foundational Model of Anatomy, 343–344

Fourier analysis, 432

Frankfurt Horizontal, 352n2

Freedman, D., 15, 55, 140, 159

function spaces, a tool of morphometrics, 3

G

Galton, Sir F., 5, 59, 64–72, 2.11, 2.12, 2.13,

2.17, 90

Generalized Procrustes Analysis, see under

Procrustes analysis

genome, not integrated in this book’s sense, 17

geodesic question, 463

geometric morphometrics (GMM), 249, 320,

322–489

as the best biometric context for matrix

analyses, 252, 254

as the best biometric context for PCO, 287

as the best biometric context for PLS, 287

three central criteria of, 333–334

goal of, 322, 448–449, 491–493

history, 425; see also morphometrics,

history

limits of, 337–339, 5.13–5.15

and Martin’s dual methodology, 361–362

numerical inference in biology, a special

version of, 324

paleolithic origins, 326, 5.9

analysis of parallelograms by tensors, see

tensor algebra

as a rhetoric for patterns of covariance

among locations, 251

D’Arcy Thompson did not launch GMM,

359–361

analysis of triangles by Euclidean geometry,

see circle construction

geometry and biology, 322, 359; see

arithmetic to understanding;

geometric morphometrics

gestational age, in the birthweight example,

169

GMM, see geometric morphometrics

Gompertz law of mortality, 191–192, 3.21

Gorjanoviċ-Kramberger, K., anthropometric

study of “Homo primigenius,”

354–356, 5.19, 5.20, 491

Gorilla, vs. Homo, role of the GPA average

shape, 5.60

Gosset, W. S., 108

Gower, J., 21, 287

GPA, see Procrustes analysis, generalized

graphs, design of, 116–121, 2.36–2.40

for multiple regressions, axes vs. printed

values, 141, 3.1

Grammer, K., xv

Greek letters

α, alpha, mean square of the horizontal

shape coordinate, 409

β, beta, regression coefficient, 151

γ , gamma, ratio of variable count to sample

size, 308; also, mean square of the

vertical shape coordinate, 409

�, upper-case Delta

ε, epsilon, error in a measurement

η, eta, error in an equation

μ, mu, a mean or average

π , pi, 3.14159...

φ, phi

�, stretched upper-case Pi, “product”

σ , sigma, standard deviation (if one

subscript) or covariance (if two)

�, upper-case sigma, sum

�, upper-case omega, joint probability

Green, W. D. K., xvii, 15, 329, 458

groups

complicate interpretation of correlations,

see ecological fallacy

complicate interpretation of principal

component analysis, 262–263, 4.3

see also multiple regression, analysis of

covariance

growth gradients, see Procrustes analysis,

growth gradients

growth studies, 19, 20, 25, 114–125,

2.37–2.44, 198–208, 3.28–3.32

as analyzed by simple versions of multiple

regression, 198

explicit graphs of, 2.37, 2.38, 2.42,

2.43

age as a subscript rather than a variable,

198

Gunz., P., xv, xvi, 491; see also examples,

Gunz

Guttman, L., 16

www.cambridge.org/9781107190948
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-19094-8 — A Course in Morphometrics for Biologists
Fred L. Bookstein
Index
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

514 Index

H

hafting zone, 453

Hallgrimsson, B., xvi

hat matrix, for a line fit, 105–109, 2.35, 175

formula

for the matrix, 106, 158

for individual residual variances, 107

hazard rate, see Gompertz law

heart attacks, and passive smoking, 160–161

head size, of a baby, 67–68

height data

of growing children, see examples,

Berkeley

of parents and grown children, Pearson’s

data, 2.17, 2.27, 2.28

Hellung-Larsen, P., xiv

heterochrony, 262

hindbrain size, in humans, 467–469, 5.88

Hogben, L., 15, 70

homeostasis, alternative to causality, 111

Homo sapiens

brain size in, 184–190, 3.20a,b,c

vs. Gorilla, in a mis-centered skull GPA,

5.60

skull form in, 5.3, 5.74; see also examples,

Gunz

homology, as one source of morphometrics, 2,

2.41

“human advantage,” see examples,

Herculano-Houzel

humerus length, in leghorn chickens, 2.7

Huxley, J., 42, 480

law of relative growth, 42

hyperbola, as graphic in quadratic

discriminant analysis, 224–225,

3.42, 3.45; see also examples, fetal

alcohol damage, adults

hypothesis

accounting for Bumpus’s data, 218–219,

221

underlying discriminant analysis, 209

null, see null hypothesis

I

“ideal” form, in report of a quadratic

discrimination, 2.33, 3.49

income, a poor choice of variable, 38

increments, of a random walk, 126, 2.49

Brownian modeling of, see examples,

Perrin; phylogeny

unavailable, for fossil data, 127

index, biomechanical, 264

indifference, locus of, 209, 218–220, 223

individuality, of variables, 259

inflection points of a bell curve, see under bell

curve, shoulders of

information matrix, 4, 8, 14, 17, 20, 247–249,

256

for a bivariate Gaussian, 247

formula element by element, 248–249

homogeneity of sample required for, 256

not measureable on an individual specimen,

256

not meaningful unless sample is

homogeneous, 256

heterogeneous parameterization of, 256

integers, desirable in reports of regression

coefficients, 111

see also allometry, brain weight; examples,

West

integration

morphological (correlated extents), 6, 474

in GMM, 474–475, 480–482, 5.97–5.100

5.77

slope steeper than −1 in a BE–PwV plot,

475

study purpose is description, not testing,

479–480

in the Vilmann data set

as a two-dimensional uniform term plus a

growth gradient plus a focal partial

warp, 5.99

as a two-dimensional uniform term plus a

growth gradient plus three other

factors, 5.100

see also Procrustes analysis, growth

gradients

interaction term, in an analysis of covariance,

181–183, 3.18

intercept

of a simple regression, 2.3

in analysis of covariance, 181, 3.18–3.19

typically less interesting than slope, 45

when to ignore, 169

interocular trauma test, 487

intuition not to be trusted, in a context of

quadratic discrimination, 240

inverse square-root law

for precision of a mean, 32

for falloff of binomial coefficients, 62

invalidity, for phylogenetic applications,

134
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invariances, of shape variables, 397–398

inversion

of a covariance matrix, 16, 20, 252, 4.2,

254–259

avoid, for shape coordinates, 402n5

formula, for inverse of a 2 × 2 matrix, 107

of an information matrix, 247–249

IQ scores, printed over a morphometric PLS,

5.86

isometric growth, 124

J

J-matrix, 374, 402n5, 408–411, 414, 418, 437,

467, 474, 480

formula for, 409

mean shape, dependence on, 414

and partial warps, 433

for quadratic trends, 480

residuals from, variance of, 417

and the uniform component, 433

Jacobian, of the Wishart distribution, 301

James, W., v

Jerison, H., 184–186, 3.20a

jittering (a graphical trick), 4.17

K

Katina, S., 14, 15

Kelvin, Lord (Sir William Thompson), v

Kelly, K., xvi

Kendall, D., 15, 17

Kent, J. T., xvi

kernel, of thin-plate spline, 431; see also

thin-plate spline, quadratic

kinematical interpretation of a sum of squares,

27, 54

Kleiber, M., 186

Klein, F., 26n1

Klingenberg, C., 14, 15

Konrad Lorenz Institute (KLI), xv-xvi

Kowell, A., xvi

L

lagged direct effect, 199

landmark, 6, 20

for the baby brain data set, 3.46

no causality presumed, 327

typically lie upon one or more well-defined

curves, 328

raw data format in GMM, 327

must lie on anatomical boundaries, 338,

446

must be designed as a whole

configuration, 351

as endpoints of measurements, see

anthropometrics, Martin’s

for the Gunz data set, 5.3

for the Marcus data set, 5.60

as point locations, see geometric

morphometrics

single, rarely has meaning, 264

for the Vilmann data set, 2.41

see also semilandmarks; deformable

template

Laplace, P., 35

see also likelihood, Principle of Maximum

latent variable

in Partial Least Squares, 284–286, 4.12

in multiple regression, 166–167

law, treated as an exact linear regression, 42

independence of arbitrary choices, 43

least squares, a tool of morphometrics, 3, 8,

265

averages as, 26–29

in geodesy, 137–138

versus multivariate analysis, 250, 251

and the singular-value decomposition, 266

see also multiple regression, three

interpretations of

Leeds Applied Statistics Workshops (LASR),

xvi

leg girth, see examples, Berkeley

life, 22

life tables, 191, 3.21

likelihood

of the arithmetical average, 35–38

of the bivariate Gaussian, 292–294

of the multivariate Gaussian, 247

Principle of Maximum Likelihood

(Laplace), 35, 70, 209

for telling a circle from an ellipse,

292–294, 4.13

likelihood ratio

affine transformations, invariance under,

209–211, 3.34, 214–215

and linear discriminant analysis, 208–213,

3.33–3.35

and quadratic discriminant analysis,

222–226

limb lengths

in leghorn chickens, Wright’s study of,

96–97, 2.31
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limb lengths (cont.)

in British families, Pearson’s study of,

89–96, 2.26–2.30

limits, a mathematical tool, 3

line, straight

as graphical model of simple regression,

2.12, 71

hidden in the Gompertz model, see

Gompertz law

as isolines of ratios, in a log-log plot, 118,

2.40

and linear discriminant loglikelihood, 209,

3.33–3.34, 218. 3.39

as prototype of a physical law, 18–19,

39–49, 2.3, 2.6

linear discriminant analysis, see under

multiple regression

linear modeling, see regression

linearity

of regressions, see regressions, simple

linear, class means

of the thin-plate spline, in the landmark

coordinates or shape coordinates,

427

livers, human, variability of, 5.14

lm, author’s preferred software for linear

modeling, 147

handles analysis of covariance, 180–183

loadings and scores, in PCA, 270

localization, of a shape features, see bending

energy; partial warps

locus of indifference, 209

formula in a quadratic discriminant analysis

when two groups have the same

centroid, 226

loglikelihood

in linear discriminant analysis, 208, 226

bounds in quadratic discriminant analysis,

224

coefficient of variation of, 229–230

for a single predictor, 223

for multiple predictors, 225

log-log transformations, of scatterplots, 110,

2.36, 116, 2.39–2.40

when not to use, 170

longitudinal analysis, history of, in America,

114–115

see also growth studies

Lotka-Volterra equations, 132

LV, see latent variable

M

machines, as the most trustworthy biometric

data sources, 43

MacLeod, N., xvi

Mahalanobis distance, 385

Mallows Cp, 174

mammals

brain weight in, see allometry, brain weight

skull form in, see examples, Marcus

Mandelbrot, B., 127

Marchenko-Pastur theorem, 308–309, 4.17

Mardia, K. V., xv, xvi, 15, 17, 490

Mardia–Dryden distribution, 14, 21, 5.38,

5.95–5.96; see also deflation

Martin, R., anthropologist, 15, 374, 489

anthropometrics of, see anthropometrics,

Martin’s

Martin, R. D., evolutionist, 185–187, 3.20b

match, between partial warps and facial

muscles, see example, Khambay

mathematical induction, example of, 31–32

mathematical notations

∼, “distributed as,” 55

≈, “approximately equal to,” 60

χ2
k

, the chisquare distribution on k degrees

of freedom (sum of k squared

standardized Gaussians), 109

χ distribution, square root of a chisquare,

131, 2.49

nCk , “enn choose kay,” number of ways of

choosing k items out of n, 61

. , “controlling for,” in report of a regression

coefficient, 150

≡, “defined as” or “reduces to,” 88

e, the base of natural logarithms, 2.71828

H, the centering matrix, 288

k!, “k factorial,” product of the integers 1

through k, 60

see also Stirling’s formula
−1, inverse (of a matrix), 107, 158, 4.2

| , “given,” the notation for conditional

distributions, 54

| · |, determinant (of a matrix), 297

|lm1 − lm2|, distance between two

landmarks, 206

J, projection matrix for shape coordinates,

see J-matrix

J, Jacobian of the Wishart change of

variables, 301∫
, the integral symbol

, overbar, meaning “average,” 52
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∂ ,“del,” the partial derivative operator, 47n6
′, “prime,” matrix transpose, 255

Q, bending energy matrix for the

semilandmark algorithm, 444

R, R2, multiple correlation and its square

alternatives for a multiple regression, 158

+, in an lm command, additive (linear)

term

*, in an lm command, interaction term

(two additive predictors along with

their product)

tr, trace (sum of diagonal entries of a

matrix), 297

UDV ′, singular-value decomposition, 266

X, data matrix, 255

X′X/n, covariance matrix, 255

mathematics, unreasonable effectiveness of, 5,

60n8

matrix algebra, role in morphometrics, 3, 12,

251–262

rotation matrix, 266

see also eigenvalues, eigenvectors,

eigenanalysis, inversion,

singular-value decomposition

maxilla, length of, in humans, 467–469, 5.88

Maxwell–Boltzmann distribution of gas

molecules, 5, 24, 75–77, 2.18

assumptions of, 76

mean square, see variance

mean

noncorrelation with variance, 246, 300

standard error of the, 32

measures

design of, 261; see also geometric

morphometrics

of extent, 6, 7, 8, 18

superseded by thin-plate spline, 323

individuality of, see under covariance

matrices, inversion

organizing, 250; see also geometric

morphometrics

arising from a sampling process, see

eigenanalysis, covariance matrix

of shape, see proportion; shape coordinates

measurement

indirect, linear regression as, 48

serial, see growth curves

Measuring and Reasoning (Bookstein 2014),

xiii, 11

Medawar, P., 360

memory, must be modeled as persistent, 113

meta-analysis, 160

microstructure, see under examples, West

midsagittal, plane up the middle of the

vertebrate skull, 327, 2.42, 5.3

mirroring plane, not needed in Procrustes

symmetry analysis, see symmetry,

bilateral

missing data, 122, 446

Mitteroecker, P., xv, xvii

models, choices among, 173–176

modularity, see integration; BE–PwV plots

morphogenesis, see semilandmarks

morphological integration, see integration,

morphological

morphometric synthesis, 16

morphometrics

future of, 491–493

geometric, see geometric morphometrics

history of, 12–18, 361–362, 489–490

pedagogy of, see pedagogy

range of, 1

as a praxis of selection of pattern

descriptors, 250

applications of simple linear regression in,

190

sources of, 2–7, 17–18

traditional, see anthropometrics, Martin

Moss, M., xvi, 121

motion, Brownian, see Brownian motion

Müller, G., xvi

multiple correlation, 147, 3.8

formula, 165

geometry, 166

multiple regression, 19–20, 137–240

added-variable plots, 19, 39, 173–177,

3.12–3.15, 3.24, 3.25, 3.27,

216–219, 3.37, 3.38

the basic manipulations (three simple

regressions), 163

proof, via the normal equations,

164–165

in the birthweight example, 172–173,

3.15

in the Bumpus sparrow example, 3.37,

3.38

combines path modeling with Version 2,

163

analysis of covariance, as an example of,

19–20, 177–198, 3.16–3.26

as a path model, 177–180, 3.16

fitted by lm software, 180–183
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multiple regression (cont.)

for area of a polygon, 205–207, 3.32

assumptions, 142, 3.4, 155–156, 161, 180

“ceteris paribus,” concealment by Latin,

143

relation to matrix inversion, 262

checking constancy of error variance, 3.8

checking linearity, 3.9

by proportionality across studies,

161–162

see also class means

hardly ever examined, 138–139

as correction for correlation of predictors,

148–153, 3.5–3.6

correlation of dependent variable with its

prediction, 3.8; see also multiple

correlation

upon interlandmark distances, 205–207,

3.32

effects

direct, 145, 149, 3.5, 154, 3.10

difference of, 207

as topic of the passive smoking

research, 160

in computer printouts, 147

in an ecological regression, 179–180,

3.17, 3.22

indirect, 149, 154, 3.10

lagged, 199

total, 145, 3.5, 154, 3.10

example, predicting birthweight, see

examples, birthweight

didactic, see examples, Bumpus’s,

surviving adult males only

Freedman’s four-point scale, 159

applied to growth studies, 198–208,

3.27–3.32

goal, in biology (to match over multiple

studies), 138

in growth analyses, 198–208, 3.27–3.32; see

under growth

interaction term, 183

three interpretations of, 19, 158–159

counterfactual, 144–153, 3.5–3.9

causation in, 152

purpose of, 151–152

Wright’s path model, 153–157, 3.10–3.11

assumption, 155, 161

causation in, 155–156, 169–170

role of meta-analysis in, 160

purpose of, 155

least-squares prediction, 157–158

inappropriately selected, see examples,

birthweight

latent variable, as interpretation of the

prediction, 166–167

linear discriminant analysis, 20, 208–222,

3.31–3.40

assumptions, 212

confirmation of adding a predictor, 221,

3.40

invariant under affine transformations,

210, 3.34

as a nonsensical multiple regression,

212–215

not a path analysis, 219

versus principal component analysis,

276–279, 4.9–4.10

not equivalent to any projection, 211

models, 140, 3.4

good, what they do, 172–173

path analysis, see under three interpretations

above

pooled regression line, 196–197, 3.26

misleading, see ecological fallacy

slopes, common, 181–184, 3.18

units of the slopes, 167–168

can sometimes be self-evidently

unnecessary, 172

Version 1, predictors correlated, 141, 3.2

Version 2, predictors uncorrelated, 141,

3.3

see also regression, simple linear

multivariate analysis, 241–321

centrality of, for complex organized

systems, 249–251

extension of analysis of averages, 38–39

list of measurements in, 261

logic of, 20,

multivariate Gaussian distribution, formulas

for, 247

reduced to univariate, in the fetal alcohol

infant study, 3.48

see also covariance structure, information

matrix, principal components

analysis, principal coordinates

analysis, Partial Least Squares,

eigenanalysis, relative eigenanalysis,

singular-value decomposition,

Wishart distribution, inversion of a

covariance matrix
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N

natural kinds, 9

natural selection, as a hypothesis, 215,

218–219

neurons, counts of, see examples,

Herculano-Houzel

Nobel Prize, 128–129

noise, 9, 22

bivariate Gaussian

class means, theorems regarding, 90–91

information matrix, see under

information matrix

responsible for regression to the mean, 85

see also significance testing; null hypothesis

noncorrelation

within groups, and linear discriminant

analysis, 3.34

of predictors, see multiple regression,

Version 2; multiple regression,

added-variable plots

of principal component scores (principal

coordinates), 259

nonsense, of the regression in a linear

discriminant analysis, 212–215

normal equations

for simple regression, 47

for multiple regression, 151, 154, 157–158

solving, by determinants, 151

normal human variants, 490

null hypothesis, 9, 21

inappropriate for studies of integration,

479–480

irrelevance for biological applications of

regression, 41, 190

test, in regression output, 147

numerical inference, in biology, 324

O

obstetrics, see examples, birthweight

ogive, see cumulative Gaussian

O’Higgins, P., xvi, 15

online resource, see website

ontology, computer, 343–344

optical flow, 413

optimism, in model-fitting, 173–176

assumptions of, 175

corrected likelihood, formula for, 174; see

also Akaike

example, using the sparrow data, 176, 3.39,

3.51

Ornstein-Uhlenbeck process, 132, 2.51

orthogonality, 146, 259

and explanations, 262

of the principal warps, 432

of singular vectors and principal component

loadings, 286

“other things being equal,” see multiple

regression, assumptions

outer product, of two vectors, 284

outer thirds, Tukey’s regression

approximation, 103–105

outliers, on a scatterplot, 3.38, 5.60

Oxnard, C. E., 327

P

parable of the broken compass, 159

parabola

and quadratic discriminant analysis

with one predictor, 222-224, 3.41

with two predictors, 225, 3.42

and the geometry of simple linear

regression, 2.4

limit of the log of binomial coefficients, 62,

2.10

paradox, of quadratic discrimination,

235–240, 3.52

parallel lines

in quadratic discriminant analyses, 224-225,

3.51

see also affine transformations

parameter, 36n3

partial correlation, formula for, 165

and the inverse of a correlation matrix, 258

and the Vilmann data, 205

Partial Least Squares, 265, 279–287,

4.11–4.12

of a shape against outside information,

463–464, 5.86

of a shape against another shape, 464–467,

5.87

versus the first relative warp, 466, 5.87

improving the analysis by a-priori

biological knowledge, 467–469,

5.88

as an SVD of a crosscovariance structure,

279–280

assumptions, 280–282, 284, 287

for more than two blocks, see under

structural equations modeling

figure of merit, 280

latent variables, properties of, 284–286
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Partial Least Squares (cont.)

least-squares interpretation of causation,

280–284, 4.12

rotation, invariance under, 282

partial warps, 431–435, 5.64–5.65, 458–463,

5.84–5.85

of an arbitrary heptagon, 434–435, 5.66

of the Khambay smile data set, 5.101

plotting, to a common scale, 5.84–5.85,

5.101

of various quadrilaterals, 434, 5.65

of a quincunx, 429, 5.62, 434, 5.66

of a square, 427, 5.62, 433–434, 5.64, 5.95

as a rotation of the Procrustes shape

coordinates, 478–479

including the uniform term, 5.84–5.85

of the Vilmann data set, 458, 463, 5.84–5.85

passive smoking (example), in nonsmoking

wives of smokers

and heart attacks, 156, 3.11, 160–161

and lung cancer, 161–162

paths, on a quincunx, see quincunx; causal

chains

path coefficients, 6, 13

see also multiple regression, three

interpretations of, Wright’s

pattern analyses, good, 8

should concern only one phenomenon, 11

profiles vs. extrema, 250

Paulos, J. A., v

PCA, see principal components analysis

PCO, see principal coordinates analysis

Pearson, K., xiv, 13, 14, 17, 24, 25, 38–39, 46,

56, 85, 89–96, 2.26–2.30, 159, 205

pedagogy

of biometrics, 16

of morphometrics, xiii-xiv

the three roles of theorems, 13–14

of the Wishart distribution, 299–302

Penseur, Le, see Thinker

permutation testing, 133, 480

Perrin, J., 128

Perron-Frobenius theorem, 261

persistence

in growth studies, 198–208

of signals in good biological studies, 113

of individual differences, 114

phylogeny, 19, 132–136, 2.52

contrasts, 135, 2.52, 421, 5.60

square root of time, 134, 421n7, 5.60

plane, flat

as graphical model of multiple regression,

3.4, 159

platelet aggregation, and passive smoking, 160

Plato, 9

PLS, see Partial Least Squares

power law, 110; see also allometry, brain

weight

precision, of averages, 29–33

for frequency of heads in coin flips, 32

precision matrix, 258

predictor, one more, see multiple regression,

added-variable plots

primates, brain weight in, see allometry, brain

weight

principal components, principal component

analysis, 7, 20, 98n10, 265,

269–279, 4.4–4.10

allometry as PC1 in Procrustes form space,

312–317, 4.20–4.24

as an application of the SVD, 269

approximation by regression

for highly disparate variances, 99, 2.32

for very high correlation, 186n3

deprecated in comparison with factors,

306–307, 312

equality of a consecutive pair, 295–296,

4.14

error variances of eigenvalues and

eigenvectors, 270, 4.6, 273–274

in form space, for studies of allometry,

311-317, 4.20–4.24

no published history of, 269

homogeneity of sample required for,

262–263, 4.3

as an intrinsic characterization, 279

loadings, as elements of V , 270

relation to principal coordinates, 289

scores, as elements of U, 270

sphericity (equality of all eigenvalues), 294

versus SVD, 276–279, 4.9, 4.10

principal coordinates, principal coordinates

analysis, 20, 21, 265, 287–290, 326

formula for, 288

relation to principal components, 289

principal warps, 431–435, 5.64–5.65

functions of the mean shape only, 432

orthogonality of, 432

see also BE–PwV plots
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probability theory, one source of

morphometrics, 3; see also bell

curve, Wishart distribution

probable error, 28

Procrustes analysis, 384–424, 5.37–5.61

average shape, see generalized Procrustes

analysis

critique of, 385, 415–424, 5.57–5.61; see

also self-similarity

growth gradients in, 5.90, 480–482,

5.97–5.99

versus the first nonaffine relative warp,

5.98

in form space, 99, 311–317, 4.20–4.24, 326,

394–396, 5.43, 5.44

and the J-matrix, 411

generalized Procrustes analysis (GPA),

Gower’s algorithm, 21, 326,

399–401, 5.45–5.46

Procrustes distance, 21, 385–396, 5.37–5.44

as an improbability, 385–386, 5.37–5.38

construction of, 388–389, 5.42

exaggeration of, by a badly centered

GPA, 418, 5.58; see also examples,

Marcus

geometry of, 385, 5.37–5.38

ignorance, as one important justification

for, 407–408

inapplicable, in the presence of

integration, 480

principal coordinates of, 390–396, 5.43,

5.44

examples, 5.49

match shape coordinates’ relative warp

scores, 401–402

Procrustes shape coordinates, 326,

397–424, 5.45–5.61

and allometry, 407, 5.53–5.54

and covariance distance, 414–415, 5.56

deflated, 5.95; see deflation

examples of, 3.47, 5.47, 5.51

subgroup averages of, 5.48

generated at the last stage of a GPA, 401,

5.46

inverting covariance matrices of, don’t,

402n5

landmark by landmark, do not interpret,

5.55, 5.57

problems with, of spacing and of

allometry, 417, 5.57

rank of, 402n5, 5.56

reconstruct the Procrustes distances, 401

regressions of, 5.53

span nearly every conventional shape

variable, 401

symmetrizing, as reflection in Procrustes

geometry, 472–474, 5.91

see also thin-plate spline

principal components of, see relative warps

Procrustes superposition

approximate formulas for, in two

dimensions, 409, 411

problems of, 391, 415–424, 5.57–5.61

as a complex regression, 411

spherical symmetry, violations of, as the key

to GMM findings, 391–393

role in generating morphometric variables,

384–385

projection, of size measures into Procrustes

shape space, 467–468, 5.88;see also

J-matrix

propensity, of heads for a fair coin, 30

proportion, measures of, 6

Prossinger, H., xv

Pseudorca, 188

PW, see partial warps

PwV, see BE–PwV plot

Q

quadratic discriminant analysis, 5, 20,

222–240, 3.41–3.52

examples, see examples, fetal alcohol;

examples, Bumpus, adult males

for a single predictor, 222–224, 3.41

shapes of the locus of indifference,

223

formula, when the two groups have the

same centroid, 226

more necessary as count of classifiers rises,

222

for grossly unequal covariance matrices,

235–240, 3.52

for slightly unequal covariance matrices,

222, 234–235, 3.50–3.51

quadratic form (algebra), 3

quadratic thin-plate spline, see under

thin-plate spline, quadratic

quantification

exact sciences, role in, 23

readings on, 11

role of, in science, 24, 42
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quincunx, Galton’s, 5, 19, 25, 64–72, 200, 283

our intuition limited by familiarity with

gravity, 140

journeys on the, 100–103, 2.33

modified for correlations, 86–88, 2.25

modified for random walk, 124, 2.45

as the template for a thin-plate spline,

427–428, 5.62

variance row by row, 64–65

see also bell curve, milestone 2

R

random sampling, effect on design of

biometric studies, 112–113

and matrix inversion, 252–253, 255n1

sample size limitations, 153n1

in GMM, vis-á-vis textbook formulas,

308–309

suspicion of sample sequencing, 170

random walk, 13, 19, 25, 124–132, 2.45–2.51,

414

examples of, 2.46, 2.48, 2.49

extremes of, as unsuitable for linear

modeling, 127

as rotation of a quincunx, 2.45

misperceived by humans, 126, 2.46

verification methods, for, 129–131, 2.49,

2.50

in the Vilmann study, not apparent, 201

randomness giving rise to straight lines, see

bell curve, milestone 3

rank, of a covariance matrix, 266

irrelevance, in Partial Least Squares, 465

outer product, as a rank-1 matrix, 284

Rao, C. R., 138, 490

Rasch, G., 16

rates of growth, as ratios, 2.44

reductionism, see examples, West

reflected relabeling, in bilateral symmetry

analysis, 470–473, 5.89, 5.91

regression, simple linear, 8, 10, 17, 40–55,

2.3, 2.5

class means, importance of, 90–91, 2.28,

2.29

coefficients, units of, 40–41

computing both, 46, 2.7, 110, 2.28, 2.36,

150–151, 3.7

on the modified quincunx, 87–88, 2.25

Edgeworth’s interpretation of, 52–53, 2.6

examples, 55–59, 2.7, 2.8

geometry of, 80–85, 2.21–2.24

by hand, from the approximating ellipse, 84

as indirect measurement, 48

as a least squares computation, 41–48

major-axis version, 186n3

maximum-likelihood, conditions for, 46

to the mean, see regression to the mean

more than one at a time, see multiple

regression, analysis of covariance

most meaningful when correlations are very

high, 41

when the correlation is near 1.0, 46

misleading, in the presence of groups, see

ecological fallacy

morphometric applications of, 190

Planck’s constant h as an example, 40

on the quincunx, see bell curve, milestone 3

slope, standard error of, 54, 183, 219

tangent to ellipses

at intercepts of a linear regression, 82–84,

2.22–2.24

in linear discriminant analysis, 210, 3.34

testing of theories, role in, 23

requires control of most other sources of

variation, 44

Tukey’s pencil-and-scatterplot

approximation, 103–105, 2.34

variables, choice of, see examples,

birthweight; examples,

Herculano-Houzel

as a weighted average, 41, 52–53, 2.6

why biologists compute them, 40–42

wrong, see ecological fallacy

see also multiple regression

regression to the mean, 80–85, 2.23, 2.24

irrelevance of causal considerations, 85

on the modified quincunx, 87–89, 2.25

ubiquitous feature of a random walk when

analyzed wrong, 127

regression, multiple, see multiple regression

relative eigenanalysis, 317–320, 4.25

assumptions, 318

in the fetal alcohol infant brain study,

232–233, 3.49

see also covariance distance

relative warps (principal components of

Procrustes shape coordinates)

count of, 295

in covariance distance ordinations,

414–415, 5.56

examples, 402–404, 5.49–5.50, 5.52, 5.60
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match principal coordinates of Procrustes

distance, 401–402

reptiles, brain weight in, see allometry, brain

weight

residuals

see also hat matrix

as regression errors, 46, 141

as one explanandum of the simple

regression analysis of organisms,

190

formulas for, after log transformation, 118;

see also encephalization quotient

studentized, 108

resource, online, see website

reversion, 2.12; see also bell curve, milestone

3

Reyment, R. A., 12, 262n7

Rodham, H., 115n13

Rodin, A., see Thinker

Rohlf, F. J., 15

Rosse, C., 343

rotation

in the singular-value decomposition

formula, 266

sum-and-difference, 98

see also partial warps; factor analysis

rounding, of computational findings, 111, 231,

3.48

RW, see relative warps

S

samples

random, of cases, see random samples

of variables, see covariance matrices,

eigenanalysis; geometric

morphometrics

scatterplots

required to detect the ecological fallacy, see

ecological fallacy

graphical enhancement of, 119, 2.40, 200,

3.28

can mislead, in growth curve analysis, 123,

2.43

versus tables, see data display

see also data display; regression, simple

linear, Tukey

Schaefer, K., xv

Schaie, W., 115

Schoenemann, P., 188

Secher, N. J., xiv

Seidler, H., xv, xvi

selection, directional, in Bumpus’s data, 215,

218–219, 3.39

self-similarity (slope −1 in a BE–PwV plot)

of the deflated Mardia–Dryden distribution,

14, 476–479, 5.95, 5.96; see also

deflation

approximate, of a recursive hierarchical

warping model, 387–388, 5.39–5.41

semilandmarks, 6, 14, 439–447, 5.71–5.73

bridge between GMM and morphogenesis

or biomechanics, 441

dimensions of the shape space of, 446

in three dimensions, two types of, 446

for the Domjanić data set, 454–456, 5.82

for the Gunz data set, 5.3, 440, 446–447,

5.71–5.73

information added by, 447

the sliding algorithm

formula, 440, 444

sliding one semilandmark at a time,

441–443, 5.72

sliding many at a time, 443–446

for visualization, 447

Senck, S., xv

shape

average, see Procrustes analysis,

generalized

geometry of, 397–399; see geometric

morphometrics

measures of, see anthropometrics, Martin’s;

shape coordinates

shape coordinates, 6, 5.55, 8

for the Gunz data set, 5.51

two-point (Bookstein) coordinates, 326,

371, 5.26–5.27

as complex numbers, 371, 5.27

applied to relative warps of the Domjanić

data set, 5.82

applied to the Gunz data set, 379–381,

5.34

and tensor algebra, see circle construction

applied to the Vilmann data set, 375–378,

5.29–5.33

Procrustes shape coordinates, 326; see

under Procrustes analysis

shape variables, invariances of, 397–398

shoulders, see under bell curve

sibling species, pitfalls of testing differences

of, 135

signature, of a quadratic form, 224n5; see

quadratic discriminant analysis
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significance testing, deprecated in this book, 9,

18, 21

misleading, for most interesting study

designs, 21

inappropriate, in studies of integration,

479–480

simulations

of a single-factor multivariate Gaussian,

307–308, 4.17

of Fisher’s z, 3.30

of Galton’s quincunx, see bell curve,

milestone 2

of a bivariate Gaussian distribution, 80–82,

2.21, 271–274, 4.5, 4.6

of the hat matrix, 108–109, 2.35

of a multiple regression, 3.8

of principal components, 4.5–4.6

of random walks, 2.46, 2.48, 2.49

of uncorrelated Gaussians, 4.13, 307–309,

4.17

singular-value decomposition, 8, 20, 264–290,

4.3–4.12, 320

homogeneity of sample required for,

262–263, 4.3

and Partial Least Squares, see Partial Least

Squares

partial sums are least-squares, 266, 4.4

principal components analysis, see principal

components analysis

principal coordinates analysis, see principal

coordinates analysis

the singular-value theorem, 265–269, 4.4

singular values, 266

sum of squares of, 268

singular vectors, 266; see also biplots

of a symmetric matrix, 270, 287

supplies the analysis of a uniform

transformation, see tensor algebra

size

confounding factor in shape analysis, 57

predicting, 118, 121

see also Centroid Size

Skalak, R., 121

skepticism, 16, 39, 52, 139, 155, 169, 181,

215, 311, 365, 490–492

skull

human, facial and neural midsagittal

components, PLS of, 464–469,

5.87–5.88

length and width of, in chickens, see under

examples, Wright

midline landmarks on, see under examples,

Gunz; examples, Marcus; examples,

Vilmann

Slice, D., 14, 15

sliding, of one structure over another,

incompatible with GMM, 5.15

slopes

tentatively taken as constant, in growth

studies, 198

of vertebrate brain weight – body weight

allometry, 186, 190

smile, see examples, Khambay

Socrates, 9

software, 14–15; see also website

for covariance matrices, 257n3, 260n5

somatotypes, 115, 115n13

Sparling, P., 7, 458, 5.83

speedometers, 43n5

spinal cord, human, variability of, 5.15

spline, see thin-plate spline

stabilizing transformation, 205

standard deviation, 28, 2.1

graphing, 2.38

standard error of, 246

standard error, 17

of a correlation, 203

of Fisher’s z, 205

for two composites of Procrustes shape

coordinates, 469

of a mean, 32

of a regression intercept, 169

of a regression slope, 54, 147, 169, 171, 183

of a difference of slopes, 183–184

standard score, 86

standardizing of position, impossible for

babies, 322, 5.1

Statistics 423 (University of Washington), xiv,

xvi

steepest descent or ascent, directions of, 141,

3.2

Stirling’s formula, 60, 74

stomachs, human, variability of, 5.14

strain, see uniform transformations

Streissguth, A. P., xvi

strength, see examples, Berkeley

structural equation models, 254, 286

subtraction, not an appropriate metaphor for

grid comparisons, 5.2

sum, variance of a, 49

sum and difference, as a 45◦ rotation, 98

sum of squares, minimized by the average, 27
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survival

of Americans, see under Gompertz

of swallows, see under example, Bumpus

SVD, see singular-value decomposition

swallows, measures of extent in, see examples,

Bumpus

symmetry

bilateral, 469–471, 5.89

of the correlation formula, 46

of the multiple regression assumptions, 142,

3.4

excess, of the Procrustes approach, 415–424

synthesis, morphometric, see morphometric

synthesis

T

t-statistic, substitute for, 111n12

tables, see data display

tangents, vertical, to an ellipse, see regression,

simple linear

tensor algebra, 3, 362–367, 5.23–5.24

reinterpreting singular values as

distance-ratios, 363–364

extremal distances are at 90◦ in both forms,

365–367

the same as a PCA of any two adjacent edge

vectors, 365

three different explanations of the same

arithmetic, 365

and the prediction of area from landmark

distances, 205–207, 3.32

Terman, F., 114

tetrad criterion, 103

theorems, see pedagogy

thin-plate spline, 8, 14, 21, 326, 425–489,

5.62–5.101

for visualizing asymmetry, 471–472, 5.90

minimizes bending energy, 426; see

bending energy; semilandmarks

has the powerful cognitive property of

suggesting explanations, 361

lowered complexity of, vis-á-vis the original

image data, 322, 324

a conceptual novelty, 322–324, 5.2

crucial properties of, 426, 427

for data screening, 449, 5.74

for examining a shape regression, 451–453,

5.78–5.79

can look like the first relative warp, 454

for extrapolating a deformation, 5.76, 5.77

formula, 453

creases, of a relative warp, 453, 5.79

for visualizing a focal (small-scale) shape

feature, 5.99, 5.100

formulas for, 425–426

for visualizing a growth gradient, 5.97

a core graphic of geometric morphometrics,

2, 6, 448–488

grid, rotating, 5.75, 5.76

grid, superimposed over the original

imagery, 5.83

history of, 425

inverse of, 429, 5.62

for a data set without landmarks, 454–456,

5.82

pair to generate a deformation, 426, 5.62

for pairwise contrasts of specimens or

averages, 5.2, 449–450, 5.75–5.77

multiples, hinting at a BE–PwV plot, 5.77

for visualizing Partial Least Squares

analyses, see Partial Least Squares

partial warps of, see partial warps

quadratic, 472, 480, 5.90, 598

for visualizing a quadratic discrimination by

relative eigenanalysis, 3.49

for visualizing a relative warp analysis,

3.49, 453–456, 5.80–5.82

semilandmarks, see semilandmarks

unreality of, in GMM, 324, 429–431

Thinker, The, sculpture by Auguste Rodin, ii

Thompson, D’A. W., 359–361, 425, 487

unquantifiability of his method, 360

tibia length, in leghorn chickens, 96–97, 2.31

time scales, of serial measurements, 113–114

Torgerson, W., 287

total length, of Bumpus’s adult male sparrows,

141–153, 3.1–3.8

best single predictor of snowstorm survival,

216, 3.36

trace of a covariance matrix, the sum of its

diagonals, 259

equals the sum of its eigenvalues 259

training set, to provide covariances for a

discrimination task, 209

transformation grid, see thin-plate spline

truss triangulation, 5.69

Tuddenham, R. D., xiv

Tukey, J., 19, 54, 103

outer thirds, regression approximation,

103–105

2D-4D ratio, as a poor choice of variable, 38
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U

ulna length, in leghorn chickens, 2.7

ultrasound, prenatal, see example, birthweight;

example, fetal alcohol damage,

infants

umpire-bonus model, 70

understanding, see arithmetic to understanding

uniform transformations, 374–375

for the fetal alcohol infant data, 233, 3.49

analogue of strain, 13

and the J-matrix, 410

and the Khambay data set, 487–488, 5.101

for the Vilmann data, age 7 to 14 days,

376–377, 5.32, 436–438, 5.68–5.70,

5.84, 5.85

see also tensor algebra

units

in the birthweight example, 167–169

effect of changing, 169

of BMI, 118

in the prediction of log area, 207

of regression coefficients, 40–41

V

variables

in the derivation of the Wishart distribution,

300–302

count of, in morphometrics, 274n11

dummy, 183

grouping, 177

independent vs. dependent is an insecure

distinction, 22

origin of, 16

variance, 18, 27–28, 2.1

of count of heads in flip of n coins, 31–32

standardizing by modifying the quincunx,

86–88, 2.25

defined, 27

in an ecological regression, 179, 3.17

“explained” and “unexplained,” 88–89

in regression output, 147

role in quadratic discriminant analysis, 223,

3.41

role in regression, 24, 49

role in weighted averaging, 33, 2.2

standard error of, 246

of Tukey’s modified predictor, 105

variances of independent processes add, 31

variation, coefficient of, 116

of a loglikelihood ratio, 230

variation, excessive, incompatible with GMM,

338, 5.14

varimax rotation, see factor analysis

vector cross-product, 260, 260n6

Venus of Willendorf, 5.9

vermilion border, human, see examples,

Khambay

Vienna, University of, xiii, xiv

Vilmann, H., 121

rodent data, see under examples, Vilmann

viscera, usually incompatible with GMM, 338,

5.14

Vitruvian man, 459, 5.83

volumetric regression, 169

W

Waddington, C., 201

warps, see partial warps, relative warps

Washington, University of, xiv

Weber, G. W., xv, 15

website (http://www.cambridge

.org/9781107190948),

xi, 14–15, 21

see also examples

weight, of growing children, see examples,

Berkeley

weighted average, see averages, weighted

Weiner, J., 132

Weisberg, S., on regression, 10, 115

Weiss, P., 38, 490

Weldon, W. F. R., 93

West, G., allometric coefficient data set of, see

examples

Whittaker, E., v

Wigner, E., 60n8

Wilson, E. O., 22, 162

Windhager, S., xv, 472

wingspread, in Bumpus’s adult male sparrows,

141–153, 3.1–3.8

Winiwarter, V., xv

Wishart, J., 296, 298

Wishart distribution, xv, 4, 8, 12, 13, 14, 17,

20, 265, 270, 290–291, 296–317,

4.13–4.24, 320

analogue of the bell curve as a

representation of disorder, 291, 306

approximate formula, in terms of

eigenvalues, 304, 4.1

derivation of, 303–305

formula, 296

sketch of a derivation, 299–302, 4.15
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geometrical vs. algebraic derivations of,

302

to be used in preference to permutation

tests, 302

see also covariance distance; principal

component analysis

Wright, S., xiv, 12, 13, 24, 25, 49, 55–56, 138,

177, 258, 261, 474

Y

Yule, G. U., 138, 159

Z

z, Fisher’s,

z-scores, in PLS, 287

zero correlation, 194, 3.22
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