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Introduction

I.1 Mathematics in Higher Education

Monday – tried to prove theorem,

Tuesday – tried to prove theorem,

Wednesday – tried to prove theorem,

Thursday – tried to prove theorem;

Friday – theorem false.

Julia Robinson to the Berkeley Personnel

Office. (Photo reproduced with permission

from Dan Reid)

So where is mathematics going to take you in the next few years? This is an entirely rea-

sonable question if you’re thinking about committing to a degree in maths or the physical

sciences in the short-term future. This might also be a good time to ask yourself why you

enjoy maths, or what it is about the subject that generates that enjoyment.

Mathematics within higher education (whether studied solely, or as a joint degree, or

as a means to investigate some cognate discipline) will be more varied in its theory and

applications than the subject you have so far met at school or college. Much of it will

be more challenging, possibly more so initially, but challenging aspects will remain. Fur-

ther, the expected mode of learning, and the range of abilities of the students around you,

could well be very different from your current experiences. All of which may sound a little

daunting.

You can imagine that the increased variety now offered by the subject is largely wel-

comed by students. There is no particular downside to this, save that some students may

find themselves spoilt for choice when it comes to selecting options. The increased chal-

lenge in the content, and the emphasis on more independent learning, need considerable

effort to become habit. But these are not challenges unique to mathematics, and are largely

the point of higher education.

Julia Robinson is pictured at the start of this introduction. She was the first female

president of the AMS – the American Mathematical Society – and made significant con-

tributions to number theory, though any reading of her biography (Reid [25]) will make
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2 Introduction

clear her modesty, awkwardness in the limelight, and desire to be remembered for her

mathematical contributions rather than record-making firsts. The quote accompanying her

photo above is a response she made to the personnel department at Berkeley when asked

to describe her average week and I include it here to encourage reflection on what sort of

week Julia was having as she wrote that.

A life spent researching mathematics is at some orders of magnitude removed from the

undergraduate experience; however, they do have some flavours in common. The under-

graduate mathematician is both aware of a lot more mathematics than previously, but also

aware of how much more maths there is that s/he still hasn’t met; whilst exams may come

with a syllabus, s/he has seen that mathematics doesn’t, that there is great interconnected-

ness within the subject and that it can be relatively easy to ask questions that are difficult

or even have no currently known answer. I would suggest Julia’s quotation was in no way

intended to reflect negatively on how her week had just gone, nor of the nature of a career in

research generally. Growth and learning come with the price of occasional failure; there is

some small merit and reassurance in tackling problems set on material with which you feel

comfortable, but the greater merit comes in pushing the envelope in more widely applying

that knowledge and/or seeking a richer coherence of understanding. So after five days of

deep thinking Julia might not have had something particularly tangible from her efforts

(such as a research paper) but she knew her original sense of a theorem wasn’t true; she

likely had a very good sense of why it wasn’t true (rather than a solitary counter-example);

she would have a more coherent sense of how the internal logic of the problem all tied

together; and hopefully she would have a better sense of what she should be seeking to

prove and perhaps a sense of how she might go about that. In the words of Beckett: “Ever

tried. Ever failed. No matter. Try again. Fail again. Fail better.”

Reassuringly for undergraduates, problems of such difficulty won’t appear on their

regular exercise sheets; rather the exercises will have been selected for being appro-

priate to the students’ current understanding and development, and relevant to current

lecture material. It may be that some problems will need several attempts to com-

plete, and that one or two will not get completed, or only partially resolved, before the

submission deadline. The student will also have the opportunity at some point soon after-

wards to find out the solutions and to discuss the exercises and any misunderstandings

further.

What the above does not make explicit is the importance of your personal relationship

with mathematics. Everyone studying mathematics thinks about the subject in a some-

what different way, and the process of internalizing, for the first time, its ideas and theory

can be even more personal; the order in which things click for you, the recognition of

the importance of a definition, or appreciation for the subtle rigour of a proof, and the

previous examples, visualization, logic with which you are currently comfortable and on

which new material builds, mean that you are making your way through mathematics

in a highly individual way. Moreover, your personal appreciation of mathematics – its

structures, techniques and logic – cannot properly grow without your doing and think-

ing about mathematics. There will be occasions when you are just told something and

it simply makes sense, but by and large understanding will follow as a consequence of

time and thought put into working through exercises and juggling relevant theory. Indeed,
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I.1 Mathematics in Higher Education 3

even the occasion where you are simply given an answer that makes sense may well be

a consequence of the effort put into isolating just what question it is that you wanted

answering.

Of course there is a commonality in the language of mathematics – one of the main

purposes of a maths degree is also to train students in presentation and argumentation,

so that they can irrefutably make clear their work to others – but mathematicians do

not understand their subject as strings of discrete, logical steps and rather recognize

the intent and direction of a proof or method, likely with a picture or suitably general

instance of the result in mind. Being comfortable taking on new material, and align-

ing/comparing/contrasting that new material with previously understood similar theory,

and adding it to the growing body of work you understand, will always remain highly

individual – your way of thinking about mathematics. This can sometimes become very

apparent when two different mathematicians seek to answer a layperson’s question; the

examples or emphases the mathematicians first draw on to explain themselves can often

be very different, reflecting their individual views of how the topic fits into their larger

understanding or the primary examples or results they have in mind that best embody

an idea.

But your relationship with mathematics will also be personal in the sense of what you

hope to gain from mathematics. Here and there in this text are brief biographies of sig-

nificant mathematicians, such as Euler, Noether, Riemann; however it remains the case

for almost all of us that we won’t ever make such lasting contributions. What enjoyment

and worth comes then from studying mathematics? A training in mathematics will cer-

tainly serve someone well in terms of employment, and fairly diverse employment at

that, but I hope you are able to find ways to engage with mathematics much more vari-

ously than employment concerns or a desire to produce significant original research – just

as students of English literature or art are unlikely to see themselves as the next Shake-

speare or Picasso, but still might enjoy their subject beyond the bounds of their degrees,

in recreational reading, writing, painting or sculpture, or welcoming the sharper analy-

sis such a degree would lend to appreciating literature, film, theatre. Mathematics is one

of humankind’s most successful means of understanding the world around us and has

pattern and complexity enough of its own to delight and fascinate. The analytical and

logical training alone in a mathematics degree provides a potent mindset and a varied tech-

nical toolkit for seeking to understand new problems, physical and philosophical. More

optimistically, I hope that mathematics proves to be something enjoyable for you at under-

graduate level, and an enjoyment that continues with you in one manner or another beyond

university.
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4 Introduction

I.2 Using These Notes (Important to Read)

This book grew out of some ‘Bridging Notes’ written for an annual, week-long, pre-term

course at Oxford University; the course was for first-year mathematics students who had

had no or limited chance to previously study Further Mathematics. The focus of those notes

was on the missing Further Mathematics material most relevant to the Oxford mathemat-

ics undergraduate degree, such as complex numbers, matrices, induction and differential

equations. Their aim was to help students with the transition to university mathematics,

largely from a point of view of quickly bridging any gap in important techniques and

knowledge that the students had missed.

This still remains one of the aims of this volume, but I also hope to allow (willing) read-

ers to progress further and also provide those readers with something of an impression of

what university maths entails. This includes further content for the material, more emphasis

on proofs and understanding, rather than solely on method and calculation, and extension

exercises and sections ranging beyond any Further Mathematics syllabus. So the text still

includes that same bridging material but also addresses somewhat the changes in style and

emphasis that come with the transition to higher education.

It is envisaged that there is a range of students who will find this book of use; like-

wise it is envisaged that some students will be self-teaching whilst others may have

support from teachers at school, college or university. It is almost certain that the ‘cur-

rent you’ will find certain sections or types of exercise of more use than others; the

‘future you’ will no doubt have moved on to other topics or more complicated exer-

cises and so find some of the advanced material more of use. With this in mind, this

volume is set up so that it should prove useful both for students meeting a topic for the

first time and for those looking for a deeper understanding of the material, or to cover

further topics beyond the typical sixth form syllabus. Some of the more advanced mate-

rial should prove useful for a first-year university student of mathematics or the physical

sciences. Consequently you will need, to some extent, to navigate through the book, mak-

ing use of the guidance and gradings given throughout; this is certainly not a text that

is to be read from beginning to end and the chapters are largely independent of one

another.

The six chapters are subdivided into sections. Some sections appear with an asterisk

(*). This signifies that the material of that chapter/section is beyond the typical Further

Mathematics syllabus or what would normally be considered bridging material. First-

time readers, or those looking simply to familiarize themselves with Further Mathematics

material, may choose to omit these sections. This can be safely done, as later ‘unasterisked’

sections make no assumptions of familiarity with asterisked material.

The only significant digression from the above is in the material on linear algebra and

matrices. Much of the chapter Vectors and Matrices contains material that is in Further

Mathematics, though perhaps more generally introduced here. However, the material defin-

ing dimension and the following chapter, More on Matrices, go considerably beyond this.

This is a deliberate effort to concretely introduce more advanced material without the

abstraction of vector spaces. Such abstraction has an important place in university mathe-

matics, but appreciation of this often takes time and I feel is best garnered at university, in a
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I.2 Using These Notes (Important to Read) 5

supportive teaching environment. Nonetheless, much of the purpose and power of this lin-

ear algebra can be demonstrated without needing abstraction; in particular, dimension can

be rigorously introduced via more concrete theory developed to deal with linear systems

and elementary row operations. This material also provides fertile terrain for introducing

examples of proofs, occasionally of some sophistication.

There are exercises at the end of each section, numbered alongside a # symbol. If you are

meeting a topic for the first time (rather than simply refreshing yourself with the material),

then you are strongly advised to attempt a number of the exercises before progressing to the

next section. In the margins alongside the text are occasional lists of exercises most suited

to the current material. If you wish to familiarize yourself with the immediate material,

or feel rather confused by something in a given section, you would be best off first trying

some of that section’s exercises before reading on further. This is particularly advisable for

the longer sections. To help guide you further, the exercises are graded as follows.

• A or a: These are very routine questions, which typically require only an application of a

definition without much or any further thought. They usually involve simple calculations

to get you used to a definition or involve verifying simple parts of proofs that have been

left undone.

• B or b: These are intended still to be relatively straightforward, but will usually require

some understanding of the material to complete without being particularly difficult. For

those meeting the section’s material for the first time, these exercises probably make the

best test of whether you have sufficiently understood the topics, and first-time readers

are advised to attempt most of these exercises.

• C or c: These are more exercises of the difficulty of A/a and B/b questions. If you have

completed most of the grade B/b questions then these questions can be skipped. How-

ever, if you are seeking further exercises for practice or if you have struggled somewhat

with a particular section’s B/b questions, these C/c questions should prove helpful.

• D or d: These are rather more difficult questions, that are often less structured, require

a fuller understanding of the material to complete and/or are more challenging in the

technical calculations they involve. They are loosely comparable with the style of MAT,

AEA or STEP questions and you certainly shouldn’t be concerned if these prove more

testing or if you have to try several approaches before completing these. Some of these

exercises are parts of past first-year Oxford mathematics undergraduate exams.

• E: these are deliberately challenging exercises, sometimes completely unstructured and

will likely be technically involved and/or conceptually difficult.

• † There are short one-line hints, at the end of the text before the index, for questions

appearing with this symbol.

At the end of each chapter is a section entitled Further Exercises; these sections are

always asterisked. The exercises are intended as tasters, often introducing readers to new

ways in which the chapter’s material reappears again at university or covering further topics

that could not be reasonably considered core enough to appear in the main chapter. There

are often supporting passages explaining something of the history or motivation behind the

problems. Many of these exercises are consequently somewhat ambitious (especially for
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6 Introduction

first-time readers), but may well prove of interest for those with some prior appreciation of

the chapter’s material or when revisiting the chapter a second time.

Answers, sketched solutions or whole solutions are available to almost all questions at

http://people.maths.ox.ac.uk/earl/

• There are completely argued solutions to questions graded A, B, C, D and E.

• There are typically answers or sketched solutions to questions graded a, b, c and d. In

some few cases – usually where the answer was already given in the question – no further

answer or solution exists.

• All grade E exercises and all further exercises have solutions provided.

The solutions are provided by way of support and reassurance, especially for those self-

teaching material from this text. It is important though that they don’t become a crutch.

It can be all too easy to look at a solution, and even understand the solution, and think

“I could have done that if only I’d tried that approach...” without properly getting to grips

with the associated ideas and techniques. If an exercise is problematic then you might

instead try other exercises first and return later to the troublesome exercise; likewise, if

an exercise’s hint does not prompt, with a little work, any new avenues of thought, then I

would encourage you to move on to other exercises, rather than immediately referring to

the solution.

In a similar vein, when reading the text do not let the mathematics wash over you without

properly registering – do not be a passive reader! It is all too easy to begin reading math-

ematical language as if it were prose without taking on board its meaning. The marginal

recommended exercises should help break this up somewhat, but you are also strongly

encouraged to take some time questioning the logic of the mathematics you are reading,

reflecting on quite why it is true and doing for yourself any algebraic manipulation that is

omitted. On that point, it would be a good idea to have blank paper with you whenever

reading the text so that you can jot down any such calculations and/or thoughts.

The Further Exercises are deliberately wide-ranging and commonly difficult. They can

include elements of material that mathematics undergraduates might not see till the second

or third year of a degree – where, of course, that material will be covered more broadly,

rigorously and often more abstractly. However, their range is not meant as a challenge – no

beginning undergraduate would have command of all the content these exercises cover –

and rather their breadth is intended to offer a wide menu of possible further interest to stu-

dents which can be selected from according to taste. In a similar manner, the difficulty of

the E exercises is not meant as a general challenge, and most mathematics undergraduates

would either find them difficult or best approached using more advanced ideas and tech-

niques they have met at university. Any reader genuinely looking for questions at this level,

and with the time to solve them, should find them useful; others may choose to give them

a wide berth; some others may find it useful to note the results these exercises contain, and

selectively review the solutions if still interested. The solutions all rely on mathematical

knowledge from Mathematics and Further Mathematics A-levels or else introduced within

this book.

In summary then, this text is not at all intended to be read from beginning to end. There

is a certain onus on you to decide what you want from the text, which will change with
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I.2 Using These Notes (Important to Read) 7

time, and to use it to your ends. With the help of the asterisks and the exercise grades you

will hopefully find a profitable way through the material. Further, the chapters are largely

independent of one another (with the exception of Chapter 4 building on Chapter 3), so

you might reasonably start with almost any chapter. Depending on previous familiarity

with some material you might find D/d exercises approachable in one chapter and B/b

exercises much more appropriate when meeting totally new material. So don’t be despon-

dent if some exercises prove hard, and look to raise your game if you start finding some

grade of exercise too routine. Most importantly, the exercises – and seriously attempt-

ing them – form a key part of making the most of this text. The sections are relatively

brief, with crucial theory and examples discussed, but not usually more than one exam-

ple of any given type, and only by attempting a range of the exercises and reflecting on

their solution will you arrive at a more coherent understanding of the material’s ideas and

techniques.
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Complex Numbers

1.1 The Need for Complex Numbers

It is well known that the two roots of the quadratic equation ax2 + bx + c = 0 (a,b,c real

and a �= 0) are

x =
−b ±

√
b2 − 4ac

2a
, (1.1)

and mathematicians have been solving quadratic equations since the time of the Babyloni-

ans. When the discriminant b2 − 4ac is positive then these two roots are real and distinct;

graphically they are where the curve y = ax2 + bx + c cuts the x-axis. When b2 − 4ac = 0

then we have one real root and the curve just touches the x-axis here. But what happens

when b2 − 4ac < 0? Then there are no real solutions to the equation, as no real num-

ber squares to give the negative b2 − 4ac. From the graphical point of view the curve

y = ax2 + bx + c lies entirely above or below the x-axis (Figure 1.1).
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1.1 The Need for Complex Numbers 9

It is only comparatively recently that mathematicians have been comfortable with the roots

in (1.1) when b2 −4ac < 0. During the Renaissance the quadratic would have been consid-

ered unsolvable or its roots would have been called imaginary. But if we imagine
√

−1 to

exist, and that it behaves (adds and multiplies) much the same as other numbers, then the

two roots in (1.1) can be written in the form

x = A ± B
√

−1 (1.2)

where A = −b/(2a) and B =
√

4ac − b2/(2a) are real numbers. But what meaning can#1

#2 such roots have? It was this philosophical point which pre-occupied mathematicians until

the start of the nineteenth century, when these ‘imaginary’ numbers started proving so

useful (especially in the work of Cauchy and Gauss) that the philosophical concerns ulti-

mately became side issues. (See Derbyshire [9] for an approachable account of the eventual

acceptance of complex numbers.)

Notation 1.1 We shall, from now on, write

i =
√

−1

though many books, particularly those written for engineers and physicists, use j instead.

The notation i was first introduced by the Swiss mathematician Leonhard Euler in 1777.

(See p.18 for a brief biography.)

Definition 1.2 A complex number is a number of the form a + bi, where a and b are real

numbers. We will usually denote a complex number with a single letter such as z or w.

If z = a + bi, where a and b are real, then a is known as the real part of z and b as the

imaginary part. We write

a = Rez and b = Imz.

When we write ‘let z = a + bi’ we will implicitly assume that a and b are real so that

a = Rez and b = Imz.

• Note that real numbers are complex numbers; a real is just a complex number with an

imaginary part of zero.

Notation 1.3 We write C for the set of all complex numbers.

One of the first major results concerning complex numbers, and which conclusively

demonstrated their usefulness, was proved by Gauss in 1799 in his doctoral thesis. From the

quadratic formula (1.1) we know that all quadratic equations can be solved using complex

numbers – what Gauss was the first to prove was the much more general result:

Theorem 1.4 (Fundamental Theorem of Algebra) Let p(z) = a0 + a1z + ·· · + anzn be

a polynomial of degree n � 1 with real (or complex) coefficients ak. Then the roots of

the equation p(z) = 0 are complex. That is, there are n (not necessarily distinct) complex

numbers γ1, . . . ,γn such that

a0 + a1z +·· ·+ anzn = an(z − γ1)(z − γ2) · · · (z − γn).

In particular, the theorem shows that a degree n polynomial has, counting repetitions, n

roots in C.
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10 Complex Numbers

The proof of this theorem is far beyond the scope of this text. Note that the theorem only

guarantees the existence of the roots of a polynomial somewhere in C, unlike the quadratic

formula, which determines the roots exactly. The theorem gives no hints as to where in C

these roots are to be found.

Exercises

#1a Which of the following quadratic equations require the use of complex numbers to

solve them?

3x2 + 2x − 1 = 0; 2x2 − 6x + 9 = 0; −4x2 + 7x − 9 = 0.

#2a Find the four solutions of the equation (2 + x − x2)2 = 16.

#3C For what values of c does the equation x4 = (x − c)2 have four real solutions?

#4B On separate axes, sketch the graphs of the following cubics, being sure to carefully

label any turning points. In each case, state how many of the cubic’s roots are real.

y1(x) = x3 − x2 − x + 1; y2(x) = 3x3 + 5x2 + x + 1; y3(x) = −2x3 + x2 − x + 1.

#5c† Let c be a real number and p(x) = 3x4 − 20x3 + 48x2 − 48x. How many real roots

(including multiplicities) does the equation p(x) = c have? You will need to consider

various different cases for c.

#6D Show, for all values of x and a, that

3x4 + (8a − 4)x3 + (6a2 − 12a + 6)x2 − (12a2 + 12)x + (7a2 + 6a + 9) > 0.

What is the smallest value taken by the above expression as x and a vary?

#7d† How many real roots (including multiplicities) have the following polynomial

equations?

(x2 + 1)10 = (2x − x2 − 2)7; (x2 + 2x + 3)8 = (2 + 2x − x2)5;

(x2 + 1)5 = (1 − 2x4)7.

#8B Let a,b,c be positive reals. By expanding (a+b+c)(a2 +b2 +c2 −ab−bc−ca) and

considering the second factor as a quadratic in a, show that

a3 + b3 + c3
� 3abc if a,b,c > 0.

When is there equality in the above inequality?

1.2 Their Algebra

We add, subtract, multiply and divide complex numbers in obvious sensible ways. To

add/subtract complex numbers, we just add/subtract their real and imaginary parts:

(a + bi) + (c + di) = (a + c) + (b + d)i; (a + bi) − (c + di) = (a − c) + (b − d)i. (1.3)

Note that these equations are entirely comparable to adding or subtracting two vectors in

the xy-plane. Unlike with vectors, we can also multiply complex numbers by expanding
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