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as weather and convective systems, can induce regime behavior. Motivated by present dif-
ficulties in understanding the climate system and to aid the improvement of numerical
weather and climate models, this book gathers contributions from mathematics, physics,
and climate science to highlight the latest developments and current research questions
in nonlinear and stochastic climate dynamics. Leading researchers discuss some of the
most challenging and exciting areas of research in the mathematical geosciences, such as
the theory of tipping points and of extreme events including spatial extremes, climate net-
works, data assimilation, and dynamical systems. This book provides graduate students and
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data analysis and modeling methods for climate scientists and applied mathematicians.
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1.1 Relative Sea level (RSL) from Red Sea sediments (Grant et al., 2014) (a)
Time series with raw data (black), linearly interpolated data with a 100yr time
step (light gray), and maximum of probability (‘Pmax’) data at constant time
step (dark gray). All data are supplied in (Grant et al., 2014). (b) Spectra of
interpolated and Pmax data using a one ‘taper’-tampering method, following
Percival and Walden (1998). (c) Adaptive (weighted) multi-taper spectra
of interpolated and Pmax data, with 6 tapers (analysis carried out with the
pmtm Matlab function (MATLAB and Signal Processing Toolbox, 2013) after
average removal). A line with slope −2 is added for visual reference. The
multi-taper was developed to estimate the high-frequency tails of spectra.
The multiple tapers reduce spectrum variance as well as the spectral leak,
but they also flatten spectral peaks, hence the necessity, e.g. outlined by Ghil
et al. (2002), to complement the analysis with other techniques focusing on
variance modes. page 3

1.2 The Lisiecki and Raymo (2005) ‘stack’ is a composite record of 57 series of
isotopic ratio of oxygen isotopes measured in shells of benthic foraminifera.
It is commonly used as a proxy for global climate conditions, and shows well
the increase in amplitude and length of ice age cycles over the last 2 million
years. 4

1.3 Two previously published temperature power spectra. Saltzman (1990) meant
to be highly idealised, while Huybers and Curry (2006) is quantitative.
Note the important structural difference: Saltzman distinguishes climate

and weather regimes localised in the spectral domain and separated by
a gap, giving full justification to the time-scale separation needed for the
Hasselmann’s stochastic theory (1976). The spectrum provided by Huybers
and Curry (2006) is presented in log-log form. These authors analysed
different data types and estimated spectral slopes (in green). On this plot, the
more-energetic spectral estimate is from high-latitude continental records
and the less-energetic estimate from tropical sea surface temperatures. The
different data types are marked with the colour codes. Recent data come from
instrumental records and re-analyses. Other data are from various natural
archives (see the original reference for details). Note that the statistical

vii
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estimation method of spectral slopes was not specifically adapted to unevenly
spaced time series. The classification of regimes suggested by Lovejoy and
Schertzer (2012) is added in yellow. Figures were adapted from the original
publications. 5

1.4 Analytical spectrum of summer solstice incoming solar radiation at 65◦

N, assuming an approximation of this insolation as a linear combination of
e sin ̟ , e cos ̟ , and ε (e: eccentricity, ̟ : true solar longitude of perihelion,
and ε: obliquity), and the analytical development of Berger and Loutre (1991). 6

1.5 (A): Generic representation of a system with two stable states (separated
by an unstable state, dashed) and twofold bifurcations. In a more complex
model, the two state branches can be estimated by means of a hysteresis
experiment (arrows, see also Section 1.2.2). (B): Experiments with a simple
ice sheet model (Oerlemans, 1981) broadly support this scenario. Hashes on
(B) indicate an ‘almost intransitive state’, with sluggish dynamics; P refers
to the position of the snow line (free parameter) and L the extent of the
Northern Hemisphere Ice sheet. (C): same but with a state-of-the-art model
ice sheet atmosphere (Abe-Ouchi et al., 2013). Thick coloured full lines are
the estimated system steady-states deduced from a hysteresis experiment, and
the thin black curve with numbers represents an actual simulation over the
last ice age, numbers denoting time, in thousands of years before present.
Figures (D, E, F) are possible mechanisms for transitions between glacial
and interglacial states. (D): Stochastic accumulation, with a flush mechanism
to restore interglacial conditions; (E): deterministic limit cycle, caused by
interactions between different system components, (F): transitions forced by
changes in insolation, in this case with the postulate of an intermediate state
and asymmetric transition rules (Paillard, 1998). 9

1.6 The SM90 (Saltzman and Maasch, 1990) model is presented in the form
of three dimensional equations Ẋ = −X − Y − vZ − uF(t) + σx ω̇x ,
Ẏ = −pZ + rY − s Z2 − wY Z − Z2Y + σyω̇y , Ż = −q(X + Z) + σzω̇z ,
where Ẋ is the time-derivative of X , ωx,y,z are three independent Wiener
processes, F(t) is the normalised summer-solstice insolation at 65◦ North,
and u, v, w, p, q, r, s are parameters as given in Saltzman and Maasch (1990).
We provide (a) sample time trajectories (with different noise realisations) (b)
classical multi-taper spectra of interpolated and Pmax data, with 1 taper (c)
adaptive (weighted) multi-taper spectra of interpolated and Pmax data, with
6 tapers. Multi-taper analysis was performed with the pmtm Matlab function
(MATLAB and Signal Processing Toolbox, 2013) after average removal. A
dashed line with slope −2 is added for visual reference. 11

1.7 Strategy for designing stochastic parameterisations adapted to palaeoclimate
modelling. A GCM is used to generate time series as a function of various
inputs, including CO2 concentration, ice boundary conditions, astronomical
forcing, etc. These time series are used to calibrate a stochastic model for
the mean and variability. It may be linear (auto-regressive process) or more
complex (e.g. Kondrashov et al., 2015). A meta-model (emulator) can be
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calibrated to predict stochastic parameterisations valid for any input, on the
basis of the experiments performed. 19

2.1 The top panel shows the last 1Myr of the Lisiecki and Raymo stack marine
benthic oxygen isotope record (Lisiecki & Raymo, 2005). The record is a
proxy for global ice volume, showing the last ten glacial cycles. The bottom
panel shows the NGRIP isotope record (North GRIP members, 2004) of the
last glacial period. The glacial climate was dominated by rapid fluctuations
between cold and warmer periods, the so-called Dansgaard-Oeschger events.
The minus in front of δ18 O is such that both panels have increasing paleo
temperatures upward. 34

2.2 Schematic graphs of steady states x as a function of a control parameter μ.
In the left panel there is only one steady-state solution and changes in the
state are reversible as the parameter is charged. In the right panel multiple
solutions exist and changes are irreversible if a bifurcation point is crossed. In
order to return to the upper state again in the case shown in the right panel,
the parameter must change to a lower value where another bifurcation point
is reached. In both cases the circles indicate where dx/dμ diverge locally.
The thick curves (arrows) indicate the steady state as μ is increased and
subsequently decreased. 35

2.3 The left panel shows the bifurcation diagram near a saddle-node bifurcation.
The top branch, the node (full curve) x+(μ) is stable while the bottom branch,
the saddle (dashed curve) x−(μ) is unstable. The grey arrows indicate the
flow in phase space governed by equation (2.4) for constant values of the
control parameter μ. The circle marks the bifurcation point. The panels at the
right show dx/dt along the three vertical lines in the left panel. Crossings of
the x-axis, marked with circles, indicate fixed points. For μ < 0 there are two
fixed points, which merge at μ = 0. For μ > 0 there are no fixed points. 37

2.4 A simulation of the Langevin equation (2.10). (a) Shows the white noise
forcing η. (b) Shows the climate variable x governed by equation (2.10).
(c) Shows the auto-correlation function and (d) the power spectrum for the
process. The grey curves are the analytic solutions according to equations
(2.12) and (2.15). 42

2.5 Top panels show the annual averaged surface air temperature measured in
Vlissingen (Netherlands) (51.45N, 3.60E) obtained from the KNMI Climate
explorer. The power spectrum is for the daily data showing the annual peak
on top of the continuous spectrum. The grey curve is the red noise spectrum
with correlation time of one month. The bottom panels show the Atlantic
SST anomaly for (47.5N, 27.5W) obtained from the updated Kaplan, NCAR
record (Kaplan et al., 1998). The grey curve in the power spectrum is a red
noise spectrum with correlation time of 5 years. 44

2.6 Panel a: The bifurcation diagram for the equation ẋ = −μ − x2 − μ. Three
different values of the control parameter μ are indicated by circles in the
bifurcation diagram. Panel b: For each of the three values a realisation of the
process (2.9) with σ 2 = 0.1 is shown; top, middle and bottom curves are for
μ = −2,−0.5,−0.1, respectively. Panel c: The variances calculated from
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the realisations in b are shown by the circles. Crosses are for the linearised
processes equation (2.10) with α = 2

√−μ. Panel d: The correlation
time calculated from the autocorrelation using (2.12). Critical slowdown
happens as μ → 0. The curves in panels c and d are the exact results for
the linearised process; thus the differences between crosses and the curves
indicate the uncertainty in estimating variance and correlation time from
the finite realization. The difference between circles and the curve indicates
the combined inaccuracy from both linearising and calculating from a finite
realisation. 46

2.7 A set of realisations of the process (2.17) with 0 ≤ μ/μc ≤ 0.9 have been
simulated. For each value of μ and for each of 100 realisations of 50 time
units length (first column) and 500 time units (second column) variance,
correlation time and skewness have been calculated. The means are indicated
in open circles, while the light blue area indicates the 2-sigma confidence
interval. The horizontal purple bars indicate the 2-sigma confidence interval
for μ/μc = 0. The third column shows the shapes of the potential for
μ/μ0 = 0.1, 0.5 and 0.9. The steady states are indicated by the circles. 48

2.8 A realisation of the process (2.17), which crosses the potential barrier of
height H . The circles indicate the steady states, where the one on top of the
barrier is unstable. 49

2.9 A section of the NGRIP ice core isotope record showing the abrupt DO
events. The vertical lines are the jumps, while the grey areas to the left of the
lines indicate 900 ka prior to the jumps. 50

2.10 The first column shows a realisation of the b-tipping scenario, governed
by equations (2.17) and (2.18) where the control parameter change in time
as μ = μct/900. The red lines are the steady states, and the bifurcation
happens at t = 900 (arbitrary units). The lower panels show variance and
autocorrelation calculated within a running window of 100 time units
indicated by the bar in the middle panel. Both early warning signals increase
prior to the tipping. In the second column an n-tipping scenario is shown. The
red lines indicate that the steady states do not change in time. Time is reset,
such that an n-tipping happens at t = 900. The variance and autocorrelation
do not increase prior to the jump, thus there are no early warnings prior to the
n-tipping. The light blue bands are obtained from a set of 100 realisations as
the 2-sigma confidence level. The last column shows the DO events in the
NGRIP ice core (sections in Figure 2.9 marked in grey) lined up such that the
jumping happens at t = 900 ka (red lines in Figure 2.9). The DO events do
not show increase in variance or autocorrelation prior to the jump, indicating
that they are n-tipping events. 51

3.1 The 1000-hPa January geopotential height rotated EOF patterns for the
Northern Hemisphere from the NOAA CPC: (a) NAO, (b) NAM, (c) PNA. 56

3.2 The 500-hPa geopotential height EOF patterns for the Southern Hemisphere
for June-August: (a) SAM (EOF1), (b) PSA-1 (EOF3), (c) PSA-2 (EOF2). 57

3.3 The sea level pressure correlated against the SO index. 57
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3.4 Teleconnectivity (locations with the strongest negative correlations) for
the months of December through February. Negative values are omitted
and the arrows connect the centers with the strongest teleconnectivity; (a)
sea level pressure and (b) 500-hPa geopotential height. From Wallace and
Gutzler (1981). 66

3.5 Continuum of the sea level pressure (SLP) North Pacific winter cluster
patterns. The boldface numbers below each panel identify the cluster pattern.
The percentages next to the lower right corner of each panel indicate the
percentage of days that each pattern most closely resembles the observed
daily SLP field. 69

3.6 Continuum of the June–August 500-hPa geopotential height Southern
Hemisphere SOM patterns. The contours start at 40m with an interval 20
m. The pattern number is indicated at the top left corner of each panel. The
percentage of days that each pattern most closely resembles the observational
data is shown in the middle of each panel. 70

3.7 Power spectra (thick curve) for (a) NAO, (b) PNA, (c) ENSO, and (d) WP
teleconnection indices. The AR(1), 95% a priori, and 95% a posteriori
confidence levels are identified by the thin curves. 72

3.8 (a) Longitude-height cross-section at 18.10N, (b) 300-hPa vorticity
perturbation, and (c) 300-hPa height perturbation, from Hoskins and
Karoly (1981). The contour interval is (a) 1 dam, (b) 0.05	, (c) 2 dam. The
contours show the steady-state solution in their five-level model. The shading
indicates the heat source. 74

3.9 Schematic diagram of the positive NAO temporal evolution on the 2-PVU
potential vorticity surface. The thick northern (southern) contour corresponds
to a value of 305 K (335 K) on the 2 PVU surface and the shading denotes
anomalously positive (W) and negative (C) potential temperature values. The
panels illustrate the positive NAO evolution at 3–5 day increments. 79

3.10 Schematic diagram of the negative NAO temporal evolution. The contours,
shading, and time increments between each panel follow the same definition
as in Fig. 3.9. 80

3.11 Schematic diagram of the PNA temporal evolution for the positive (left
column) and negative (right column) phases. The thick northern (southern)
contour corresponds to a value of 305 K (335 K) on the 2 PVU surface, and
the light (dark) shading denotes anomalously positive (negative) potential
temperature values. The panels illustrate the PNA evolution at 3–4 day
increments. 82

3.12 The December–February (a) leading and (b) second leading EOFs of the NH
300-hPa nondivergent meridional wind for the NCAR CCM3 climate model. 87

4.1 Maps of 500 hPa averaged over five day periods as indicated. Full fields are in
black contours (interval of 1, units of 102m. Departures from climatological
January mean in shading (units of 102m). 109

4.2 Histogram (shaded bars) and smoothed probability (heavy line) of waviness
index anomaly, defined as the root mean squared amplitude of zonal waves
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one-five for 500 hPa height averaged from 55N to 65N. Dotted line is best fit
Gaussian. 110

4.3 Probability functions in the planes of the three leading PCs of low-frequency
500 hPa height anomalies in the North Atlantic region. Abscissas and
ordinates are labeled as (x) and (y), respectively. Units along the axes are
given in units of standard deviation: 1054 m, 790 m, and 760 m for PC-1,
PC-2, and PC-3, respectively. 113

4.4 Composite 500 hPa height (Z500) states from four centroids obtained from
a cluster analysis of the leading six PCs of the Z500 low-frequency flow.
Contour interval = 20 m. Straight lines indicate the domain boundaries of the
cluster calculation. 116

4.5 Top panel: Composite 500 hPa height (Z500) states from k = 3 centroids
obtained from a cluster analysis of the leading 10 PCs of winter Z500 pentads
(five-day means). Contour interval = 20 m. Bottom Panel: Patterns associated
with maxima in two-dimensional pdf of the two leading PCs of monthly mean
Z500 for the Northern Hemisphere. Contour interval = 10 m. 118

4.6 Description of Forecast Regimes and Scenarios. White curves describe the
trajectory of a PC in a number of ensemble members from forecasts for a
given initial condition. The black circles (labeled S1, S2 . . .) denote scenarios.
The four shaded bands (labeled R1, R2 . . .) denote the fixed Euro-Atlantic
clusters described in the text. 120

4.7 Ensemble Scenarios for time window 120–168 hours for the forecast initiated
at 00 UTC on 31 May 2015. Maps are of Z500hPa (contours) and anomalies
(color shading: warm colors positive, cold colors negative). Top row: scenario
No.1 represented by ensemble member No.16. Bottom row: Scenario No.2
represented by ensemble member No. 11. The representative member is the
ensemble member closest to the cluster centroid. Units: m2 s−2 scaled by 100.
Contour interval: 8 units. 122

4.8 Daily time series for September to November 2010 of the number of scenarios
in the time window 120–168 hours. The colors refer to the patterns labeled in
the Figure. Also shown are the spread of the ensemble, error of the ensemble
mean and observed climatological regimes (colored circles). 123

4.9 Mixture model fits to: (a) the Lorenz system (Lorenz, 1963) and (b) the
500 hPa geopotential-height analyses of Corti et al. (1999). The number of
original states (dark dots) is the same in both cases. Covariance matrices for
each mixture component are depicted by p = 0.39 equiprobability contours
(solid lines). Density estimates based on the mixture model fits are shown
using dashed contours. 125

4.10 Two realizations of a Hidden Markov Model. The panels with the solid black
lines give the evolution of the observed variable. The black and red dots give
the most likely association of that variable with two hidden states (regimes).
The solid blue line gives the final pdf of the observations, composed of the
two pdfs (dashed black and red lines) associated with each
regime. 126
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5.1 The behavior of long-lived unidirectional flow states for different values
of δ where δ is the square-root of the aspect ratio. A value of ψ̄2

1 /2 ≈ 0
corresponds to unidirectional flow along the x-axis (left inset), while
ψ̄2

1 /2 ≈ 1 corresponds to unidirectional flow along the y-axis (right inset).
Note hysteresis and abrupt changes with respect to aspect ratio. Different
symbols correspond to different sets of experiments where the initial
conditions and/or small-scale dissipation were varied. 138

5.2 The behavior of long-lived dipolar flow states for different values of δ where
δ is the square-root of the aspect ratio. A value of ψ̄2

1 /2 of 0.5 corresponds
to a vortex pair with flow components along both the x- and y-axes (left
inset), while deviations towards smaller or larger values indicate the tendency
towards a more unidirectional flow (right inset). A more continuous change in
flow is seen with respect to changes in aspect ratio. 139

5.3 Amplitude of zonal and meridional modes with the lowest non-zero
wavenumber indicate transition from a dipolar state to a zonal state and back. 142

5.4 Vorticity field when the system is in a zonal state (left, time=15,000) and
when the system is in a dipolar state (right, time=26,000) in the reference run. 142

5.5 RMS error as a function of time between times 12,000 and 20,000. Error of
the data assimilating run is shown in cyan, error of the control forecast in blue,
error of the bred vector ensemble-mean in red and error of the best forecast
member in green. When the system is in the zonal regime, as between times
15,000 and 18,000 approximately, error is seen to be smaller than when the
system is in the dipolar regime. 144

5.6 Forecast error (left) and ensemble spread (right) averaged over the forecast
period as a function of time. Error of the data assimilating run is shown in red,
error of the control forecast in cyan, error of the bred vector ensemble-mean in
green and error of the Lyapunov vector ensemble-mean in blue. Also note that
analysis error is shown for the assimilating run (even though the y-axis label
is “Forecast Error”). This is true in the other plots of “error” as a function of
time that follow. 146

5.7 Scatter plot of forecast error against ensemble spread. Both quantities are
averaged over the forecast period. LV ensemble is shown in blue and the BV
ensemble in green. 146

5.8 Schematic of the error-spread relationship realized in the Lyapunov vector
ensemble. Reduction in error in both zonal and dipolar regimes is small. In
the dipolar regime, even though the reduction in error is small and the error
itself large, there is only a marginal increase in ensemble spread over that in
the zonal regime. 148

5.9 Schematic of the error-spread relationship realized in the bred vector
ensemble. A larger reduction in error, as compared to the LV ensemble, is
seen in both regimes. The larger spread of the ensemble members in the
dipolar regime as compared to the zonal regime identifies lower predictability
in the dipolar regime. 148

5.10 Minimum (blue), mean (green), and maximum (red) energy (solid)
and enstrophy (dashed) over the ensemble of BV (left) and LV (right)
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perturbations. Maximum BV energy is seen to correlate best with forecast
error. 149

5.11 Kurtosis of BV perturbation as a function of rescaling amplitude. A pitchfork
bifurcation is seen to occur when the rescaling amplitude is about 0.12. 150

5.12 Low and high kurtosis bred vectors in the dipolar state (top) and zonal state
(bottom). 150

5.13 Forecast error (left) and ensemble spread (right) averaged over the forecast
period as a function of time. In this series of four experiments, the amplitude
of the perturbation vectors are rescaled at 1, 2, 4, and 8 eddy turnover times
and the amplitude to which the perturbations are rescaled is large (0.2
times the initial base enstrophy). In this case of finite amplitude bred vector
perturbations, the dependence of forecast error and ensemble spread on
rescaling time is seen to be very weak. 151

5.14 This series of four experiments are similar to those in Fig. 5.13: The only
difference is that the amplitude to which the perturbations are rescaled is
small (10−5 times the initial base enstrophy). In this case, the dependence on
rescaling time is strong: The decreased error and increased spread in the two
cases where the rescaling times are 4 and 8 eddy turnover times is likely due
to the perturbations having grown large and a manifestation of the nonlinear
filtering effect of finite-amplitude evolved perturbations. 152

5.15 Random rescaling versus fixed rescaling BV ensembles. When both rescaling
amplitude and rescaling period are drawn from uniform distributions (see text
for ranges), the ensemble behavior is similar to that of an ensemble with fixed
(finite) rescaling amplitude and fixed (long) rescaling period. 153

5.16 When data assimilation is applied at all scales (green), it is seen that the
forecast error increases slightly whereas the ensemble spread mostly decreases
as compared to when data assimilation is applied only to the large scales
(blue). This points to the dynamical importance of small scales to improving
predictions. 153

5.17 Distribution function of amplitude of energy in the first zonal mode. When
the proportion of forcing at small scales is increased progressively from
solid to dashed to dot-dashed, the dipolar state is increasingly preferred and
transitions between the zonal and dipolar states become less frequent. 156

6.1 Schematic illustration of the construction of a climate network from a global
gridded climatological data set. 161

6.2 Illustration of relationships between empirical orthogonal functions (A,C)
and climate network measures (B,D). The leading EOF (A,C) and climate
network degree field (B,D) obtained from NCEP/NCAR monthly SLP
anomalies (link density 0.005) (A,B) are more similar than those computed
from NCEP/NCAR monthly SAT anomalies (link density 0.005) (C,D). Both
data sets cover the period from 1948 to 2007. 172

6.3 Local network measures for a global climate network constructed from
monthly surface air temperature anomalies (NCEP/NCAR reanalysis, 1948–
2007) using linear Pearson correlation: (A) degree ki , (B) local clustering
coefficient Ci , (C) closeness ci , and (D) (logarithmic) betweenness bi . 175

www.cambridge.org/9781107118140
www.cambridge.org


Cambridge University Press
978-1-107-11814-0 — Nonlinear and Stochastic Climate Dynamics
Edited by Christian L. E. Franzke , Terence J. O'Kane 
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press

List of Figures xv

6.4 Local network measures for a regional climate network over the Indian
subcontinent constructed from daily precipitation data (TRMM, 1998–2012)
using event synchronization: (A) degree ki , (B) (logarithmic) betweenness
centrality bi , (C) average link length Di , and (D) maximum link length Mi . 176

6.5 Local network measures for a regional climate network for Germany
constructed from daily precipitation data from weather stations of the German
Weather Service (DWD, 1951–2007) using event synchronization: (A)
degree ki and (B) (logarithmic) betweenness centrality bi . Nodes represent
meteorological measurement stations and are thus not located on a regular
angular grid. 177

6.6 Local interacting network measures for a coupled climate network for the
Northern Hemisphere extratropics constructed from monthly sea surface
temperature (SST, Had1SST data) and geopotential height anomalies
(HGT, ERA-40 reanalysis) for the period 1958–2001 using linear Pearson
correlation: (A and B) cross-degree (A) kh

i for nodes in the SST field,
and (B) ks

i for nodes in the HGT field. (C and D) The same for the local
cross-clustering coefficients Cs

i and C
h
i . 178

7.1 Optimal causality networks for explaining the positive (upper panel)
and negative (lower panel) phases of the leading seven atmospheric
teleconnections at time t based on observations in the previous months.
Bayesian causality relations induced by the positive teleconnection phases
are shown as solid lines whereas causalities coming from the negative
phases are marked as dotted lines. Presence of arrows in the graph means a
presence of statistically significant Bayesian causality relations – for example
a blue arrow from NINO3.4(+) to PNA(+) means a statistically significant
conditional probability dependence of the form �NINO3.4+(t−3)→PNA+(t) =
P

[

PNA+ at t|
(

NINO3.4+at (t-3 months) and ut
)]

= 0.13. Absence of arrows
going from other edges in the past (e.g. from NINO3.4+ at (t-1months)) to
some particular edge at time t (e.g. to PNA+at t) means that this particular
relation is not significant and that the observed dynamics of PNA+at t can
be completely explained without this information, e.g. without knowledge
about NINO3.4+at (t-1 months). Two essential sub-graphs of the positive
phase network (the first sub-graph describing the relations for SOI(t) and
NINO3.4(t), the second one for five other teleconnections) are shown in
Fig. 7.4 (Appendix A7.2). 190

7.2 Predicted probability distribution of durations (in months) for a positive
phase of SOI obtained from the standard discrete state modelling methods,
specifically Bernoulli models (red dashed line), Markov models (magenta
dotted line) and the ones predicted by the optimal causality network model
from Fig. 7.1 (blue dash-dotted line). The empirical duration probabilities
obtained from the frequencies observed in the historical climate data
(1950–2012) together with their empirical 95%-confidence intervals (obtained
with the robust Wilson score interval method) are green. 191

7.3 Left panel: optimal causality network inferred for the data set containing
the data for NINO3.4(t), SAM(t), AO(t), NAO(t), PNA(t), SCAND(t) (i.e.
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all of the teleconnections except of SOI(t) from Fig. 7.1 in the main text).
Right panel: optimal causality network inferred for the data set containing
the data for SOI(t), SAM(t), AO(t), NAO(t), PNA(t), SCAND(t) (i.e. all of
the teleconnections except of NINO3.4(t) from Fig.1 in the main text). BIC
values of both these optimal networks for K = 1 and K = 2 are very close,
indicating the presence of significant latent factors not present explicitly in
these two subsets. 203

7.4 Two essential sub-graphs of the optimal causality network for positive phases
from the left panel of Fig. 7.1. 204

9.1 (a) Kinetic energy spectra, e(n), in m2s–2 from Frederiksen and Davies (1997)
for (A) isotropised observations from January 1979 in top spectrum, (B) DNS

at T 63, (C) LES at T 31, and (D) e(n) ± σ(n) for DNS or LES. LES results
with EDQNM-based renormalised stochastic backscatter and renormalised
viscosity (×10−1) and LES with EDQNM-based renormalised net viscosity
(×10−2). Integrations use B = 2. (b) As in (a) for DNS-based subgrid terms
from stochastic modelling approach of Frederiksen and Kepert (2006). 251

9.2 (a) EDQNM-based nondimensional subgrid scale parametrisations for T 31
from Frederiksen and Davies (1997). Shown are viscosities corresponding to
(A) νd(n), (B) νb(n) and (C) νn(n). (b) As in (a) for DNS-based subgrid terms
from stochastic modelling approach of Frederiksen and Kepert (2006). 251

9.3 Kinetic energy spectra e(n) (m2s−2) at level 1 from Zidikheri and Frederiksen
(2009) as functions of total wavenumber (n) for LES at T 63 (solid); for DNS

at T 126 truncated back to T 63 (dashed); and DNS e(n)± standard deviation
(dotted). The top results are for LES with bare dissipation; the middle results
(×10−1) are for LES with deterministic renormalised net dissipation; the
bottom results (×10−2) are for LES with renormalised drain dissipation and
stochastic backscatter. 254

9.4 Level 1 kinetic energy spectra (e1) of the QG two-level atmospheric LES (with
TR = T/2) compared with DNS (with wavenumber resolution T labelled)
using isotropic deterministic coefficients governed by scaling laws from
Kitsios et al. (2012). 255

9.5 Primitive equation model-based nondimensional subgrid scale
parametrisations from Frederiksen et al. (2015). Shown are (a) drain
dissipation, (b) backscatter dissipation and (c) net dissipation for vorticity,
(d) net dissipation for divergence, (e) net dissipation for temperature all as
functions of σ level and total wavenumber n and (f) net dissipation for surface
pressure as function of n. 256

9.6 Simple ocean model kinetic energy spectra. (a) Barotropic (solid) and
baroclinic (dashed) net eddy dissipation at T63 from Zidikheri and
Frederiksen (2010a). (b) Spectra as functions of total wavenumber n for
LES at T63 (solid), for DNS at T 252 truncated back to T63 (dashed), and
DNS kinetic energy ± standard (dotted); top results are with stochastic
subgrid model in LES and bottom with bare dissipation, from Zidikheri and
Frederiksen (2010b). 258
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9.7 Comparison of oceanic LES and DNS from Kitsios et al. (2014a). Level 1
kinetic energy spectra (e1) of the DNS (dashed line) is compared with the
oceanic LES (solid line) at two LES resolutions TR = 126 and TR = 252
using: (a) anisotropic deterministic (AD) and anisotropic stochastic (AS)
subgrid coefficients, with spectra offset for clarity; (b) isotropic deterministic
(ID) and isotropic stochastic (IS) subgrid coefficients; and (c) stochastic
(LS) and deterministic (LD) subgrid coefficients defined by scaling laws.
The vertical axis in the first column is applicable to all figures in that row.
Time averaged zonal currents on level 1 and level 2 of the DNS compared
with deterministic (Deter) and stochastic (Stoch) LES at TR = 252 using: (d)
anisotropic, with key and vertical axis applicable to following figures; (e)
isotropic; and (f) scaling law parametrisations. 260

9.8 The upper diagonal component of the net subgrid dissipation matrices from
Kitsios et al. (2015) illustrated in the horizontal wavenumber half-plane
(kx , kz ≥ 0) using rectangular truncation TR = 63 for wall normal scales: (a)
λy/Lh = 0.1; (b) λyuτ /ν = 10; (c) λyuτ /ν = 2; and (d) λyuτ /ν = 0.4,
where λy = 1 − cos(2π/ky) with ky the Chebyshev polynomial index. All
coefficients are symmetric about the line kz = 0. 262

9.9 Comparison of the DNS (dotted line) and LES (solid line) on the basis
of time-averaged kinetic energy spectra from Kitsios et al. (2015). The
two-dimensional spectrum is compared at y+ = 133 for an LES with: (a)
only the bare dissipation; (b) the deterministic subgrid model; and (c) the
stochastic subgrid model. Contour levels radiating out from the origin are
(10−2.5, 10−3, 10−3.5, 10−4, 10−4.5, 10−5, 10−5.5), and the vertical axis in (a)
is applicable to (b) and (c). 263

9.10 Spectral space subgrid terms, as in Appendix A9.3 (summed over all
k that lie within a given radius band of unit width), are calculated
with an integration time of 10 hours from O’Kane and Frederiksen
(2008). (a) shows non-dimensional band averaged spectra for the
canonical equilibrium case
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9.11 (a) ∇−2 of the eddy-topographic force and (b) the zonally asymmetric

component of the mean streamfunction for the canonical equilibrium case.
(c) ∇−2 of the residual Jacobian and (d) the zonally asymmetric component
of the mean streamfunction for the non-equilibrium January 1979 case. All
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figures (non-dimensional) are after 24 h development, and from O’Kane and
Frederiksen (2008). 266

10.1 Absolute errors of the posterior mean estimates (gray for ensemble size 10
and black for ensemble size 20) for x10 [left upper panel] as functions of time.
Absolute errors of r as functions of time [left lower panel]; as a reference,
the true r is one. The remaining two panels depict the trajectories of the
parameters q1, q2. 286

10.2 Filter performance measured in terms of root mean squared errors as functions
of observation time interval (left). The full model filter uses (10.24), the same
model used to generate the data. The Cubic+AR(1) model is not shown since
the filtered diverged. In the right panel, we compare the α and σ̂ parameters
from the online and offline estimation techniques. The Offline Fit curves use
parameters α = 0.481 and σ̂ = 2.19 estimated using the technique of Arnold,
Moroz, and Palmer (2013). 292

10.3 Climatological forecast performance is compared in terms of the invariant
measure of the slow variables shown as a probability density function (left)
and the autocorrelation as a function of lag steps of length 0.005 (right). Each
curve is computed from a long free run with 1.6 × 107 data points. 293

10.4 Average mean square error (left panel) and the asymptotic posterior error
covariance estimate (right panel) as functions of scale gap ǫ for filtering the
linear problem in (10.34)–(10.35). 297

10.5 Trajectory of the posterior mean estimates (in gray) compared to the truth
(dashes). The average RMS errors of are 0.7730 (SPEKF), 1.5141 (RSF),
1.1356 (RSFA), 0.7861 (reduced SPEKF), and the observation error is√

R = 1.19 as a reference. 302
10.6 Trajectory of the posterior covariance estimates corresponding to the filtered

mean estimates in Figure 10.5. 303
10.7 Probability densities (as functions of x + y and z) from the equation-free

Diffusion Forecasting model (left column) and an ensemble forecasting (right
column) at times t = 0 (first row), t = 0.5 (second row), and t = 2 (third
row). On the left column, the color spectrum ranging from red to blue is to
denote high to low value of density. 307

10.8 Comparison of forecasting errors as functions of time. 310
11.1 Sketch of the Fourier-Filtering method. (a) Gaussian distributed uncorrelated

random numbers yi are generated. (b) The power spectrum S( f ) = |y( f )2|
shows a plateau. (c) The Fourier transform y( f ) is multiplied by f −β/2, here
β = 0.6. Accordingly, the power spectrum is replaced by a power spectrum
that decays as f −β . (d) Backtransformation leads to Gaussian distributed
long-term correlated data yi with γ = 1 − β, here γ = 0.4. 321

11.2 Comparison of an uncorrelated record with 3 long-term correlated records
with γ = 0.8, 0.4, and 0.2. The full line is the moving average over 30 data
points. 322

11.3 DFAn analysis of 3 temperature records (a–c), one precipitation record (d)
and 2 run-off records (e,f). The symbols correspond to DFA0, DFA1, and
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DFA2 (from top to bottom). The straight lines are power law fits. The numbers
denote the asymptotic slopes of the DFA2 fluctuation functions. 324

11.4 Histograms of the fluctuation exponents α for several kinds of climate records
(from [Eichner et al., 2003; Monetti et al., 2003; Kantelhardt et al., 2006]). 325

11.5 Illustration of the return intervals for three equidistant threshold values
q1, q2, q3 for the water levels of the Nile at Roda (near Cairo, Egypt). One
return interval for each threshold (quantile) q is indicated by arrows. 325

11.6 Probability density function of the return intervals in long-term correlated data
with correlation exponent γ = 0.4, for three return periods Rq , (a) plotted in
the normal way, (b) plotted in a scaled way, (c) compared with a stretched
exponential with exponent γ = 0.4 (full line), and (d) compared with shuffled
data (black circles) (after [Bunde et al., 2005]). 327

11.7 Mean of the (conditional) return intervals that either follow a return interval
below the median (lower dashed line) or above the median (upper dashed
line), as a function of the correlation exponent γ , for five long reconstructed
and natural climate records. The theoretical curves are compared with
the corresponding values of the climate records (from right to left): The
reconstructed run-offs of the Sacramento river, the reconstructed temperatures
of Baffin Island, the reconstructed precipitation record of New Mexico, the
historic water levels of the Nile and one of the reconstructed temperature
records of the Northern hemisphere (Mann record) (after [Bunde et al.,
2005]). 328

11.8 Hazard function: Given that at t = 0 there is an extreme event above q and
there is no further extreme in the next t time steps. What is the probability that
the next extreme event occurs between t and t + �t? 329

11.9 Sketch of the probability density function P(x; L). The interval bounded by
±x95 is the confidence interval defined such that the gray area equals 0.95.
Events inside the confidence interval are considered as natural fluctuations.
Accordingly, when a certain trend x > x95 has been measured in the
record of interest, the minimum external relative trend is xmin

ext = x − x95

(short blue dash-dotted line), while the maximum external relative trend is
xmax

ext = x + x95 (long red dashed line). 331
11.10 Significance S(x;α, L) of relative trends x occurring in long-term correlated

data of length L and Hurst exponent α. The data are Gaussian distributed. For
clarity, we focus on 1 − S. (a) is for L = 600 and α = 0.5, 0.6., 0.7 (symbols
from bottom to top). The continuous lines show the corresponding fits to
Eq. (8). (b,c) Same as (a) but for the Hurst exponents α = 0.8, 0.9, 1.0 and
α = 1.1, 1.2, 1.3, 1.4, 1.5, respectively. (d–f) and (g–i): Same as (a–c) but for
record lengths L = 1200 and L = 1800, respectively (after [Tamazian et al.,
2015]). 332

11.11 (a,b) Monthly temperature anomalies (method I) of the Byrd record between
1957 and 2013 (black lines) and corresponding DFA2 fluctuation function
F(s). The red line in (a) is the regression line. (c,d) same as (a,b), but for
the fully seasonally detrended Byrd record according to method II (after
[Tamazian et al., 2015]). 335
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12.1 A realisation of the Wiener process, integrated white Gaussian noise. 348
12.2 Realisations of stable noise (left) and motion (right) based on symmetric

α stable distribution with α = 1.8. Note the occasional sharp jumps in the
motion which are not present in the Brownian trajectory of Figure 12.1. 353

12.3 A realisation of a fractional Brownian motion process, integrated fractional
Gaussian noise. 354

12.4 Realisations of linear fractional stable noise and motion. The noise has both
heavy tails with α = 1.8 and long range dependence with d = −0.3; in
consequence the motion has self-similarity exponent H = 1/α + d = 0.2556. 356

13.1 The Swiss rainfall data set. Spatial distribution of the 79 weather stations
that recorded maximum daily rainfall amounts during the summer season
(June–August) over the years 1962–2008. 373

13.2 Estimation of the spatial dependence for the Swiss rainfall data. Left:
Pairwise extremal coefficient estimates. Right: Pairwise extremal concurrence
probabilities. 378

13.3 Comparison of the fitted extremal coefficient and concurrence probability
functions to their respective pairwise estimates for the Swiss rainfall data set.
The data were first empirically transformed to unit Fréchet margins prior
to fitting a simple max-stable process. Left: Extremal coefficients. Right:
Concurrence probabilities. 382

13.4 Comparison of the fitted extremal coefficient and concurrence probability
functions to their respective pairwise estimates for Swiss rainfall data
set using trend surfaces. Left: Extremal coefficients. Right: Concurrence
probabilities. 385

13.5 Illustration of the two different strategies for simulating max-stable processes.
Left: The one based on uniform random variables with N = 500. Right: The
one based on reordering using a pseudo uniform bound C = 4

√
2π . 387

13.6 Simulation of two max-stable processes on a grid. Left: Smith model. Right:
Extremal-t model. A log-scale was used for a better display. 387

13.7 Conditional simulation from a Brown–Resnick model with semi-variogram
γ (h) = (h/3)1.5 (left) and γ (h) = (h/3)2 (right). The squares correspond to
the conditional values. 389

14.1 The three different types of extreme value distributions. 396
14.2 The three different types of tail behaviour in view of the Generalized Pareto

Distribution. 401
14.3 Geometric structure of the Ikeda attractor. (a) Full attractor and (b) a

magnified part of it. The geometrical object of the attractor can be constructed
locally as a Cartesian product of sets living in the stable and unstable
dimensions, and so the measure supported by the attractor can be factorized
wrt. these dimensions (also in high-dimensional settings). The dimension of
the attractor restricted to the stable and unstable dimensions are therefore
additive: Dq = Dq,u + Dq,s + Dq,n , where Dq,n is the neutral dimension,
equal to the number of zero Lyapunov exponents (LE). (There is at least
one zero LE in a time-continuous system.) Dq,u is the number of
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positive LEs, which is of course an integer. For q = 1 the Kaplan-
Yorke relation (Ott, 2002) establishes a link between the geometry
of the chaotic attractor and the dynamical stability of the trajectories
in different directions quantified by the LEs λ1 ≤ λ2 ≤ · · · ≤ λd :

D1 = DK Y = K +
∑K

k=1 λk

|λK+1|
, (14.9)

where
∑K

k=1 λk > 0 but
∑K+1

k=1 λk < 0. 404
14.4 Convergence of Fx,m(x) for the Bernoulli map: decaying deviation between

Fx,m(x) and the form xm/2 that it asymptotically approximates. The deviation
is given in terms of the root-mean-square-errors (RMSE) between the
empirical distribution wrt. Fx,m(x) and the asymptotic form. The results have
been obtained from a time series of length N = 224. Here BS0 = 1 simply,
and so BS = m. For each RMSE figure n = 212 data points were taken,
and so the maximal block size to be used was BSmax = 224−12. The black
line indicates the average over realizations for all BS’s except BSmax , as
explained in Sec. 14.2.3. Note that with a limited n = 212 a scaling behaviour
can be traced numerically only up to a limited BS. That is, a scaling exponent
should be estimated if desired in a range of BS’s bounded from above and
below, in which the log-log plot features a straight line. 410

14.5 Histograms of ρ22 BS0
(−dist(x, ζ )) for five different randomly chosen

reference points ζ on the attractor of L84. 412
14.6 Estimates of the shape parameter ξ for −dist(x, ζ ) of L84 with averaging

over the reference points ζ , along with estimation diagnostics: the p-values
of χ2-tests. (The p-values were obtained by chigof of Matlab, adopting its
default setting of B = 10 for all results in this chapter.) The BM approach and
MLE method are used. (We used gevfit of Matlab that implements the
MLE of GEVDs.) (a) nmin = 212, R = 26 = 64, interpolation by cubic spline
to find the turning point. (b) nmin = 212, R = 28 = 256, interpolation by
cubic spline. (c) nmin = 212, R = 28 = 256, Matlab’s event handler is used to
find the turning point with very high accuracy. (d) nmin = 214, R = 28 = 256,
Matlab’s event handler is used. Red lines connect the bootstrapping means.
Errorbars (hardly ever visible) indicate the 95% confidence interval of the
MLE for all individual estimates. The p-values are given in lin-lin as well
as log-lin diagrams. Horizontal dashed lines mark theoretical predictions
ξ = −1/D1 = −0.69 and −1/D2 = −0.8 from estimated values of
D1 = 1.46 from Lyapunov exponents based on the Kaplan-Yorke formula
(14.9), and D2 = 1.25 from direct calculation by the Grassberger-Procaccia
algorithm (Kantz and Schreiber, 2003). The Lyapunov exponents were
computed by a standard method implemented in the user-defined Matlab
function lyapunov.m downloadable from Govorukhin (2004). Another pair
of dashed lines correspond to D1 = 1.46 + 1 and D2 = 1.25 + 1 to do with
no event handling. 413
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14.7 Density distributions ρx,m of block maxima BMa for the observable
−dist(x, ζ ) of L84 averaged/overlaid wrt. the different reference points
ζ ’s. (a)–(m) R = 26 = 64 corresponding to panel (a) of Fig. 14.6,
m = 2k, k = 0, . . . , 12 corresponding to the alphabetically ordered panel
labels; (n) R = 28 = 256 corresponding to panel (c) of Fig. 14.6, m = 212. 414

14.8 Estimates of the shape parameter ξ for −dist(x, ζ ) of L84 with averaging
over the reference points ζ , along with estimation diagnostics. The POT
approach and the MLE (red) (utilizing Matlab’s gpfit) and another ad-hoc
diagnostics-based fitting method (described in the main text) are used. The
red (green) curve corresponds to linear (nonlinear, geometric) averaging
over ζ , and so ξ = −1/D2 (ξ = −1/D1). Horizontal dashed lines mark
theoretically calculated values ξ = −1/D1 = −0.69 and −1/D2 = −0.8
from estimated values of D1 = 1.46 based on the Kaplan-Yorke formula
(14.9), and D2 = 1.25 from direct calculation by the Grassberger-Procaccia
algorithm (Kantz and Schreiber, 2003). 416

14.9 Dimension density as a function of forcing for the Lorenz 96 model. For
computations the codes in the Appendix of Gallavotti and Lucarini (2014) are
made use of. For the blue, magenta and red curves (and hollow circle markers)
N̂ = 32, 16 and 10 (10), in that order. The blue and magenta curves connect
the mean values for R = 10 different estimates of DK Y per sample value of
F = 2(2+i(10−2)/51), i = 0, . . . , 51 (represented by dot markers scattered
only slightly). Each DK Y estimate is based on a simulation time span of
T = 500 [MTU]. The circle markers each represent a single estimate with
T = 2000 [MTU] at sample values F = 2(1+i(5−1)/21), i = 0, . . . , 19. The
red curve gives a least-squares fit of the form (14.14) to the circle markers.
The upper inset shows a magnified view of the diagram, and the lower inset
uses a log-log diagram to indicate an asymptotic scaling. For the largest few
F’s the scaling is not captured because of numerical inaccuracies. 418

14.10 (a) Dimension density as a function of forcing for the Lorenz 96 model, (b)
and associated theoretical predictions of the shape parameter by eq. (14.10)
for physical observables as a function of the attractor dimension. Green circle
markers highlight scenarios for which EVS is evaluated in Fig. 14.11. The
inset in panel (a) shows a blowup. In panel (b) the diagram is shown for
different ranges of ξ , in order to resolve discontinuities of ξ(DK Y ). 419

14.11 Estimates of the shape parameter ξ for x j ’s of L96, along with estimation
diagnostics. We take the same BS0 = 40 [MTU] as for L84. Grey
lines mark ten theoretical predictions ξ ≈ −1/D1. Time series data for
x j , j = 1, . . . , N̂ , N̂ = 10, shuffled into one (magenta) or concatenated
(blue) are used. A (no) bootstrapping is used to obtain the magenta (blue)
curve (providing ξ ). The magenta curve belongs to red dot markers (p < 0.05)
and blue × markers (p > 0.05); and the blue curve belongs to red (p < 0.05)
and blue (p > 0.05) square � markers. The sample values of F used, as
indicated by the green circle markers in Fig. 14.10, are: (a) 4.9354 (b) 4.8958
(c) 4. 8580 (d) 4.9771 (e) 5.1654 (f) 5.5250 (g) 6.1991 (h) 6.9176 (i) 7.7255 (j)
8.8154 (k) 10.7137 (l) 13.7581 (m) 19.2049 (n) 34.2371. These F values yield
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DK Y values sufficiently close to and below the desired integer dimensions
DK Y = i, i = 3, . . . , 9, and fractional dimensions 0.4 + i, i = 2, . . . , 8; the
actual values are written on top of each panel. 420

14.12 Stamp diagram of distribution densities ρm of block maxima. No
bootstrapping is done. Red curves give the GEVD fits by MLE. This is
a companion diagram to Fig. 14.11; the consecutive rows correspond to
consecutive panels of the said figure, and consecutive columns correspond to
the increasing sample values of m. 422

14.13 Estimates of the shape parameter ξ for the different x j ’s of L96 separately
with F = 12, N̂ = 10. No bootstrapping is done. 423

14.14 Estimates of the shape parameter ξ for the x j ’s of L96, with N̂ = 32 and
F = 20, in the spirit of Fig. 14.11. Bootstrapping is done. The p-value for
each MLE is indicated by red dot markers (p < 0.05) and blue × markers
(p > 0.05). 424

14.15 Theoretical predictions of ξ for the variable r =
√

y2 + z2 in L84 driven by
the first component of the Rössler system, as defined by Bódai et al. (2013). 426
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Preface

Unquestionably the climate system is a highly nonlinear and complex system characterized
by the communication of coherent information across a multitude of scales and exhibiting
on occasion abrupt transitions between periods of relative stability. Given the importance
of the potential societal impacts of anthropogenic influences, knowledge of both the past
and future evolution of the climate system is of utmost importance. As a consequence there
has been increased demand for predictions on the timescales from seasons to decades. To
underpin predictive models beyond the timescales of synoptic weather forecasts, there is
a huge need for applied mathematical, statistical, network, and complexity approaches to
further our understanding of where predictive skill resides in the climate system.

The nonlinear, stochastic, and multiscale nature of the problem makes development of a
foundational theoretical basis for climate variability and predictability a distinct challenge.
Mathematicians, geoscientists, and fluid dynamicists are by nature attracted to the “hard
problems” and this is reflected in the growing richness of approaches and increasing num-
bers of interdisciplinary mathematical and geoscience researchers attending the Nonlinear
Processes sessions of the two big geosciences unions, the European Geoscience Union and
the American Geophysical Union and dedicated conferences like SIAMs Mathematics of
Planet Earth.

Traditional climate science has understood many important aspects of the climate sys-
tem by linearizing the equations of motions and by making Markovian and Gaussian
assumptions in combination with a deterministic view of the climate system. However,
there is increasing observational evidence that the climate system is highly nonlinear, non-
stationary, and non-Gaussian and that in many areas memory (non-Markovian) effects are
important. These effects render our ability to make skillful predictions based on linear
methods highly problematic. It has been shown that stochastic parameterizations can sig-
nificantly improve ensemble prediction and data assimilation schemes. More generally,
stochastic methods are particularly well suited for the analysis of high dimensional, non-
stationary multiscale systems of which the atmosphere and ocean are two paradigmatic
examples. Furthermore, stochastic methods have been shown to become crucial to under-
standing the impact of small-scale growing disturbances on the large-scale quasi-stationary
structures manifest in the climate.

xxxi
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xxxii Preface

While physics, mathematics, and statistics contribute more and more to a nonlinear and
stochastic view of the climate system, these communities still do not have a very close rela-
tionship with the climate science community, in part due to a lack of dedicated journals and
books at the intersections of these communities. This book aims to link these communities
and to give graduate students and interested scientists an accessible entry into nonlinear and
stochastic climate dynamics by highlighting the latest developments and current research
questions.

The contributions in this book cover the latest developments in this exciting research area
of climate dynamics. The first two chapters deal with the particularly nonlinear (nonsecu-
lar) trends evident in the paleoclimate record. We begin with the chapter (1) by Crucifix et
al. discussing how the nonlinearity of the climate system hampers predictions of the future
climate, and in particular, the onset of the next ice age. The slow dynamics of ice ages
feature the nonlinear interaction of ice sheets, the deep ocean, and carbon cycle dynamics.
One important conclusion of this contribution is the usefulness of stochastic parameteri-
zations in climate modeling. The second chapter by Ditlevsen discusses predictability in
the climate system using the ice core record. The Greenland ice cores show a number
of abrupt changes which are nonlinear responses inherent in the climate system and which
can be interpreted as being tipping points. Ditlevsen shows that the predictability of tipping
points depends on their dynamical origin and whether they are bifurcation (deterministic
chaos) or noise induced. While the underlying dynamics of the transitions might not be
exactly known, early warming systems for tipping points might still have some predictive
skill.

The so-called teleconnection patterns or persistent regime states of the large-scale
atmosphere and ocean are perhaps the most well recognized and most important area
of nonlinear climate dynamics. In chapter 3 Feldstein and Franzke review the history
and dynamics of atmospheric teleconnection patterns and regime states. For instance, the
importance of the North Atlantic Oscillation teleconnection pattern and its surface impacts
has been known since the time of the Vikings in the 12th century. Additionally, surface
impacts of teleconnection patterns are associated with extremes of heat and cold, and have
application for statistical downscaling, long-range predictions and paleoclimate recon-
structions. While there is currently no comprehensive theory of teleconnection patterns,
Feldstein and Franzke review the current understanding of the mechanisms driving them.
Straus et al. (Chapter 4) extend the focus on atmospheric regimes considering their link to
weather and the large-scale circulation including an examination of cluster methods used to
identify regime states. This close link is particularly important for long-range predictions
and impact studies.

While it is well recognized that regime transitions in climate systems are often initi-
ated by an instability in the flow, predictability and the mechanisms underlying regime
transitions are in general not well understood. Nadiga and O’Kane (Chapter 5) present
the results of a regime and predictability study in an idealized barotropic vorticity model
that admits low-frequency regime transitions between zonal and dipolar states. They con-
sider perturbations that are embedded onto the system’s chaotic attractor under the full
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nonlinear dynamics as nonlinear generalizations of the leading (backward) Lyapunov vec-
tor and where transitions between regimes are initiated by weak stochastic forcing of the
large-scale modes.

Donner et al. (Chapter 6) take a particular nonlinear view on preferred atmospheric
circulation patterns by applying network theory. In their contribution they point out sim-
ilarities between network approaches and more traditional methods, which are mainly
based on assumptions of linearity and stationarity, like Empirical Orthogonal Functions
(EOFs). While the previous approaches are mainly aiming for preferred or recurring pat-
terns, Horenko et al. (Chapter 7) discuss methods for identifying persistent patterns which
likely are more predictable. Their non-parametric variational approach is especially suited
for multiscale data and does not make assumptions about the underlying dynamics of the
regime states and their evolution, i.e. stationarity.

A recent and exciting development is the use of stochastic methods in climate research.
Gottwald et al. (Chapter 8) present the fundamentals of a stochastic climate theory. They
show that the Mori-Zwanzig formalism, well-known from statistical physics, predicts the
presence of memory effects in reduced order models. This implies that subgrid scale
parameterizations for numerical weather and climate prediction models should include
time-history effects. The current generation of operational weather and climate prediction
models rarely consider such effects in parameterizations of subgrid processes. Gottwald
et al. also review current methods to empirically estimate the coefficients for stochastic
reduced order models. Frederiksen et al. (Chapter 9) review the development of a fam-
ily of systematic parameter free approaches to subgrid scale parameterizations based on
stochastic modeling and closure-based representations of the effects of subgrid turbulence
in large eddy simulations of turbulent fluids including memory and non-Gaussian effects.
Harlim (Chapter 10) presents the latest developments in data assimilation demonstrating
that stochastic parameterizations are a particularly promising Ansatz for mitigating the
effects of model error in data assimilation.

Bunde and Ludescher (Chapter 11) introduce the concept of long-memory in their
contribution. Long-memory processes are those whose autocorrelation function decays
according to a power-law. That memory effects are important in the climate system was
already discussed in the chapter by Gottwald et al. (Chapter 8). The long-memory char-
acteristic implies that perturbations can be long-term persistent. This property hinders the
detection of significant climate trends. In particular, Bunde and Ludescher show that the
first-order autoregressive process currently popular in trend testing are inadequate and that
long-memory methods have to be used. The authors also show that long-memory also leads
to the clustering of extreme events. While Bunde and Ludescher focus on Gaussian pro-
cesses, Watkins (Chapter 12) surveys methods which simultaneously are long-memory and
have heavy tails, i.e. have severely non-Gaussian distributions.

Ribatet (Chapter 13) presents the latest developments in the study of spatial extremes
and the application of max-stable processes. Bodai (Chapter 14) uses a dynamical systems
approach to extremes. In this approach the attractor dimension is related to the parame-
ters of the classical extreme value distributions, well-known from statistical extreme value
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theory. He discusses the link between extreme value statistics and the geometrical proper-
ties of the attractor in both high-dimensional systems and in very low-dimensional settings
where the fracticality of the attractor prevents the system from having an extreme value
law.

In summary, this book provides, perhaps for the first time, an accessible overview on
nonlinear and stochastic climate dynamics at the leading edge of research. We hope to
contribute with this book to a fruitful interaction between the mathematical, physical, and
climate science communities.

CF acknowledges generous support by the German Research Foundation (DFG) through
the cluster of excellence CliSAP (EXC177) and the SFB/TRR181 “Energy transfers in
atmosphere and ocean” throughout the preparation of this book.
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