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Preface

0.1 WHAT IS REVEALED PREFERENCE THEORY?

“Revealed preference” is a term with several interpretations in economic
theory, all closely related but possessing subtle philosophical differences.
The central theme common to all interpretations is that of understanding
what economic models say about the observable world. Most practitioners
of revealed preference theory recognize that an economic model is useful
for organizing data and making predictions, but they would not go so far as
to admit that the model is, or represents, “reality.” Economic models usually
consist of multiple interacting parts. Some parts are theoretical in nature, and
are not meant to be observed. These unobservable parts are then tied to objects
which could potentially be observed and measured.

Let us begin with the canonical example of revealed preference theory.
Economists often view individuals as making decisions consistent with some
objective function, usually interpreted as “utility.” So, the theory posits that
an individual chooses that option which gives her the highest utility among
all feasible options. This has proved to be a useful and tractable model
in many branches of economics; in fact, the concept is ubiquitous. But it
has been recognized at least since Pareto (1906) that, even if an individual
optimizes a utility, the cardinal structure of said utility function (that is, the
numerical values assigned to potential choices by the utility) cannot be inferred
from choice behavior. Utility is a “theoretical” concept. The only empirically
meaningful statements that can be gleaned from data relate to whether one
option exhibits a higher utility than another. Once this is recognized, it is
natural to ask: what are the predictions of the utility maximization model for
observable choice behavior? Obviously, the predictions will have to be made
across different choice situations. A theory that claims an individual chooses
the best available option from those in front of her will have little to say
without imposing constraints on the notion of “best.” So, the next step was
to understand what these predictions are. These questions form the first few
chapters of this book.
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Xiv Preface

The revealed preference approach seeks to understand what a given model
says about data. Observable economic data are either consistent with a given
model or not. If the data are consistent with the model, this does not provide
evidence that the model is right, but instead tells us that — at least in terms of
economically observable phenomena — we may without loss of generality treat
the economic system under consideration as if the model is right.

As an illustration of this phenomenon, the words “as if” are frequently
applied in revealed preference analysis: a decision maker behaves “as if”” she
possesses a utility function, a firm behaves “as if” it is profit-maximizing,
a group of agents behave “as if” they make agreements according to a
Nash bargaining solution. Importantly, common to all uses of the “as if”
qualification is the idea that there is some procedural aspect to behavior which
is unobserved, and which cannot be observed using economic data.

It is true, however, that this “as if” approach often generates parameters
which are intended to be applied outside of the model. For example, the theory
of subjective expected utility can be used to elicit a probability measure over
states of the world. Whether or not this probability measure actually represents
a probability measure the agent in question possesses, it is often treated as
such. Researchers often assume that the agent possesses a probability measure,
and that the behaviorally elicited probability measure is a good enough proxy.
Assumptions like these obviously cannot be tested using economic data, and
thus fall in the realm of philosophy.

What does the standard revealed preference exercise look like? A model
is specified by hypothesizing the existence of some objects, which are not
observable as data, even in principle. Thus, a revealed preference theory is
existential in nature. We can refer to these unobservable objects as theoretical
objects. These objects are hypothesized to interact with observable objects in
a certain way. Generally speaking, theoretical objects live in a large space
(though this need not always be the case). The standard example of the exercise
we have in mind is the utility function over commodity space: the set of utility
functions is obviously quite large. We can never see a utility function, but what
we might be able to see are demand observations at a finite list of prices. Thus
the question arises: does there exist a utility function which could generate
these demand observations by a process of maximization? In general, such
questions are by no means trivial to answer. For the utility example, because
there are an infinite number of potential utility functions, searching through
every possible utility function to verify whether or not one of them could lead
to observed data is an impossible task. A different approach is needed, some
way of simplifying the problem. This approach is revealed preference theory.

We wish to emphasize that the role of revealed preference theory is not
to make any claim on the notion of what constitutes an economic theory, or
to discuss the “realism” or meaning of theoretical concepts in an economic
theory.! In fact, revealed preference theory has nothing to say about the

1 Some essays by Paul Samuelson (1963, 1964, 1965) have sometimes been interpreted as
suggesting that a theory is equivalent to its theoretical predictions.
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Preface XV

interpretation of these theoretical concepts. Rather, the driving force of
revealed preference theory is understanding the implications of our theories
and models for the real world.? Similarly, while the theory has been formulated
for choice data, there is nothing inherent in revealed preference theory that
precludes using other sources of datasets.?

0.2 DIFFERENT APPROACHES IN REVEALED PREFERENCE

In broad terms, revealed preference theory can be divided into two main
subfields. The first assumes that all relevant and potentially observable
economic data are in fact observed. For example, the integrability question of
demand theory asks when a fully specified demand function can be rationalized
by an (unobserved) preference relation which the consumer maximizes.
Another example is standard in decision theory, where one observes a complete
preference relation, meaning that one observes the outcome of all pairwise
comparisons between objects of choice. We study a few such questions in
this book, but not many. On the other hand, the second subfield assumes that
economic data are only partially observable. We observe consumer demand a
finite number of times. We observe production a finite number of times. Or we
see how agents interact a finite number of times.

Within this second subfield, there are again two underlying themes, which
are two sides of the same coin. One theme deals with refutability, or
falsifiability. This approach studies the revealed preference implications of
a model by studying what the model rules out. Given data, we want to
check whether or not these data falsify the model in question. A canonical
example is the equivalence of the generalized axiom of revealed preference
(GARP) and rationalizability. GARP is a statement that rules out “revealed
preference cycles,” any demonstration of which falsifies the model. So, the
idea is to characterize those potential observations which would directly falsify
the model. GARP characterizes these observations as those which exhibit
“preference cycles.” The absence of a preference cycle, on the other hand, says
nothing about the truth of the model. It only establishes that the model has not
been falsified.

An alternative approach attempts to verify that given data are consistent with
the model. The driving force in this framework is that of “reducing” the search
for unobservables to a smaller space. The canonical example of this approach
is the equivalence of the Afriat inequalities and the hypothesis of maximizing
a utility function. The Afriat inequalities are a finite list of linear inequalities
that are derived directly from observed data. If the inequalities have a common

2 In a final chapter, we will describe a “theory” as a kind of class of potential relations that might
hold in the real-world. This turns out to be a useful construction for understanding the empirical
content that a theory has, but it may not conform to the notion of a theory as philosophers of
science define it.

3 Indeed, the most common empirical application of revealed preference theory uses data from
non-incentivized consumption surveys. These surveys are not, strictly speaking, choice data.
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xvi Preface

solution, then one can claim that the observed data could have been generated
by utility maximization; in other words, the model has not been falsified. On
the other hand, if there is no such solution, then we have falsified the model.
Directly verifying that data are consistent with utility maximization involves
searching an infinite-dimensional space (the space of utility functions). Finding
a solution to the Afriat inequalities involves searching a finite dimensional
space. Indeed, there are well-known linear programming algorithms which can
be used to determine whether the Afriat inequalities have a solution. However,
with either approach, the hypothesis refers to “unobservable” or “theoretical”
concepts (the utility function in the first place, the solution to the inequalities
in the other).

In this book, we focus on the first approach. Our interest in this book is
in understanding the data which falsify a given model. It is natural that our
interest will therefore be in directly characterizing such datasets. However,
it is important to understand that, quite generally, the two approaches are
mathematically equivalent, and neither is “better” than the other. At times,
one approach, and at other times the other, will be more useful. To illustrate,
consider Afriat’s Theorem: this beautiful theorem establishes that GARP,
satisfaction of the Afriat inequalities, and consistency with the maximization of
a utility function are all equivalent. Thus, Afriat’s Theorem not only provides
a direct method of falsifying the model (GARP), but a simple method of
verifying when the model is not refuted (the Afriat inequalities). It is now know
that this duality holds relatively generally; this was first described in economics
by Brown and Matzkin (1996). In practice, however, the more difficult problem
is often in exhibiting classes of data which refute the given model, eliminating
all unobservable and theoretical concepts.

0.3 SCOPE OF THE BOOK

This book arose from courses taught by the authors at Caltech and UCSD,
and by no means claims to be exhaustive, complete, or definitive: the selection
of material covered inevitably reflects our own interests and expertise. There
are many areas of revealed preference theory, both old and modern, which
we discuss very little. In particular, we include no discussion whatsoever of
the theory of household consumption, which is an area of revealed preference
theory that has been especially active. In addition, there are already several
fine existing surveys of revealed preference theory; Richter (1971), Mas-Colell
(1982), Carvajal, Ray, and Snyder (2004), Varian (2006), Cherchye, Crawford,
De Rock, and Vermeulen (2009), and Crawford and De Rock (2014) are
excellent and highly recommended references which have helped us to shape
our own ideas.

Our presentation of the material emphasizes some concepts that we have
found particularly important in our own understanding and teaching of
revealed preference theory.
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Preface Xvii

In the classical choice or demand theoretic setting, while there are several
objects that might rightfully be called a revealed preference relation, the
literature often refers to revealed preference as if it is a single concept. This can
lead to substantial confusion on the part of students. While everyone readily
understands the notion that x is revealed preferred to y if x is chosen when y
is available, somewhat more subtle is the notion of revealed strict preference:
that x is chosen when y is available and y is not chosen. The subtlety lies in the
fact that the revealed strict preference need not be the strict part of the revealed
preference. Indeed, the role of the most famous of revealed preference axioms,
the weak axiom of revealed preference, is simply to ensure that revealed strict
preference does not contradict revealed preference: it is impossible for x to be
revealed preferred to y while y is revealed strictly preferred to x. We chose,
therefore, to introduce a technology in this book which makes these concepts
clear. Instead of referring to a revealed preference, we refer throughout to a
revealed preference pair: the pair consisting of the revealed preference and the
revealed strict preference.

Much of this book focuses on the idea of “eliminating” existentially
quantified theoretical concepts, as described in our discussion of utility
maximization above. The elimination of quantifiers can often be facilitated by
some simple mathematical results which prove to be extremely powerful. One
of the important mathematical results that we use over and over is called the
Theorem of the Alternative. Geometrically, it is very simple. At the same time,
it is very powerful, and often lets us convert existential quantification in one
set of variables to universal quantification in another. It relates pairs of linear
inequalities. The theorem tells us that one of the systems (the primal) has a
solution if and only if the other (the dual) does not. The key aspect is that these
two systems are systems of inequalities in different variables. The variables of
the primal correspond to the constraints of the dual, and conversely. Often, we
are lucky enough to be able to reduce the search for a theoretical object to a
list of linear inequalities. For example, it may not be obvious, but the existence
of a utility function representing a preference on a finite set is equivalent to
the existence of a solution to a collection of linear inequalities, where the
utility function is viewed as a vector living in a finite-dimensional space. By
the Theorem of the Alternative, there is no solution to this collection of linear
inequalities if and only if the dual set of linear inequalities has a solution. Thus,
falsifying the hypothesis of the existence of a utility is simplified: instead of
demonstrating that all potential solutions cannot be solutions, we simply have
to demonstrate one solution to the dual set of linear inequalities. And the dual
set of linear inequalities has a variable for each constraint of the primal set. It
turns out that in this context, one can show that a solution to the dual set of
linear inequalities corresponds to a revealed preference cycle, so that a utility
function exists if and only if there is no revealed preference cycle. Importantly,
what the Theorem of the Alternative has allowed us to do is to remove any
existential mention of the theoretical object.
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XViii Preface

This technique proves useful because tests for many economic models can
be reduced to collections of linear inequalities. But this is not always the case.
Tests for some economic models turn out to be best studied by systems of
polynomial inequalities. And in fact, for polynomial inequalities, there are
similar notions to the Theorem of the Alternative. One, which has not yet
found widespread application in economics, is called the Positivstellensatz.
The Positivstellensatz claims that a system of polynomial inequalities has a
solution if and only if some dual set has no solution. Though in general it
may be difficult to test whether this dual set of polynomial inequalities has
a solution, there are algorithms that seem to work well in practice. Another
related idea is the Tarski—Seidenberg result. Tarski—Seidenberg asks whether
a given collection of polynomial inequalities has a solution. It turns out that
there is an algorithm for checking whether or not this is so (this algorithm,
unfortunately, is generally computationally very costly).

The Tarski—-Seidenberg algorithm is a beautiful application of a
model-theoretic construct called quantifier elimination. Quantifier elimination
is a rare property that certain theories can have; and it just so happens that the
theory of real closed fields (of which the real numbers are an example) has
this property. Quantifier elimination is said to hold if existentially quantified
first-order sentences can always be shown to be equivalent to sentences
with no existential quantification. As most revealed preference exercises are
existential in nature (that is, one wants to search for the existence of a utility
function, or preference, or choice correspondence), quantifier elimination
proves to be an extremely powerful tool in revealed preference theory.

The book is laid out into chapters whose titles are, for the most part,
self-explanatory. Chapter 1 begins with some mathematical preliminaries
which will be useful throughout the text. Chapters 2—6 investigate the revealed
preference question in classical environments, ranging from abstract choice, to
demand, to production. Chapter 7 is an investigation into the stochastic choice
model, which generalizes the abstract choice-theoretic model to allow choice
over options to be random. Chapter 8 describes some of the basic economic
models of uncertainty, and how they can be investigated with revealed
preference techniques. Chapters 9-11 are devoted to studying revealed
preference-style questions in models of group choice; general equilibrium
theory, game theory, and political science topics are addressed here.

The final two chapters are more methodological and abstract. Chapter 12
formalizes an underlying theme of the book: that finding rationalizations in
many revealed preference models turns out to be equivalent to finding a
satisfaction to a collection of polynomial inequalities. This observation is not
new, of course, but we describe some tools deriving from the mathematical
discipline of real algebraic geometry which we believe could be useful for
practitioners. Chapter 13 is devoted to studying notions of revealed preference,
empirical content, and falsifiability from an abstract perspective. This chapter
is mostly based on the authors’ joint work with Eran Shmaya.
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Preface Xix

Finally, we are very grateful to Kim C. Border, Jun Chen, SangMok Lee,
Ce Liu, Efe Ok, Juan Sebastidn Pereyra, John N. Rehbeck, Eran Shmaya, and
Gerelt Tserenjigmid for corrections, references, and very useful comments on
early drafts of the book. Kevin Li, in particular, proofread most of the material
and helped us improve the writing and the exposition in the book significantly.
We also received very useful feedback from five anonymous reviewers from
Cambridge University Press. Special thanks are due to our coauthors Yaron
Azrieli, Takashi Hayashi, PJ Healy, SangMok Lee, Kota Saito, Matt Shum,
Eran Shmaya, and Bumin Yenmez for work that has shaped our understanding
of revealed preference theory, and for letting us use our joint research for some
of the material included in the book.
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