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Praise for An Introduction to Stochastic Dynamics

“Jinqiao Duan’s book introduces the reader to the actively developing theory of
stochastic dynamics through well-chosen examples that provide an overview,
useful insights, and intuitive understanding of an often technically complicated
topic.”

– P. E. Kloeden, Goethe University, Frankfurt am Main

“Randomness is an important component of modeling complex phenomena in bio-
logical, chemical, physical, and engineering systems. Based on many years teaching
this material, Jinqiao Duan develops a modern approach to the fundamental the-
ory and application of stochastic dynamical systems for applied mathematicians
and quantitative engineers and scientists. The highlight is the staged develop-
ment of invariant stochastic structures that underpin much of our understanding of
nonlinear stochastic systems and associated properties such as escape times. The
book ranges from classic Brownian motion to noise generated by α-stable Levy
flights.”

– A. J. Roberts, University of Adelaide
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AN INTRODUCTION TO STOCHASTIC DYNAMICS

The mathematical theory of stochastic dynamics has become an important tool in
the modeling of uncertainty in many complex biological, physical, and chemical
systems and in engineering applications – for example, gene regulation systems,
neuronal networks, geophysical flows, climate dynamics, chemical reaction sys-
tems, nanocomposites, and communication systems. It is now understood that these
systems are often subject to random influences, which can significantly impact their
evolution.

This book serves as a concise introductory text on stochastic dynamics for applied
mathematicians and scientists. Starting from the knowledge base typical for begin-
ning graduate students in applied mathematics, it introduces the basic tools from
probability and analysis and then develops for stochastic systems the properties
traditionally calculated for deterministic systems. The book’s final chapter opens
the door to modeling in non-Gaussian situations, typical of many real-world appli-
cations. Rich with examples, illustrations, and exercises with solutions, this book
is also ideal for self-study.

jinqiao duan is professor and director of the Laboratory for Stochastic Dynamics
at Illinois Institute of Technology. During 2011–13, he also served as professor
and associate director of the Institute for Pure and Applied Mathematics (IPAM) at
UCLA. An expert in stochastic dynamics, stochastic partial differential equations,
and their applications in engineering and science, he has been the managing editor
for the journal Stochastics and Dynamics for more than a decade. He is also
a coauthor of the research monograph Effective Dynamics of Stochastic Partial
Differential Equations (2014).
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Dedicated to the memory of
my grandparents, Duan Chongxiang and Ye Youxiang

and
my parents, Duan Jianhua and Chen Yuying
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4.7 Conversion between Itô and Stratonovich Stochastic

Differential Equations 89
4.8 Impact of Noise on Dynamics 92
4.9 Simulation 94
4.10 Problems 95

5 Deterministic Quantities for Stochastic Dynamics 99
5.1 Moments 100
5.2 Probability Density Functions 102
5.3 Most Probable Phase Portraits 111
5.4 Mean Exit Time 118
5.5 Escape Probability 123
5.6 Problems 129

6 Invariant Structures for Stochastic Dynamics 133
6.1 Deterministic Dynamical Systems 134
6.2 Measurable Dynamical Systems 148
6.3 Random Dynamical Systems 150
6.4 Linear Stochastic Dynamics 160
6.5 *Random Invariant Manifolds 170
6.6 Problems 180

7 Dynamical Systems Driven by Non-Gaussian Lévy Motions 188
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Preface

Dynamical systems are often subject to random influences, such as external fluc-
tuations, internal agitation, fluctuating initial conditions, and uncertain parameters.
In building mathematical models for these systems, some less-known, less-well-
understood, or less-well-observed processes (e.g., highly fluctuating fast- or small-
scale processes) are ignored because of a lack of knowledge or limitations in
our analytical skills and computational capability. This ignorance also contributes
to uncertainty in mathematical models of complex dynamical systems. However,
uncertainty or randomness may have a delicate and profound impact on the overall
evolution of complex dynamical systems. Indeed, there is clear recognition of the
importance of taking randomness into account when modeling complex phenomena
in biological, chemical, physical, and other systems.

Stochastic differential equations are usually appropriate models for randomly
influenced systems. Although the theoretical foundation for stochastic differen-
tial equations has been provided by stochastic calculus, better understanding the
dynamical behaviors of these equations is desirable.

Who Is This Book For?

There is growing interest in stochastic dynamics in the applied mathematics com-
munity. This book is written primarily for applied mathematicians who may not have
the necessary background to go directly to advanced reference books or the research
literature in stochastic dynamics. My goal is to provide an introduction to basic tech-
niques for understanding solutions of stochastic differential equations, from ana-
lytical, deterministic, computational, and structural perspectives. In deterministic
dynamical systems, invariant manifolds and other invariant structures provide global
information for dynamical evolution. For stochastic dynamical systems, in addi-
tion to these invariant structures, certain computable quantities, such as the mean
exit time and escape probability (reminiscent of quantities like “eigenvalues” and

xi
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xii Preface

“Poincaré index” in deterministic dynamics and “entropy” in statistical physics),
also offer insights into global dynamics under uncertainty. The mean exit time and
escape probability are computed by solving deterministic, local or nonlocal, partial
differential equations. Thus, I treat them as deterministic tools for understanding
stochastic dynamics. It is my hope that this book will help the reader in accessing
advanced monographs and the research literature in stochastic dynamics.

What Does This Book Do?

A large part of the material in this book is based on my lecture notes for the
graduate course Stochastic Dynamics that I have taught many times since 1997.
Among the students who have taken this course, about two-thirds are from applied
mathematics, and the remaining one-third are from departments such as physics,
computer science, bioengineering, mechanical engineering, electrical engineering,
and chemical engineering. I would like to thank those graduate students for helpful
feedback and for solutions to some exercises. For this group of graduate students,
selection of topics and choice of presentation style are necessary. Thus, some
interesting topics are not included. The choice of topics is personal but is influenced
by my teaching these graduate students, who have basic knowledge in differential
equations, dynamical systems, probability, and numerical analysis. Some materials
are adopted from my recent research with collaborators; these include the most
probable phase portraits in Chapter 5 and random invariant manifolds in Chapter
6, together with mean exit time, escape probability, and nonlocal Fokker-Planck
equations for systems with non-Gaussian Lévy noise in Chapter 7.

I have tried to strike a balance between mathematical precision and accessibility
for the readers of this book. For example, some proofs are presented, whereas some
are outlined and others direct to the references. Some definitions are presented in
separate paragraphs starting with “Definition,” but many others are introduced less
formally as they occur in the body of the text. As far as possible, I have tried to
make connections between new concepts in stochastic dynamics and old concepts
in deterministic dynamics.

After some motivating examples (Chapter 1), background in analysis and prob-
ability (Chapter 2), a mathematical model for white noise (Chapter 3), and a crash
course in stochastic differential equations (Chapter 4), I focus on three topics:

� Quantities that carry stochastic dynamical information (Chapter 5): This
includes moments, probability densities, most probable phase portraits, mean
exit time, and escape probability.

� Structures that build stochastic dynamics (Chapter 6): This includes the
multiplicative ergodic theorem and Hartman-Grobman theorem for linearized
stochastic systems and invariant manifolds for nonlinear stochastic systems.
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Preface xiii

� Non-Gaussian stochastic dynamics (Chapter 7): This is an introduction to
systems driven by non-Gaussian, α-stable Lévy motion.

This book is full of examples, together with many figures. There are separate
Matlab simulation sections in Chapters 2–4, whereas in Chapters 5 and 7, numer-
ical simulations are included in various sections. Although Chapter 6 contains no
numerical simulations for its nature, it has examples and problems that require
detailed derivations or calculations by hand. At the end of each chapter are home-
work problems, including some numerical simulation problems; Matlab is sufficient
for this purpose. Most of these problems have been tested in the classroom. Hints
or solutions to most problems are provided at the end of the book.

A section with an asterisk may be skipped on a first reading.
Some additional references are provided in the “Further Readings” section, for

more advanced readers.

What Prerequisites Are Assumed?

For the reader, it is desirable to have basic knowledge of dynamical systems, such
as the material contained in

� Chapters 1–2 of Nonlinear Oscillations, Dynamical Systems, and Bifurcations of
Vector Fields by J. Guckenheimer and P. Holmes

� Chapters 1–2 of Introduction to Applied Nonlinear Dynamical Systems and Chaos
by S. Wiggins

� Chapters 1–2 of Differential Equations and Dynamical Systems by L. Perko
� Chapters 1–3 of Nonlinear Dynamics and Chaos by S. H. Strogatz

Ideally, it is also desirable to have elementary knowledge of stochastic differential
equations, such as

� Chapters 1–6 of Stochastic Differential Equations by L. Arnold
� Chapters 1–5 of An Introduction to Stochastic Differential Equations by L. C.

Evans
� Chapters 1–5 of Stochastic Differential Equations by B. Oksendal
� Chapters 1–3 of Stochastic Methods by C. Gardiner

Realizing that some readers may not be familiar with stochastic differential
equations, I review this topic in Chapter 4.
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Notation

� is defined to be

|x| absolute value of x ∈ R
1

‖x‖ Euclidean norm of x ∈ R
n

a ∧ b � min{a, b}
a ∨ b � max{a, b}
a+ � max{a, 0}
a− � max{−a, 0}
Bt Brownian motion

B(Rn) Borel σ -field of R
n

B(S) Borel σ -field of state space S

C(Rn) space of continuous functions on R
n

C0(Rn) space of continuous functions on R
n that have compact support

Ck(Rn) space of continuous functions on R
n that have up to kth-order

continuous derivatives

Ck
0 (Rn) space of continuous functions on R

n that (1) have up to kth-order
continuous derivatives and (2) have compact support

C∞(Rn) space of continuous functions on R
n that have derivatives of all orders

C∞
0 (Rn) space of continuous functions on R

n that (1) have derivatives of all
orders and (2) have compact support

Cα(D) space of functions that are locally Hölder continuous in D with
exponent α

Cα(D̄) space of functions that are uniformly Hölder continuous in D with
exponent α

xv
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xvi Notation

Ck,α(D) space of continuous functions in D whose kth-order derivatives are
locally Hölder continuous in D with exponent α

δ(ξ ) Dirac delta function

E expectation

E
x expectation with respect to the probability measure P

x induced by a solution
process starting at x

FX(x) distribution function of the random variable X

FX or σ (X) σ -field generated by the random variable X

FXt = σ (Xs, s ∈ R) σ -field generated by a stochastic process Xt ; it is the
smallest σ -field with which Xt is measurable for every t

F ξ σ -field generated by the stochastic process ξt

FB
t � σ (Bs : s ≤ t) filtration generated by Brownian motion Bt

F∞ � σ (
⋃

t≥0 Ft )

Ft+ �
⋂

ε>0 Ft+ε

Ft− � σ (
⋃

s<t Fs)

FX
t � σ (Xs : 0 ≤ s ≤ t) filtration generated by a stochastic process Xt

F t−∞ � σ (∪s≤tF t
s ) also denoted as

∨
s≤t F t

s

F∞
s � σ (∪t≥sF t

s ) also denoted as
∨

t≥s F t
s

H (f ) Hessian matrix of a scalar function f : R
n → R

1

H (ξ ) Heaviside function

Hk(D) Sobolev space

Hk
0 (D) Sobolev space of functions with compact support

‖ · ‖k Sobolev norm in Hk(D) or Hk
0 (D)

lim in m.s. convergence in mean square, i.e., convergence in L2(�)

lp space of infinite sequences {xi}∞i=1 such that
∑∞

i=1 |xi |p < ∞
L2(Rn) space of square-integrable functions defined on R

n

Lp(Rn) space of p-integrable functions defined on R
n, with p ≥ 1

Lp(D) space of p-integrable functions defined on a domain D ⊂ R
n, with p ≥ 1

L2(�) or L2(�, R
n) space of random variables, taking values in Euclidean

space R
n, with finite variance

L2(�) or L2(�,H ) space of random variables, taking values in Hilbert space H ,
with finite variance

Lp(�) or Lp(�, R
n) {X : E|X|p < ∞} for p ≥ 1
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Notation xvii

Lt (ω) Lévy motion

Lα
t (ω) α-stable Lévy motion

N set of the natural numbers

N (μ, σ 2) normal (or Gaussian) distribution with mean μ and variance σ 2

ν(dy) Lévy jump measure

P probability measure

P(A) or P{A} probability of an event A

P X distribution measure induced by the random variable X

P
x probability measure induced by a solution process starting at x

P (λ) Poisson distribution with parameter λ > 0

R two-sided time axis

R
+ one-sided time set {t : t ≥ 0}

R
1 one-dimensional Euclidean space

R
n n-dimensional Euclidean space

σ (X) or FX σ -field generated by the random variable X; it is the smallest
σ -field with which X is measurable

Supp(f ) � closure of {x ∈ R
n : f (x) = 0} support of function f

Tr(A) trace of A

U (a, b) uniform distribution on the interval [a, b]∨
s≤t F t

s � σ (∪s≤tF t
s ) also denoted as F t−∞∨

t≥s F t
s � σ (∪t≥sF t

s ) also denoted as F∞
s
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