Cambridge University Press

978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar
Frontmatter

More information

A Course on
Cooperative Game Theory

Satya R. Chakravarty
Manipushpak Mitra
Palash Sarkar

CAMBRIDGE

UNIVERSITY PRESS

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar
Frontmatter

More information

CAMBRIDGE
UNIVERSITY PRESS

Cambridge House, 4381/4 Ansari Road, Daryaganj, Delhi 110002, India

Cambridge University Press is part of the University of Cambridge.

It furthers the University’s mission by disseminating knowledge in the pursuit of
education, learning and research at the highest international levels of excellence.

www.cambridge.org
Information on this title: www.cambridge.org/9781107058798

© Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar 2015

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First published 2015

Printed in India

A catalogue record for this publication is available from the British Library

Library of Congress Cataloging-in-Publication Data

Chakravarty, Satya R.

A course on cooperative game theory / Satya R. Chakravarty, Manipushpak Mitra, Palash
Sarkar.

pages cm

Includes bibliographical references and index.

Summary: “Deals with real life situations where objectives of the participants are partially
cooperative and partially conflicting”-- Provided by publisher.

ISBN 978-1-107-05879-8 (hardback) -- ISBN 978-1-107-69132-2 (pbk.)

1. Game theory. 2. Economics, Mathematical. I. Mitra, Manipushpak. II. Sarkar, Palash,
1969- I11. Title.

HB144.C43 2014

519.3--dc23

2014024423

ISBN 978-1-107-05879-8 Hardback
ISBN 978-1-107-69132-2 Paperback

Cambridge University Press has no responsibility for the persistence or accuracy
of URLs for external or third-party internet websites referred to in this publication,
and does not guarantee that any content on such websites is, or will remain,
accurate or appropriate.

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar

Frontmatter

More information
Preface page vii
1. Introduction and Motivation
1.1 A brief historical sketch 2
1.2 Anoverview of the chapters 6
2. Basics and Preliminaries
2.1 Introduction 19
2.2 Preliminaries 19
2.3 Illustrative examples 28
Exercises 29
3. The Core and Some Related Solutions
3.1 Introduction 31
3.2 Concepts and definitions 32
3.3 The core and dominance core 35
3.4 A condition for the core to be non-empty 39
3.5 Reasonable set and core cover as core catchers 43
3.6 Some variants of the core 46
3.7 Stable sets 48
3.8 Applications 50
Exercises 55
4. The Bargaining Set, Kernel and Nucleolus
4.1 Introduction 57
4.2 The bargaining set 58
4.3 The kernel and pre-kernel 62
4.4 The nucleolus, pre-nucleolus and proportional nucleolus 65
4.5 Applications 69
Exercises 72
5. The Shapley Value
5.1 Introduction 74
5.2 The formal framework: Definitions and axioms 75
5.3 Characterization of the Shapley value 78
5.4 A discussion on some alternative characterizations 84

© in this web service Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar
Frontmatter

More information

iv

Contents

5.5 Applications
5.6 Appendix

Exercises

. The Core, Shapley Value and Weber Set

6.1 Introduction

6.2 The Weber set and core

6.3 Some properties of a convex game

6.4 Random order values and the random arrival rule

Exercises

. Voting Games

7.1 Introduction
7.2 Background

7.3 Measures of individual voting power

7.4 Postulates for a measure of voting power

7.5 Characterizations and interpretations

7.6 Voting power with more than two alternatives
7.7 Measures of power of collectivity

7.8 Applications

Exercises

Mathematical Matching

8.1 Introduction

8.2 The marriage model

8.3 The Gale—Shapley algorithm

8.4 Many-to-one matchings

8.5 Matchings when one side does not have preferences

Exercises

Non-Transferable Utility Cooperative Games

9.1 Introduction

9.2 The basic model

9.3 Cooperative bargaining games
9.4 Exchange economy

Exercises

10. Linear Programming

10.1 The diet problem
10.2 Formulations of LP
10.3 Basic feasible solution

85
87

90

92
93
95

102
105

106
108

114
126
135
141
142
146

148

150
151
157
158
161

165

167
168
170

179
182

184
185
188

© in this web service Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar

Frontmatter
More information
Contents v
104 Geometry of linear programs 189
10.5 Duality 191
10.6 The simplex algorithm 191
10.7 Overdefined systems 198
10.8 Core 199
10.9 Nucleolus 201
Exercises 204
11. Algorithmic Aspects of Cooperative Game Theory
11.1 Introduction 206
11.2 Computational intractibility 212
11.3 Complexity of linear programming 216
114 Computational issues in cooperative game theory 218
11.5 The assignment problem 220
11.6 Combinatorial optimization games 222
Exercises 226
12. Weighted Majority Games
12.1 Subset sum problem 228
12.2  Winning coalitions and swings for a player 232
12.3 Dummy players and minimal winning coalitions 234
13. Stable Matching Algorithm
13.1 Optimality considerations 243
13.2 Stable matching polytope 245
References 247
Index 263

© in this web service Cambridge University Press

www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

CAMBRIDGE

Cambridge University Press

978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar
Frontmatter

More information

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9781107058798
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-1-107-05879-8 - A Course on: Cooperative Game Theory
Satya R. Chakravarty, Manipushpak Mitra and Palash Sarkar
Frontmatter

More information

Preface

The objectives of game theory are to model and analyze interdependent
decision-making circumstances. A distinction is made in the literature
between cooperative and non-cooperative games in the sense that while
for the former, obligatory contracts between the participants, referred to
as players, is possible, such a possibility is ruled out for the latter.

Cooperative game theory has become very influential in social sciences
in the recent years. This book discusses some highly important issues in
cooperative game theory with examples from economics, business and
sometimes from politics. The book is divided into two parts. Part 1 is
composed of Chapters 1-9. Foundations of game theory and a descrip-
tion of the Chapters 2—13 are presented in Chapter 1. Cooperative games
with transferable utility are discussed in Chapters 2—6. Chapter 2 expla-
ins some basic concepts, definitions and preliminaries. Chapter 3 analyzes
set-valued solution concepts like the core, the dominance core, stable sets
and different core catchers. An extensive discussion on the relations
between alternative solution concepts is also made in this chapter. Two
additional set-valued solution concepts, the bargaining set and the kernel
that rely on a coalition structure, are presented in Chapter 4. This chapter
also discusses the nucleolus, a one-point solution concept, which has
interesting relations with the bargaining set and the kernel. In Chapter 5,
we consider a well-known one-point solution concept, the Shapley value.
A particular type of transferable-utility cooperative game with some
especially attractive properties is a convex game, which has been exam-
ined in Chapter 6. Relations between the Weber set, an alternative set-
valued solution concept, the core and the Shapley value for such games
are also reviewed in detail in this chapter. Chapter 7 presents a systematic
analysis of voting games that often arise in interactive decision-making
situations. The subject of Chapter 8 is stable matching. We discuss the
Gale—Shapley basic model of matching men to women or vice-versa, the
concept of stable matching, matching problems in two-sided markets,
matching problems when participants from one side do not have
preferences and housing exchange problems. An investigation of nontra-
nsferable utility games is carried out in Chapter 9. In particular, an
analytical discussion on the well-known Nash bargaining model is
covered in this chapter.

Each chapter contains at least one numerical example to illustrate a
concept or a result. Applied examples are provided in the chapters to
indicate real-life applications of the ideas.
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viii  Preface

The book is well-suited for graduate course in cooperative game
theory. However, if desired, only the necessary minimum may be chosen
depending on the background of students. For instance, some sections of
Chapters 2, 3, 5, 7 and 8 can be used for an undergraduate course in
cooperative game theory. The mathematical prerequisites for the book are
elementary calculus, real analysis, linear algebra, probability and linear
programming. If any result involves advanced mathematics, we have
tried to provide a self-contained explanation of the mathematics used.
Each of the Chapters 2—13 contains exercises, some of which are quite
simple. The difficult exercises are meant for advanced courses.

Several sections of the book were used to teach MSc (Quantitative
Economics) students at the Indian Statistical Institute over the years
1998—2013. It is a pleasure to acknowledge the comments and useful
suggestions that we received from our students. We are grateful to Rana
Barua, Youngsub Chun, Bhaskar Dutta, Marc Fleurbaey, Anirban Kar,
Francois Maniquet, Eric S. Maskin, Herve Moulin, Suresh Muthuswami,
Sonali Roy, Arunava Sen and William Thomson for their suggestions.
Debasmita Basu and Srikanta Kundu (Senior Research Fellows in
Economics at the Indian Statistical Institute) drew the figures for Chapter
9 and helped in preparing the bibliography of Chapters 1—-9.

The second part of the book (Chapters 10—13) deals with some
algorithmic issues arising from investigations into cooperative game
theory. This part starts with a chapter providing a brief account of linear
programming and its application to the core and the nucleolus. The
second chapter provides an overview of the area of algorithms and
computationally hard problems and goes on to describe the issues of
computational complexity in cooperative game theory. In the third chap-
ter, computational problems related to weighted majority games are
considered and dynamic programming based algorithms are carefully
developed. The fourth and the final chapter of the second part discusses
the Gale—Shapley algorithm in some detail along with optimality
considerations and the stable matching polytope. It is hoped that along
with the material in the first part, an instructor may choose to expose
students to some algorithmic issues discussed in the second part. This
will lead to broader insight into the subject. We would like to thank
Kishan Chand Gupta and Bhargab Maharaj for reading the initial draft of
the four chapters and providing useful comments.
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