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Analysis of Boolean Functions

Boolean functions are perhaps the most basic objects of study in theoretical computer
science. They also arise in other areas of mathematics, including combinatorics, statisti-
cal physics, and mathematical social choice. The field of analysis of Boolean functions
seeks to understand them via their Fourier transform and other analytic methods. This
text gives a thorough overview of the field, beginning with the most basic definitions
and proceeding to advanced topics such as hypercontractivity and isoperimetry. Each
chapter includes a “highlight application” such as Arrow’s theorem from economics, the
Goldreich-Levin algorithm from cryptography/learning theory, Hastad’s NP-hardness
of approximation results, and “sharp threshold” theorems for random graph properties.
The book includes nearly 500 exercises and can be used as the basis of a one-semester
graduate course. It should appeal to advanced undergraduates, graduate students, and
researchers in computer science theory and related mathematical fields.

RYAN O’DONNELL is an Associate Professor in the Computer Science Department at
Carnegie Mellon University.
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Preface

The subject of this textbook is the analysis of Boolean functions. Roughly
speaking, this refers to studying Boolean functions f : {0, 1}* — {0, 1} via
their Fourier expansion and other analytic means. Boolean functions are perhaps
the most basic object of study in theoretical computer science, and Fourier
analysis has become an indispensable tool in the field. The topic has also played
a key role in several other areas of mathematics, from combinatorics, random
graph theory, and statistical physics, to Gaussian geometry, metric/Banach
spaces, and social choice theory.

The intent of this book is both to develop the foundations of the field and
to give a wide (though far from exhaustive) overview of its applications. Each
chapter ends with a “highlight” showing the power of analysis of Boolean func-
tions in different subject areas: property testing, social choice, cryptography,
circuit complexity, learning theory, pseudorandomness, hardness of approxi-
mation, concrete complexity, and random graph theory.

The book can be used as a reference for working researchers or as the basis
of a one-semester graduate-level course. The author has twice taught such a
course at Carnegie Mellon University, attended mainly by graduate students
in computer science and mathematics but also by advanced undergraduates,
postdocs, and researchers in adjacent fields. In both years most of Chap-
ters 1-5 and 7 were covered, along with parts of Chapters 6, 8, 9, and 11,
and some additional material on additive combinatorics. Nearly 500 exercises
are provided at the ends of the book’s chapters.

Additional material related to the book can be found at its website:

http://analysisofbooleanfunctions.org

This includes complete lecture notes from the author’s 2007 course, complete
lecture videos from the author’s 2012 course, blog updates related to analysis
of Boolean functions, an electronic draft of the book, and errata. The author
would like to encourage readers to post any typos, bugs, clarification requests,
and suggestions to this website.

X1
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o entry-wise multiplication of vectors

\Y the gradient: V f(x) = (D f(x), ..., D, f(x))

- logical NOT

> S >iisequivalenttoi € §

® logical XOR (exclusive-or)

iri, (X, em [T

A symmetric difference of sets;
i.e., SAT = {i : i is in exactly one of S, T'}

\Y logical OR

A logical AND

* the convolution operator

[ZF1F(2) coefficient on z¥ in the power series F(z)

14 0-1 indicator function for A

13 0-1 indicator random variable for event B

24 the set of all subsets of A

#o if o is a multi-index, denotes the number of nonzero com-
ponents of «

o] if o is a multi-index, denotes ) _; o;

AND,, the logical AND function on # bits: False unless all inputs
are True

At {y:y-x=0forallx € A}

Aut(f) the group of automorphisms of Boolean function f

BitsToGaussians?, on input the bit matrix x € {—1, 1}* has output z € R?
equal to \/LM times the column-wise sum of x; if d is
omitted it’s taken to be 1

C the complex numbers

¥ (b) when b € F4, denotes (—1)” € R

XV
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xvi List of Notation

xs(x) when x € R”, denotes ]_[ies x;, where S C [n];
when x € %, denotes (—1)es i

codim H for a subspace H < [F"*, denotes n — dim H

Cov[ f, g] the covariance of f and g, Cov[ f] = E[fg] — E[ f]E[g]

D; the ith discrete derivative: D; f(x) = w

dy2 (¢, 1) chi-squared distance of the distribution with density ¢
from the uniform distribution

deg(f) the degree of f; the least k such that f is a real linear
combination of k-juntas

degp, (f) for Boolean-valued f, the degree of its [F,-polynomial
representation

Ax,y) the Hamming distance, #{i : x; # y;}

AT(f) the expected number of queries made by the best decision
tree computing f when the input bits are chosen from the
distribution 7

8(F) the revealment of f;
i.e., min{max; 8}”)(57) : J computes f}

AT the expected number of queries made by randomized deci-
sion tree 9 when the input bits are chosen from the dis-
tribution 7

51.(”)(5) the probability randomized decision tree I queries coor-
dinate i when the input bits are chosen from the distribu-
tion

Ay f for f:F; — F,, the function F; — F, defined by
Ayfx) = fx+y)— fx)

dist(g, h) the relative Hamming distance; i.e., the fraction of inputs
on which g and & disagree

DNFie (f) least possible size of a DNF formula computing f

DNFyiam(f) least possible width of a DNF formula computing f

DT(f) least possible depth of a decision tree computing f

DTsize(f) least possible size of a decision tree computing f

drv(p, ) total variation distance between the distributions with den-
sities ¢, ¥

E; the ith expectation operator:
Eif(x) =Ex,[f(x1, . s Xic1, Xiy Xig1, 005 X))

E; the expectation over coordinates / operator

Ent[ /] for a nonnegative function on a probability space, denotes
E[fIn f] - E[f1InE[f]

E; [] an abbreviation for Exwﬂ;@n [-]
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fdg if f:{—1,1}"—>{—1,1}and g: {-1,1} — {—1,1},
denotes the function A4 : {—1, 1} — {—1, 1} defined
by h(x, y) = f(x)g(y)

f®g if f:{=1,1}" > {~1,1}and g:{-1,1}* — {-1,1},
denotes the function /2 : {—1, 1} — {—1, 1} defined by
R(x® 0 x) = F(g(xM), ..., g(x™))

re? if fo{=1,1)" > {=1,1}, then f®:{-1,1}" -
{—1, 1} is defined inductively by f®! = f, f®d+h =
f® fed

f* the n-fold convolution, f * f x--- % f

Yal the Boolean dual defined by ff(x) = — f(—x)

f+e if f:F; — R, z € F}, denotes the function f*3(x) =
fx+2)

e denotes (f )y

IF, the finite field of size 2

]@ the group (vector space) indexing the Fourier characters
of functions f : F; — R

feven the even part of f, (f(x) + f(—x))/2

(f.8) E:[f(x)g(x)]

fu if f:F; — R, H <IF}, denotes the restriction of f to H

f(i ) shorthand for f({i ) wheni e N

r<’ the function (depending only on the J coordinates)
defined by f</(x) = Ex’T[f(x_], x/7)]; in particular, it’s
D oscy f(S)XS when f: {—1,1}" - R

fiz if f:Q"—>R,JC[n],andz € Q7 denotes the restric-
tion of f given by fixing the coordinates in J to z

fiiz if f: Q"> R,JC[n],andz € 527, denotes the restric-
tion of ]: given by fixing the coordinates in J to z

f:k Z|S|=k ]i(S) XS

ffk ZlSlfk F(S) xs

fodd the odd part of f, (f(x) — f(—x))/2

IF e for p prime and ¢ € NT, denotes the finite field of p*
elements

f(S ) the Fourier coefficient of f on character xg

Fg7/(2) for § € J C [n], denotes f;.(S)

f the randomization/symmetrization of f, defined by
flrx)=Ygrs f=5x)

yT(0A) the Gaussian Minkowski content of 0 A

Y(v, p) the Erd6s—Rényi random graph distribution, nf(;)
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h; the jth (normalized) Hermite polynomial, h; = ﬁH ;

hg for @ € N* a multi-index, the n-variate (normalized) Her-
mite polynomial /1(z) = [[_, ha,(z))

H; the jth probabilists’ Hermite polynomial, defined by
exp(tz — 31%) = >0 %Hj(z)tj

Inf;[ f] the influence of coordinate i on f

Infﬁp 1£1 the p-stable influence, Stab,,[D; f]

I’I\ff][f] the coalitional influence of J C [n] on f : {—1, 1} —
{—1, 1}, namely Pr__, , ;,7[ sz is not constant]

Tnf; [ /] equals Pr,__, ,7[fs; # —b] — Pr[f = b],
forb e {—1, 1}

J if J C [n], denotes [n] \ J

L?({—1,1}") denotes L>({—1, 1}", rrf%)

L*(G™) if G is a finite abelian group, denotes the complex inner
product space of functions G” — R with inner product
(f.8) = Exegi[f(x)g(x)]

LX(Q, ) the inner product space of (square-integrable) functions
Q — R with inner product (f, g) = Ex~z[f(x)g(x)]

Ay, B) Pr[z; <t,zo <t'], where z;,z, are standard Gaus-
sians with correlation E[z1z,] = p, and = & (a),
=o' (B)

Ap(a) denotes A ,(c, o)

Lf the Laplacian operator applied to the Boolean function f,
defined by Lf = Y ", L; f (or, the Ornstein—Uhlenbeck
operator if f is a function on Gaussian space)

L; the ith coordinate Laplacian operator: L; f = f —E; f

Inx log, x

log x log, x

Maj, the majority function on n bits

MaxInf][ ] max; {Inf; [ ]}

[n] {1,2,3,...,n}

N {0,1,2,3,...}

N+ {1,2,3,...}

N_,, {0,1,...,m —1}

N,(x) when x € {—1, 1}", denotes the probability distribution
generating a string p-correlated to x

N,(2) when z € R”, denotes the probability distribution of
0z ++/1— p?g where g ~ N(0, 1)"

NSs[f] the noise sensitivity of f at §; i.e., % - %Stab]_zg[f]
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N(0, 1) the standard Gaussian distribution

N(, 1)¢ the distribution of d independent standard Gaussians; i.e.,
N(O, Lyxa)

N(u, ¥) for w e RY and ¥ € R?*? positive semidefinite, the
d-variate Gaussian distribution with mean p and covari-
ance matrix X

OR, the logical OR function on n bits: True unless all inputs
are False

) the standard Gaussian pdf, ¢(z) = J;z?e—zz/ 2

[ the standard Gaussian cdf, () = fioo ¢(2)dz

d the standard Gaussian complementary cdf, &(¢) =
[ ¢(2)dz

©A the density function for the uniform probability distribu-
tionon A;i.e., 14/ E[14]

ba given functions ¢y, ..., ¢,—; and a multi-index o,
denotes []_; ¢,

T®" if 7 is a probability distribution on €2, denotes the asso-
ciated product probability distribution on Q"

T2 the uniform distribution on {—1, 1}

Tp the “p-biased” distribution on bits: 7,(—1) = p,
7,()=1-p

Pr, [] an abbreviation for Prxw;gan [-]

R the real numbers

R=0 the nonnegative real numbers

RDT(f) the zero-error randomized decision tree complexity of f

RS,4(8) the rotation sensitivity of A at §; i.e., Pr[14(z) # 14(2))]
for a cos §-correlated pair (z, z’)

sens 7 (x) the number of pivotal coordinates for f at x

sgn(t) +1ifr>0,—-1ifr <0

Sn the symmetric group on [7]

sparsity(/) Pro[ /() # 0]

sparsity(f) [supp( /)

Stab,[ f] the noise stability of f at p: E[ f(x)f(y)] where x, y are
a p-correlated pair

supp(e) if @ is a multi-index, denotes {i : o; # 0}

supp(f) if f is a function, denotes the set of inputs where f is
nonzero

T, the noise operator: T, f(x) = Ey~n,)[f (»)]

T the operator defined by T/ f(x) = pf + (1 — p)E; f

p
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T, for r € R", denotes the operator defined by T) T7 --- T/

U the Gaussian isoperimetric function, % = ¢ o P!

U, the Gaussian noise operator: U, f(2) = Ez~y, ;[ f(2)]

Var[ f] the variance of f, Var[ f] = E[f?] — E[f]?

Var; the operator defined by Var; f(x) =
Var, [f(x1, ..., Xi—1, X0, Xig 15 -0 X))

vol, (A) Pr,no,1y [z € A], the Gaussian volume of A

WX ] the Fourier weight of f at degree k

W[ £] the Fourier weight of f at degrees above k

x=b) the string (X1, ..., Xi—1, b, Xig1, ..., Xp)

x@i (xl,...,x,~_1,—xi,xiH,...,xn)

X~ the random variable x is chosen from the probability dis-
tribution with density ¢

x5 [T;cs Xi» with the convention x” = 1

x~A the random variable x is chosen uniformly from the set A

x ~{—1,1} the random variable x is chosen uniformly from {—1, 1}"

v, 2) if J C[n],y € {—1, IV, ze{-1, 1}7, denotes the natu-
ral composite string in {—1, 1}"*

Z the additive group of integers modulo m

ZA:‘” the group indexing the Fourier characters of functions

f:z, - C
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