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Matching Markets: Theory and Practice

Atila Abdulkadiroglu and Tayfun S6nmez

1.0 Introduction

It has been almost a half-century since David Gale and Lloyd Shapley (1962)
published their pathbreaking paper, “College Admissions and the Stability
of Marriage,” in American Mathematical Monthly. It is difficult to know
whether Gale and Shapley expected the literature they initiated to be used
to improve the lives of masses of people all around the world. We are
fortunate to see that this is happening today.

The model that Gale and Shapley presented is very simple. A number
of boys and girls have preferences for one another and would like to be
matched. The question Gale and Shapley were interested in especially was
whether there is a “stable” way to match each boy with a girl so that no
unmatched pair can find out later that they can both do better by matching
each other. Gale and Shapley found that indeed there is such a stable match-
ing, and they presented a deferred-acceptance algorithm that achieves this
objective. Versions of the algorithm are used today to match hospitals with
medical residents and students with public schools in New York City and
Boston.

In 1974, Lloyd Shapley and Herbert Scarf published a related paper, “On
Cores and Indivisibility,” in the first issue of the Journal of Mathematical
Economics. Arguably, their model was the simplest exchange economy we
could imagine. Each agent comes to the market with one indivisible good
and seeks to trade it for more preferred goods that might be brought by
other agents. In their simple model, agents are restricted to consuming

We thank Yeon-Koo Che and Eddie Dekel for their extensive comments that improved this
survey.
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only one good. Shapley and Scarf were interested in whether a core allo-
cation exists in their model; they showed that indeed it does, and they
presented a Top Trading Cycles (TTC) algorithm — which they attributed
to David Gale — that achieves this objective. The basic ideas of Gale’s TTC
algorithm and its extensions resulted almost 30 years later in an organized
kidney exchange in various parts of the world, which saves thousands of
lives.

There are several well-written surveys on matching markets. The best-
known of these, by Roth and Sotomayor (1990), covers the literature on
two-sided matching markets until 1990. More recently, Roth (2008) focused
on the history of the deferred-acceptance algorithm. Essentially, both sur-
veys are of two-sided matching markets. The content of our survey is clos-
est to that of Sonmez and Unver (2010), which focuses on one-sided as
well as two-sided matching. In this survey, we give particular attention to
the formal relations and links between these two original contributions
and the recent matching literature that has impacted policy in various
areas.

Following is an overview of our survey. In Section 2.0, we introduce and
review key results of the two-sided matching model by Gale and Shapley
(1962).In Section 3.0, we discuss the housing-market model by Shapley and
Scarf (1974) and several more recent one-sided matching models, some of
which are closely related to two-sided matching models. In Section 4.0, we
present the recent developments in school choice. In Section 5.0, we discuss
recent developments in kidney exchange. We present our conclusions in
Section 6.0.

2.0 Two-Sided Matching

One key observation relating to Gale and Shapley’s seminal contribution
to real-life applications was made by Alvin Roth in 1984. He showed that
the algorithm used to match medical residents to hospitals since the 1950s
by the National Resident Matching Program is equivalent to a version of
the celebrated deferred-acceptance algorithm (Roth 1984a). Since then,
similar equivalences have been demonstrated by several authors. In this
section, we summarize the two-sided matching literature, with a focus on
discrete two-sided matching models without money. There is an important
literature that studies versions of these models with money. Shapley and
Shubik (1972) wrote the first paper to consider “continuous” matching
markets, widely known as “assignment games.” This model was studied
later by Crawford and Knoer (1981) and Kelso and Crawford (1982), who
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Matching Markets: Theory and Practice 5

showed many parallels with the discrete model. More recently, Hatfield
and Milgrom (2005) provided a unified framework for the discrete and
continuous models.

2.1 One-to-One Matching: Marriage Problems

A marriage problem (Gale and Shapley 1962) is a triple (M, w, ?\:>, where

M is a finite set of men, W is a finite set of women, and 2= (*Z;)iemuw is a

list of preferences. Here, ~,, denotes the preference relation of man m over

WU {m}, 7, denotes the preference relation of woman w over M U {w},

and >; denotes the strict preferences derived from 7~; foragenti € M U W.
Consider man

* w >, w' means that man m prefers woman w to woman w’
* W >, mmeans that man m prefers woman w to remaining single
e m >, w means that woman w is unacceptable to man m

We use a similar notation for women.
Assumption 2.1: Unless otherwise mentioned, all preferences are strict.

The outcome of a marriage problem is a matching. Formally, a matching
isa function u : MU W — M U W such that:

1. u(m) € W= u(m) =mforall me M.
2. ww) g M= p(w) =wforallw € W.
3. u(m=w < u(w)=mforallme M,w e W.

Here, 1(i) = i means that agent i remains single under matching .

Assumption 2.2: There are no consumption externalities: An individual i
prefers a matching u to a matching v if and only if he or she prefers u(i) to

v(i).

A matching u is Pareto efficient if there is no other matching v such that
v(i) 7=; w(i) foralli € MU Wand v(i) =; u(i) forsomei € MU W.

A matching p is blocked by an individual i € MU W if i >; u(i). A
matching is individually rational if it is not blocked by any individual. A
matching u is blocked by a pair (m, w) € M x W if they both prefer one
another to their partner under p; that is:

w >, u(m)and m >, u(w)
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A matching is stableif it is not blocked by any individual or a pair. The next
result follows immediately by definition.

Proposition 2.1: Stability implies Pareto efficiency.

The following algorithm and its versions played a central role for almost
50 years not only in matching theory but also in its applications in real-life
matching markets.

Men-Proposing Deferred-Acceptance Algorithm

Step 1. Each man m proposes to his first choice (if he has any acceptable
choices). Each woman rejects any offer except the best acceptable proposal
and “holds” the most-preferred acceptable proposal (if any).

In general, at:

Step k. Any man who was rejected at Step k — 1 makes a new pro-
posal to his most-preferred acceptable potential mate who has not yet
rejected him. (If no acceptable choices remain, he makes no proposal.) Each
woman holds her most-preferred acceptable proposal to date and rejects the
rest.

The algorithm terminates when there are no more rejections. Each
woman is matched with the man she has been holding in the last step. Any
women who has not been holding an offer or any man who was rejected by
all acceptable women remains single.

Theorem 2.1 (Theorems 1 and 2 in Gale and Shapley 1962): The men-
proposing deferred-acceptance algorithm gives a stable matching for each
marriage problem. Moreover, every man weakly prefers this matching to
any other stable matching.

Hence, we refer to the outcome of the men-proposing deferred-
acceptance algorithm as the man-optimal stable matching and denote its
outcome by ™. The algorithm in which the roles of men and women are
reversed is known as the women-proposing deferred-acceptance algorithm,
and we refer to its outcome " as the woman-optimal stable matching.

Theorem 2.2 (McVitie and Wilson 1970): The set of agents who are
matched is the same for all stable matchings.

Let i, ' be two stable matchings. The function u VM /' : MU W —
MU W (join of u and p') assigns each man the more preferred of his two
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Matching Markets: Theory and Practice 7

assignments under u and ' and each woman the less preferred of her two
assignments under p and . That is, for any man m and woman w:

!/

M () = wu(m) if p(m) 2, ' (m)
w'(m) if ' (m) 2 n(m)

(

(

w(w) if pw/(w) Zw w(w

!

pw VM (w) = { :
w)

ww) if p(w) Zuw p

Similarly, define the function u AM ' : MU W — MU W (meet of
and p'), by reversing the preferences.

Given a pair of arbitrary matchings, neither the join nor the meet must
be a matching. However, for a pair of stable matchings, not only are meet
and join both matchings, they also are stable. The following result in Knuth
(1976) is attributed to John Conway.

Theorem 2.3: If 1 and ' are stable matchings, then not only are the func-
tions u VM 1/ and u AM ' both matchings, they also are both stable.

Of particular interest is the following corollary.

Corollary 2.1: Every man weakly prefers any stable matching to woman-
optimal stable matching.

If we can match a man with a woman who finds him unacceptable,
then there may be a matching in which all men receive better mates than
under the man-optimal stable matching. If, however, we are seeking an
individually rational matching in which some man can receive better mates
without hurting any man, it is not possible to match all men with strictly
more-preferred mates.

Theorem 2.4 (Theorem 6 in Roth 1982b): There is no individually rational
matching v where v(m) >, u™(m) for all m € M.

The next example by Roth (1982b) shows that some of the men can receive
more-preferred mates than under the man-optimal stable matching.

Example 2.1: There are three men and three women with the following

preferences:
m e wy Wy Wi my w, - myp mp; ms W
> mye wy W1 Wi my >w,- my ms mp W)
> mse wy Wy Wi ms >ws- nmy mp ms wWs
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Here, both m; and m, prefer matching v to man-optimal stable matching
wM where:

m m; m m m m
MM:< 1 2 3) andv:( 1 3)
wy; Wp w3 w1 wy; Ws
A matching pu is in the core if there exists no matching v and coalition

T € MU W such that v(i) >; u(i) and v(i) € T for any i € T. The next
result follows directly from these definitions.

Proposition 2.2: The set of stable matchings is equal to the core.

2.2 One-to-One Matching: Incentives

Throughout this subsection, we fix M, W so that each preference profile 2~
defines a marriage problem.

Let R; denote the set of all preference relations for agent i; R = R,

* X Rm, X Ry, X -+ X Ry, denote the set of all preference profiles;
and R_; denote the set of all preference profiles for all agents except agent
i. Let M denote the set of all matchings.

A (direct) mechanism is a systematic procedure that determines a match-
ing for each marriage problem. Formally, it is a function ¢ : R — M.

A mechanism ¢ is stable if ¢ (77) is stable for any 2~€ R. Similarly, a mech-
anism is Pareto efficient if it always selects a Pareto-efficient matching, and
it is individually rational if it always selects an individually rational match-
ing. Clearly, any stable mechanism is both Pareto efficient and individually
rational.

Let ¢ be the mechanism that selects the man-optimal stable matching
for each problem and ¢ " be the mechanism that selects the woman-optimal
stable matching for each problem. Each mechanism ¢ induces a preference-
revelation game for each problem in which the set of players is MU W,
the strategy space for player i is the set of his or her preferences R;, and
the outcome is determined by the mechanism ¢. A mechanism is strategy-
proof if truthful preference revelation (or, simply, truth-telling) is a weakly
dominant strategy equilibrium of the induced preference-revelation game.

Formally, a mechanism ¢ is strategy-proof if:

Vie MUWY Z;, Zie R,V Z-i€ R ol Z-i Zil() Zi olZ-i Zi1()

~ ~ui

Although strategy-proofness is a plausible requirement, it is not compatible
with stability.
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Matching Markets: Theory and Practice 9

Theorem 2.5 (Theorem 3 in Roth 1982b): There exists no mechanism that
is both stable and strategy-proof.

The following simple example is enough to prove this impossibility result.

Example 2.2: Consider the following two-man, two-woman problem with
the following preferences:

omps Wi w2 1y ~wp - N Wy
Tt Wy Wy My Tyt My My W,

In this problem, there are only two stable matchings:

M my ny w my 1
me= <U)1 wz) and o= <w2 U)l)

Let ¢ be any stable mechanism. Then, ¢[=] = uMorp[=] = 1

If o[] = u™, then woman w; can report a fake preference Z., Where
only her top choice m, is acceptable, thereby forcing her favorite stable
matching u" to be selected by ¢ because it is the only stable matching for
the manipulated economy (2 v, ), )-

If, conversely, ¢[=] = 1", then man m; can report a fake preference
2, Where only his top choice w) is acceptable, thereby forcing his favorite

stable matching ™ to be selected by ¢ because it is the only stable matching
for the manipulated economy (- =

~TM ~omy /et

w

Indeed, strategy-proofness is incompatible not only with stability but
also with Pareto efficiency and individual rationality.

Theorem 2.6 (Proposition 1 in Alcalde and Barberd 1994): There exists no
mechanism that is Pareto efficient, individually rational, and strategy-proof.

On the positive side, stability is compatible with truth-telling in marriage
problems for only one side of the market.

Theorem 2.7 (Theorem 9 in Dubins and Freedman 1981; Theorem 5 in
Roth 1982b): Truth-telling is a weakly dominant strategy for any man under
the man-optimal stable mechanism. Similarly, truth-telling is a weakly dom-
inant strategy for any woman under the woman-optimal stable mechanism.
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For any man, any strategy that agrees with truth-telling for the set of
acceptable women as well as their relative ranking also is a weakly dominant
strategy. We consider any such strategy also as truth-telling because the
relative ranking of unacceptable women is irrelevant under any individually
rational mechanism. Any other strategy is a weakly dominated strategy.
Clearly, an agent can play a weakly dominated strategy at a Nash equilibrium
of a game. A Nash equilibrium in which no agent plays a weakly dominated
strategy is called a Nash equilibrium in undominated strategies.

Theorem 2.8 (Theorem 1in Roth 1984b; Theorem 2 in Gale and Sotomayor
1985): Fix a marriage problem 2~ and consider the preference-revelation
game induced by the man-optimal stable mechanism ¢*. A matching is
stable under 77 iff it is a Nash-equilibrium outcome of ¢ in undominated
strategies.

2.3 Many-to-One Matching: College Admissions

A college-admissions problem (Gale and Shapley 1962) is a four-tuple
<C, L q, ,ﬁ), where C is finite a set of colleges, I is a finite set of students,
q = (g¢)cec is a vector of college capacities, and 2= (Z¢)¢ecur is a list of
preferences. Here, ~~; denotes the preferences of student i over C U {@#};
. denotes the preferences of college ¢ over 2; and >, >; denotes strict
preferences derived from =, ==;.

Throughout this section, we assume that whether or not a student is
acceptable for a college does not depend on other students in his or her
class. Similarly, we assume that the relative desirability of students does not
depend on the composition of the class. This latter property is known as
responsiveness (Roth 1985).

Formally, college preferences 7~ are responsive iff:
1. Forany J C I'with|J| <g.andanyie I\ J:
(JU{ih) = ] << {i} = ¥
2. Forany ] C Iwith|J| < g.andanyi, je I\ J:
(JUfih) = JU{jlh & {i} > {j}

Notions of a matching, individual rationality, and stability naturally
extend to college admissions. A matching for college admissions is a corre-
spondence  : C U I = 2¢Y! such that:

1. u(c) € I such that |u(c)| < g forallc e C.
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