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Lambda-Calculus and Combinators, an Introduction

Combinatory logic and A-calculus were originally devised in the 1920s for
investigating the foundations of mathematics using the basic concept of ‘operation’
instead of ‘set’. They have since evolved into important tools for the development and
study of programming languages.

The authors’ previous book Introduction to Combinators and A-Calculus served as
the main reference for introductory courses on A-calculus for over twenty years: this
long-awaited new version offers the same authoritative exposition and has been
thoroughly revised to give a fully up-to-date account of the subject.

The grammar and basic properties of both combinatory logic and A-calculus are
discussed, followed by an introduction to type-theory. Typed and untyped versions of
the systems, and their differences, are covered. A-calculus models, which lie behind
much of the semantics of programming languages, are also explained in depth.

The treatment is as non-technical as possible, with the main ideas emphasized and
illustrated by examples. Many exercises are included, from routine to advanced, with
solutions to most of them at the end of the book.

Review of Introduction to Combinators and ,-Calculus:

‘This book is very interesting and well written, and is highly recommended to
everyone who wants to approach combinatory logic and A-calculus (logicians or
computer scientists).’ Journal of Symbolic Logic

“The best general book on A-calculus (typed or untyped) and the theory of
combinators.’ Gérard Huet, INRIA
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Preface

The A-calculus and combinatory logic are two systems of logic which
can also serve as abstract programming languages. They both aim to
describe some very general properties of programs that can modify other
programs, in an abstract setting not cluttered by details. In some ways
they are rivals, in others they support each other.

The A-calculus was invented around 1930 by an American logician
Alonzo Church, as part of a comprehensive logical system which included
higher-order operators (operators which act on other operators). In fact
the language of A-calculus, or some other essentially equivalent notation,
is a key part of most higher-order languages, whether for logic or for
computer programming. Indeed, the first uncomputable problems to be
discovered were originally described, not in terms of idealized computers
such as Turing machines, but in A-calculus.

Combinatory logic has the same aims as A-calculus, and can express
the same computational concepts, but its grammar is much simpler. Its
basic idea is due to two people: Moses Schonfinkel, who first thought of
it in 1920, and Haskell Curry, who independently re-discovered it seven
years later and turned it into a workable technique.

The purpose of this book is to introduce the reader to the basic meth-
ods and results in both fields.

The reader is assumed to have no previous knowledge of these fields,
but to know a little about propositional and predicate logic and recursive
functions, and to have some experience with mathematical induction.

Exercises are included, and answers to most of them (those marked *)
are given in an appendix at the end of the book. In the early chapters
there are also some extra exercises without answers, to give more routine
practice if needed.

ix
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X Preface

References for further reading are included at the ends of appropriate
chapters, for the reader who wishes to go deeper.

Some chapters on special topics are included after the initial basic
chapters. However, no attempt has been made to cover all aspects of
A-calculus and combinatory logic; this book is only an introduction, not
a complete survey.

This book is essentially an updated and re-written version of [HS86].!
It assumes less background knowledge. Those parts of [HS86] which are
still relevant have been retained here with only minor changes, but other
parts have been re-written considerably. Many errors have been cor-
rected. More exercises have been added, with more detailed answers,
and the references have been brought up to date. Some technical details
have been moved from the main text to a new appendix.

The three chapters on types in [HS86] have been extensively re-written
here. Two of the more specialized chapters in [HS86], on higher-order
logic and the consistency of arithmetic, have been dropped.
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1 Which itself was developed from [HLS72] which was written with Bruce Lercher.
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Notes on the text This book uses a notation for functions and
relations that is fairly standard in logic: ordered pairs are denoted by
“(, ), a binary relation is regarded as a set of ordered pairs, and a
function as a binary relation such that no two of its pairs have the
same first member. If any further background material is needed, it can
be found in textbooks on predicate logic; for example [Dal97], [Coh87],
[End00], [Men97] or [Rau06].

The words ‘function’, ‘mapping’ and ‘map’ are used interchangeably,
as usual in mathematics. But the word ‘operator’ is reserved for a
slightly different concept of function. This is explained in Chapter 3,
though in earlier chapters the reader should think of ‘operator’ and
‘function’ as meaning the same.

As usual in mathematics, the domain of a function ¢ is the set of all
objects a such that ¢(a) is defined, and the range of ¢ is the set of all
objects b such that (Ja)(b = ¢(a)). If A and B are sets, a function from
A to B is a function whose domain is A and whose range is a subset of B.

Finally, a note about ‘we’ in this book: ‘we’ will almost always mean
the reader and the authors together, not the authors alone.
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