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BOOL, 113
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degenerate, 57
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representation theorem for, 110
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boolean term, 64, 81, 90, 104
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cardinality, 161, 165, 166
cardinality of
first-order language, 168
Carroll, Lewis, 76
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chain rule, 198
change of variables, 131
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clopen set, 112
closed term, 118, 164
closure of a set, 108
co-meagre set, 155
co-nondeterministic computation, 99
co-rare set, 154
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Compactness Theorem
first-order logic, 145, 150, 160
propositional logic, 89
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complete theory, 153, 170
completeness of a formal system, 43, 86
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first-order logic, 142, 160, 163
propositional logic, 85, 86, 89, 106
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computability, 37, 96
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consistent set, 41, 42, 65, 86
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continuity, 190
contradiction, 39
Contradiction Rule, 39, 65
contrapositive, 59

Cook Wilson, John, 76
countable set, 14, 161, 162
counter-example, 134
cyclic group, 50, 147

decidability, 37, 77

Dedekind, Richard, 138

Deduction Theorem, 77

deductively closed, 152

definable, 160, 175, 176, 187, 189

degenerate algebra, 57

degree, 6

Dense Linear Order (DLO), 173

difference equation, 192

differential equation, 192

differentiation, 185, 191

dimension, 20, 172

discharged assumption, 67

disjunction, 91

Disjunctive Normal Form (DNF), 91

distributive lattice, 56
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domain, 116, 121, 132, 164
empty, 137

dual of a propositional connective, 101

dual of a quantifier, 136

dual of boolean algebra, Bdual 110

duality, 114

elective element, 62
elimination of quantifiers, 175
A-Elimination, 65
V-Elimination, 65
3-Elimination, 122
V-Elimination, 122
—-Elimination, 76, 124
—-Elimination, 65

empty function, 161, 166
empty string, 24

Equality Rules, 122
equivalence relation, 49, 129, 162, 167, 178
Erdés, Paul, 1

Euler method, 192

excluded middle, 75
extensionality, axiom of, 139

false (logical constant), 58
field, 20
filter, 102
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finitely satisfiable, 158
first-order language, 117, 119
cardinality of, 168
countable, 163
first-order logic, 116, 133
forest, 147
formal proof, 25, 29, 39, 122
first-order logic, 122
propositional logic, 65
formal system, 24
complete, 43
formally real field, 54
formula, 119
closed, 120
foundations of mathematics, 171
free boolean algebra, 105
free(X), 105
Friedman, Harvey, 10
Frinkel, Abraham, 16
full binary tree, 2
function symbol, 117, 133
binary, 118
ternary, 118
unary, 118

Given Statements Rule, 39, 65, 122

Given Strings Rule, 24

graph, 1, 8, 135, 147
colouring, 8
connected, 147
planar, 8

greatest lower bound, 55
NA, 82

group, 147
simple, 137, 149
torsion, 50, 149

Godel, Kurt, 171

Hausdorff space, 110, 153
Henkin axiom, 141
Henkin property, 154
Henkin, Leon, 140
Henkinisation, 140, 156, 164, 167, 169
Hilbert, David, 171
homomorphism, 100
hyperreal number, 182
finite, 186

ideal, 20, 101

idempotent element, 62
implication, 58, 59, 61, 76, 77, 124
incompleteness of arithmetic, 138
inconsistent set, 41, 65
independence, 172

infinite paths, 29

infinitesimal, 182, 184, 187
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informal mathematical proof, 70
injection, 161, 165, 166, 177
internal set or function, 189
A-Introduction, 65
V-Introduction, 65
J-Introduction, 122
V-Introduction, 122
—-Introduction, 76, 124
Irreflexivity Rule, 39
isolated, 158

isolated type, 157
isomorphism, 101, 171, 174

join (logical connective), 58
joke (logical), 182

kernel, 101
Konig’s Lemma, 3, 5, 7, 23

largeness, 102, 155

lattice, 55

least upper bound, 55, 186
VA, 82

length, 4

length of the input, 97

Lengthening Rule, 24

linear order, 11, 15, 46, 49

linearly independent, 19

logical symbol, 117

logically equivalent, 91

maximal element, 11, 13
maximal filter, 106
maximally consistent set, 142, 149
meagre set, 155
meet (logical connective), 58
metamathematics, 29
metaproof, 29
metarule, 70, 75
metatheorem, 29
metric space, 7, 109
MIU system, 34
model

countable, 164

infinite, 169

isomorphic, 171
model theory, 160, 170
MEo, 133
module over a ring, 173
modus ponens, 76, 124
Morley’s Theorem, 172

natural language, 59, 76
natural number, 4
infinite, 188
nonstandard, 188, 197
negated atomic formula, 78
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negation, 39, 57

node, 1

non-deterministic computation, 9, 98
non-distributive lattice, 56
non-logical symbol, 117

non-strict partial order, 12
nonstandard analysis, ix, 182, 190
not (logical connective), 55, 58
nowhere-differentiable function, 194
NP, 98

NP-complete, 99

number theory, model of, 197
numerical analysis, 183

omits p, 158

omitting a type, 156

Omitting Types Theorem, 152, 158
B°P, 101

open cover, 108

open set, 108, 150

opposite, 101

optimism, 104

or (logical connective), ix, 55, 58
order relation, 11

ordered abelian group, 50
ordered field, 54, 185

overspill, 197

overspill principle, 189

pairing function, 163
parameter-definable, 189
partial order, 11, 38
linearised, 46
non-strict, 12
strict, 12
partially ordered set, 11
path, 3,5
Peano Existence Theorem, 192
Peano, Guiseppe, 138
pedantic logician, 133
pessimism, 104
planar graph, 8
polynomial time, 97
Pope, 126
poset, 12, 38
directed, 14
maximal element in, 13
positive cone, 54
Post system, 35
power set, 11
predicate logic, 116
prenex normal form, 137
preorder, 17, 49
pre-positive cone, 54
prime filter, 106
prime ideal, 106
Prime Ideal Theorem, 106
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problem, 96
product space, 109
projection function, 109, 175
proof strategy, 70, 77
proof theory, 26
propositional letters, 64
propositional logic
algorithm, 95
decidability, 77
provability, 24
punctuation symbol, 117

quantifier, 119, 133, 137
quantifier elimination, 175
quantifier free, 174
quotient, 101, 103

rare set, 155
rationals
as ordered set, 173
countability of the set of, 18, 163
real number
standard, 186
reals
completeness of, 185
countable model of the theory of, 165
structure for set of, 183, 188
theory of, 116
uncountability of set of, 18
reciprocal, 183
Reductio Ad Absurdum (RAA) Rule, 39
Reductio Ad Absurdum Rule, 38, 39, 65
Reflexivity, 122
relation symbol, 117, 133
binary, 119
ternary, 119
unary, 119
representation theorem, 110
restriction, 4
reverse mathematics, 10
right-ordered group, 53
ring, 20, 101
ring theory, 100
Robinson, Abraham, 182
root, 1

SAT, 96

satisfiable, 82, 96
Schroder-Bernstein Theorem, 166, 176
scope of a quantifier, 119
Scott’s trick, 166

second-order logic, 133, 138
semantic deduction, 44
semantics, 3, 29, 42, 80, 90, 160
sentence, 120, 133

sequence, 4

k-sequences, 8
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sequential compactness, 7
set theory, 139, 165, 176
countable model of, 165
Shortening Rule, 24
Simpson, Stephen, 10
simultaneous substitution, 122
Skolem’s paradox, 165
smallness, 102, 155
Soundness Theorem, viii, 4, 25, 30
first-order logic, 134
logic of posets, 42
propositional logic, 84, 105
square-free sequence, 8
stable, 172
standard part, 186, 187
statement
negative, 45
positive, 45, 47
STONE, 113
Stone Representation Theorem, 110
Stone space, 113
strings, 24
structure, viii, 132
cardinality of, 169
countable, 164
L-structure, 132, 133
subformula, 119
subgroup, 18
subproof, 38, 40, 67
subspace topology, 152
substitution, 121
valid, 123
Substitution Rule, 122, 127
subtraction, 183
subtree, 5, 6
support of a type, 157, 158
supremum, 186
surjection, 161, 166, 177
Symmetry, 122

tableau, 94
Tarski’s Fixed Point Lemma, 177
Tarski, Alfred, 171, 176
TAUT, 96
tautology, 82, 96
term, 118, 122
theory, 170
categorical, 171
complete, 170
theory of M, 149
Th(R), 183
tiling problem, 9
top (logical constant), 58
Top Rule, 65
topological space, 108, 149
torsion group, 50, 149
torsion-free group, 50, 149

203

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521882192
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-0-521-88219-4 - The Mathematics of Logic: A Guide to Completeness Theorems
and their Applications
Richard Kaye

Index

More information

204 Index

total order, 11, 15
totally disconnected space, 111, 150, 153
transfer, 182
Transitivity, 122
transitivity, 38
Transitivity Rule, 39
transversal, 19
tree, 1, 5, 29
binary, 1
describing computations, 9
infinite, 3, 5
walk, 3
Trichotomy Theorem, 166, 178
true (logical constant), 58
truth, 42, 133
in the reals, 183
truth table, 81, 83
2 (boolean algebra), 57
Tychonov’s Theorem, 108, 109
type, 158
omitted, 158
realised, 158

ultrafilter, 106, 108, 110
uncountable set, 165

Unique Readability Theorem, 69
upper bound, 15

vacuously, 42
valency, 6
valuation, 80
variable, 35, 117, 119
bound, 120
free, 120
renaming, 137
substitution of, 122
vector space, 19, 20, 171, 172

well-ordered set, 21, 54
Well-Ordering Principle, 22

Zermelo, Ernst, 16

Zermelo—Frénkel set theory, 139, 165

zero, 4

Zorn property, 15

Zorn’s Lemma, 16, 18, 20, 50, 106, 110, 160,
168, 176

Zorn, Max, 22
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