
Index

k-algebra, 235

Abhyankar, Shreeram S., 57, 86
affine linear subspace, 70
affine open covering, 160
affine open subset, 48
affine space, 1
algebraic extension, 241
algebraic group, 56
algebraically closed field, 242
algebraically independent elements, 105
arithmetic algebraic geometry, 38
arithmetic genus, 229
Artinian ring, 32
ascending chain condition, 20, 31, 91
associated graded ring, 233
associated prime, 120

embedded, 124
minimal, 124

automorphism
of affine line, 55
of affine space, 43
of an affine variety, 43

Bézout Theorem, 223
higher-dimensional, 224

Bézout, Étienne, 223
base field, 1
bihomogeneous form, 178
birational map, 94
birational morphism, 47
birational varieties, 94
Buchberger, Bruno, 29
Buchberger Algorithm, 24

Buchberger Criterion, 23

cardioid, 68
Cayley cubic surface, 178, 203
Cayley, Arthur, 86
characteristic, 243

classical adjoint, 83
closed graph condition, 157
closed graph property, 160
closure

projective, 140
Zariski, 38

cone
over a projective variety, 177
over a variety, 68

consistent system of linear equations, 100
content, 240
continuous function, 39
coordinate ring, 41
Cramer’s rule, 56, 83, 173
cusp singularity, 186

degree of projective variety, 229
dehomogenization, 79, 138
Descartes Circle Theorem, 70
descending chain condition, 32
determinant, 73

of a complex, 86
diagonal, 54, 167
dimension, 115

of projective variety, 228
of variety, 111

Diophantine geometry, 38
direct sum

of modules, 237
of rings, 99

discriminant, 78
distinguished open subset, 135
division algorithm, 13
domain, 91, 235
dominant morphism, 92
dominant rational map, 51, 93
dual projective plane, 164
dual projective space, 181
dual space, 200
dual variety, 185
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Eisenbud, David, xii
elimination projective, 172
elimination order, 60
Elimination Theorem, 60
Emmy, Noether, 20
equivalence of morphisms, 41
Euclidean Algorithm, 239
Euler’s Formula, 184
evaluation homomorphism, 103
extension

of a morphism, 41
of a rational map, 46

exterior algebra, 194
exterior power, 191

faithfully flat neighborhood, 84
Fermat’s Last Theorem, 37
field, 235
field extension, 51, 241
finite field, 239

difficulties over, 33, 41
finitely generated algebra, 108
finitely generated field extension, 104
finitely generated ideal, 19
finitely generated module, 28, 238
finitely generated module of syzygies, 27
flag variety, 206
flat module, 98
fractions

field of, 235
ring of, 45

Fulton, William, xii
function field, 92, 104

Gauss Lemma, 107, 240
general linear group, 56
general position

linear, 65, 221
genus, 230
gluing maps, 159, 160
Gröbner basis, 15

reduced, 30
Gröbner, Wolfgang, 29
graded algebra, 207
graded commutative, 191
graded coordinate ring, 208
graded lexicographic order, 13
graded monomial order, 138, 170
graded reverse lexicographic order, 13

efficiency of, 30
graded ring, 207
graph

of a morphism, 58
of a rational map, 64

Grassmann, Herman Günter, 187
Grassmannian, 187

Harbourne/Hirschowitz Conjecture,
228

Harris, Joe, xii
Hessian, 225
Hilbert Basis Theorem, 19, 91

generalized, 27
Hilbert function, 208
Hilbert polynomial, 212, 214
Hilbert scheme, 231
Hilbert, David, 19
homogeneous ideal, 138
homogeneous pieces, 137
homogeneous polynomial, 1, 170
homogenization, 79, 138

relative to a set of variables, 170
homomorphism

of k-algebras, 235
of rings, 235

hyperplane at infinity, 142
hypersurface, 4, 115, 182

irreducible, 110
projective, 140

ideal, 235
of polynomials vanishing on a set, 33

ideal membership, 4
ideal product, 35
ideal sum, 35
implicitization, 1, 2

generalized, 57
incidence correspondence, 164, 182
independent conditions, 6, 226
indeterminacy

ideal, 50, 128
locus, 44, 49, 50, 146

inflectional tangent, 186, 225
integral element, 106
interpolation, 218

generalized, 226
simple, 5

intersection
of ideals algorithm, 95
of monomial ideals, 100
of varieties, 36

intersection multiplicity, 217
irreducible component, 90
irreducible element, 239
irreducible ideal, 117
irreducible polynomial, 89, 92, 242
irreducible variety, 90
irredundant decomposition

into irreducible components, 90
into irreducible ideals, 117
into primary components, 126

irrelevant ideal, 144, 209
isomorphism of affine varieties, 43
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join, 68

Koszul complex, 86, 224

Lang, Serge, xii
leading monomial, 13
leading term, 13

ideal of, 14, 97
least common multiple, 22
lemniscate, 69
lexicographic order

inefficiency of, 30
line at infinity, 165
linear morphism to projective space, 148
linear subspace of projective space, 149, 203
localization, 50

maximal ideal, 238
module, 237
monomial, 11

ideal, 14
order, 11

morphism
defined over k, 2, 42
of abstract varieties, 161
of affine spaces, 1, 39
of affine varieties, 42
projection, 36, 58

multiple root, 78
multiplicative subset, 50
multiplicity

of a polynomial at a point,
179, 225

of an ideal at a point, 216

node singularity, 186
Noetherian ring, 20, 117
nontrivial zero, 78
normal form, 16, 97
Nullstellensatz, 38, 92

effective, 102
Hilbert, 102
projective, 144

O’Shea, Donal, xii
order of vanishing at a point, 179, 225

parallel lines, 164
parametrization

rational, 51
regular, 4

Plücker embedding, 198
Plücker formulae, 186, 225
Plücker relations, 200
Plücker, Julius, 198
polynomial map

of projective spaces, 145
polynomial ring, 236
primary decomposition, 94, 121
primary ideal, 119
prime avoidance lemma, 129
prime ideal, 91, 238
principal ideal domain, 74, 239
product order, 60
product variety, 36
projection from a subspace, 149
projective space, 134
projectivity, 149, 209
projectivization of a vector space, 137
pull-back, 40
pure lexicographic order, 12

quotient ideal, 118
quotient ring, 236

radical
ideal, 101
of monomial ideals, 114

rational map
of abstract varieties, 161
of affine spaces, 43
of affine varieties, 46

rational normal curve, 152
rational variety, 52
reduced row echelon form, 188
reducible ideal, 117
reducible variety, 90
refinement, 161
resultant, 115

Sylvester, 75
Riemann surface, 230
ring, commutative, 234

saturation, 171
Schreyer, Frank Olaf, 29
Schubert calculus, 204
Schubert variety, 204
Schubert, Hermann, 204
scroll, 67
secant

subspace, 66
variety, 66

Segre imbedding, 154
Segre, Corrado, 154
sign of a permutation, 192
similar matrices, 133
singular point, 182
smooth hypersurface, 185
smooth point, 182
span, affine, 65
Steiner Roman surface, 165, 166
Steiner, Jakob, 166
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submodule, 238
Sylvester, James Joseph, 75
symbolic power, 131
syzygy, 26, 85

tangent cone, 233
tangent space

affine, 182
projective, 183

topology, abstract, 38
transcendence

basis, 105
degree, 105

union
disjoint, 99
of varieties, 36

unique factorization domain, 89,
107, 239

uniqueness of primary decomposition, 123,
126

unirational hypersurfaces of small degree, 53
unirational variety, 51
units, group of, 239

van der Waerden, Bartel Leendert,
86

Vandermonde matrix, 221
variety

abstract, 160
affine, 34
projective, 140

Veronese embedding, 150
quadratic, 152

Veronese, Giuseppe, 150

weakly irredundant primary decomposition, 122
wedge product, 191
weighted polynomial ring, 208

Zariski topology, 39
Zariski, Oscar, 39
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