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Computational Methods for Geodynamics

Computational Methods for Geodynamics describes all the numerical methods typically

used to solve problems related to the dynamics of the Earth and other terrestrial planets,

including lithospheric deformation, mantle convection and the geodynamo.

The book starts with a discussion of the fundamental principles of mathematical and

numerical modelling, which is then followed by chapters on finite difference, finite volume,

finite element and spectral methods; methods for solving large systems of linear algebraic

equations and ordinary differential equations; data assimilation methods in geodynamics;

and the basic concepts of parallel computing. The final chapter presents a detailed discussion

of specific geodynamic applications in order to highlight key differences between methods

and demonstrate their respective limitations. Readers learn when and how to use a particular

method in order to produce the most accurate results.

This combination of textbook and reference handbook brings together material previously

available only in specialist journals and mathematical reference volumes, and presents it

in an accessible manner assuming only a basic familiarity with geodynamic theory and

calculus. It is an essential text for advanced courses on numerical and computational mod-

elling in geodynamics and geophysics, and an invaluable resource for researchers looking

to master cutting-edge techniques. Links to online source codes for geodynamic modelling

can be found at www.cambridge.org/zadeh.
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Cover illustration (front): upper images by M. Armann show numerical simulations of

thermo-chemical convection in a stagnant- or episodic-lid planet such as Venus, with (left)

composition ranging from basalt (red) to harzburgite (blue) and (right) potential temperature

(simulations by M.Armann and P.J.Tackley); lower images byT. Nakagawa show numerical

simulations of thermo-chemical convection in a mobile-lid planet such as Earth; isosurfaces

show cold (blue) and hot (red) temperature anomalies and (green) basaltic composition

(simulations by T. Nakagawa and P.J. Tackley).

(back): the images by I. Tsepelev show (top) the time snapshots of the thermal evolu-

tion of the descending slab (blue, dark cyan and light cyan mark the surfaces of different

temperature anomalies) and pattern of mantle flow (arrows illustrate the flow’s direction

and magnitude) beneath the south-eastern Carpathians. The model evolution is restored

numerically using the quasi-reversibility method for data assimilation (Ismail-Zadeh et al.,

2008).

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Computational Methods
for Geodynamics

Alik Ismail-Zadeh
Karlsruhe Institute of Technology (KIT)

Moscow Institute of Mathematical Geophysics,
Russian Academy of Sciences (MITPAN)

Institute de Physique du Globe de Paris (IPGP)

Paul J. Tackley
Swiss Federal Institute of Technology Zurich (ETH)

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Shaftesbury Road, Cambridge CB2 8EA, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314–321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi – 110025, India

103 Penang Road, #05–06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of Cambridge University Press & Assessment, 

a department of the University of Cambridge.

We share the University’s mission to contribute to society through the pursuit of 

education, learning and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/9780521867672

© Alik Ismail-Zadeh and Paul Tackley 2010

This publication is in copyright. Subject to statutory exception and to the provisions

of relevant collective licensing agreements, no reproduction of any part may take 

place without the written permission of Cambridge University Press & Assessment.

First published 2010

A catalogue record for this publication is available from the British Library

Library of Congress Cataloging-in-Publication data

Ismail-Zadeh, Alik.

Computational methods for geodynamics / Alik Ismail-Zadeh, Paul J. Tackley.

p. cm.

Includes bibliographical references and index.

ISBN 978-0-521-86767-2

1. Geodynamics–Data processing. I. Tackley, Paul J. II. Title.

QE501.3.I86 2010

551–dc22   2010017823

ISBN   978-0-521-86767-2   Hardback

Additional resources for this publication at www.cambridge.org/zadeh

Cambridge University Press & Assessment has no responsibility for the persistence

or accuracy of URLs for external or third-party internet websites referred to in this 

publication and does not guarantee that any content on such websites is, or will 

remain, accurate or appropriate.  

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

To David, Junko, and Sonya

as a sign of deep affection

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents

Foreword by GeraldSchubert page xi

Preface xiii

Acknowledgements xvii

1 Basic concepts of computational geodynamics 1

1.1 Introduction to scientific computing and computational geodynamics 1

1.2 Mathematical models of geodynamic problems 2

1.3 Governing equations 3

1.4 Boundary and initial conditions 13

1.5 Analytical and numerical solutions 14

1.6 Rationale of numerical modelling 15

1.7 Numerical methods: possibilities and limitations 16

1.8 Components of numerical modelling 17

1.9 Properties of numerical methods 20

1.10 Concluding remarks 22

2 Finite difference method 24

2.1 Introduction: basic concepts 24

2.2 Convergence, accuracy and stability 29

2.3 Finite difference sweep method 30

2.4 Principle of the maximum 31

2.5 Application of a finite difference method to a two-dimensional heat

equation 32

3 Finite volume method 43

3.1 Introduction 43

3.2 Grids and control volumes: structured and unstructured grids 43

3.3 Comparison to finite difference and finite element methods 44

3.4 Treatment of advection–diffusion problems 45

3.5 Treatment of momentum–continuity equations 49

3.6 Modelling convection and model extensions 60

4 Finite element method 63

4.1 Introduction 63

4.2 Lagrangian versus Eulerian description of motion 64

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

vii Contents

4.3 Mathematical preliminaries 65

4.4 Weighted residual methods: variational problem 66

4.5 Simple FE problem 69

4.6 The Petrov–Galerkin method for advection-dominated problems 71

4.7 Penalty-function formulation of Stokes flow 75

4.8 FE discretisation 75

4.9 High-order interpolation functions: cubic splines 76

4.10 Two- and three-dimensional FE problems 79

4.11 FE solution refinements 91

4.12 Concluding remarks 92

5 Spectral methods 93

5.1 Introduction 93

5.2 Basis functions and transforms 93

5.3 Solution methods 98

5.4 Modelling mantle convection 100

6 Numerical methods for solving linear algebraic equations 109

6.1 Introduction 109

6.2 Direct methods 109

6.3 Iterative methods 114

6.4 Multigrid methods 119

6.5 Iterative methods for the Stokes equations 126

6.6 Alternating direction implicit method 128

6.7 Coupled equations solving 130

6.8 Non-linear equation solving 131

6.9 Convergence and iteration errors 132

7 Numerical methods for solving ordinary and partial differential

equations 134

7.1 Introduction 134

7.2 Euler method 134

7.3 Runge–Kutta methods 135

7.4 Multi-step methods 137

7.5 Crank–Nicolson method 139

7.6 Predictor–corrector methods 140

7.7 Method of characteristics 141

7.8 Semi-Lagrangian method 142

7.9 Total variation diminishing methods 144

7.10 Lagrangian methods 146

8 Data assimilation methods 148

8.1 Introduction 148

8.2 Data assimilation 151

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

viii Contents

8.3 Backward advection (BAD) method 152

8.4 Application of the BAD method: restoration of the evolution of salt

diapirs 153

8.5 Variational (VAR) method 156

8.6 Application of the VAR method: restoration of mantle plume

evolution 162

8.7 Challenges in VAR data assimilation 168

8.8 Quasi-reversibility (QRV) method 171

8.9 Application of the QRV method: restoration of mantle

plume evolution 177

8.10 Application of the QRV method: restoration of descending

lithosphere evolution 180

8.11 Comparison of data assimilation methods 192

8.12 Errors in forward and backward modelling 195

9 Parallel computing 197

9.1 Introduction 197

9.2 Parallel versus sequential processing 197

9.3 Terminology of parallel processing 199

9.4 Shared and distributed memory 201

9.5 Domain decomposition 203

9.6 Message passing 207

9.7 Basics of the Message Passing Interface 209

9.8 Cost of parallel processing 213

9.9 Concluding remarks 215

10 Modelling of geodynamic problems 216

10.1 Introduction and overview 216

10.2 Numerical methods used 217

10.3 Compressible flow 223

10.4 Phase transitions 227

10.5 Compositional variations 231

10.6 Complex rheologies 235

10.7 Continents and lithospheric plates in mantle convection models 238

10.8 Treatment of a free surface and surface processes 244

10.9 Porous flow through a deformable matrix 245

10.10 Geodynamo modelling 247

Appendix A Definitions and relations from vector and matrix algebra 250

Appendix B Spherical coordinates 258

Appendix C Freely available geodynamic modelling codes 264

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

ix Contents

References 267

Author index 301

Subject index 307

Colour plate sectionbetweenpages 238 and 239.

www.cambridge.org/9780521867672
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-86767-2 — Computational Methods for Geodynamics
Alik Ismail-Zadeh, Paul Tackley
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Foreword

Geodynamics is the application of the basic principles of physics, chemistry and mathe-

matics to understanding how the internal activity of the Earth results in all the geological

phenomena and structures apparent at the surface, including seafloor speading and continen-

tal drift, mountain building, volcanoes, earthquakes, sedimentary basins, faulting, folding,

and more. Geodynamics also deals with how the Earth’s internal activity and structure

reveals itself externally in ways both geophysical, its gravitational and magnetic fields,

and geochemical, the mineralogy of its rocks and the isotopic composition of its rocks,

atmosphere, and ocean. The discipline of geodynamics did not exist until about the early

1970s. The plate tectonics revolution was the impetus for the birth of the subject. Today,

geodynamics goes beyond the Earth to consider the interiors and surfaces of other planets

and moons in our solar system. While this aspect of the science could be termed planetary

dynamics, it involves the same geodynamical processes that shape the Earth, though often

with intriguingly different outcomes for the other bodies.

Mathematical modeling, which attempts to understand a phenomenon quantitatively, lies

at the heart of geodynamics. In the early years of the subject analytic and semi-analytic

methods were sufficient to gain insights into the workings of the Earth’s interior. After

four decades of progress in the subject it is, generally speaking, no longer possible to

address the remaining questions with such simple models. Indeed, it has been necessary

for some time now, to employ sophisticated numerical computational models to achieve

further understanding of the complex dynamics of the Earth. Accordingly, researchers now

entering the field of geodynamics need to acquire the skills to understand the numerical

methods upon which computational geodynamics codes are based. An understanding of the

methods is required not only for intelligent use of existing codes but also to enable adap-

tations of the codes and future improvements in them. The present book responds to this

need by thoroughly discussing the many different numerical schemes designed to provide

approximate solutions to the ordinary and partial differential equations encountered in geo-

dynamical problems and by emphasizing the fundamental principles behind the numerical

approaches. It is a book that goes far beyond the black box utilization of numerical tools by

providing the student with a deep understanding of the numerical approaches upon which

the codes are based.

The book begins with an introductory chapter discussing the basic equations and the

boundary and initial conditions of geodynamics followed by general remarks on the numer-

ical approach to their solution.The succeeding chapters discuss all the widely used numerical

schemes in detail, finite differences, finite volumes, finite elements, and spectral decomposi-

tion. The succeeding two chapters apply these methods to solving linear algebraic equations

and ordinary differential equations. The concluding chapters deal with data assimilation,
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xii Foreword

parallel computing, and applications in geodynamics. A number of appendices provide

mathematical background.

The authors are distinguished geodynamicists with decades of experience in numerical

modeling. They are at the forefront of geodynamical modeling and are responsible for the

initial development and continued improvement of state-of-the-art codes. They have written

a clear and comprehensive book that everyone working in the field of geodynamics would

be well advised to read and keep handy for future reference.

Gerald Schubert

Distinguished Professor of Geophysics and Planetary Physics

University of California

Los Angeles, California

USA
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Preface

The book of nature is written in the language of mathematics

(Galileo Galilei, 1564–1642)

All the mathematical sciences are founded on relations

between physical laws and laws of numbers, so that

the aim of exact science is to reduce the problems of nature to

the determination of quantities by operations with numbers

(James Clerk Maxwell, 1831–1879)

It is impossible to explain honestly the beauties of

the laws of nature in a way that people can feel,

without their having some deep understanding of

mathematics and its methods

(Richard Feynman, 1918–1988)

Great advances in understanding of the planet Earth and in computational tools permitting

accurate numerical modelling are transforming the geosciences in general and geodynamics

particularly. Research on dynamical processes in the Earth and planets relies increasingly

on sophisticated quantitative models. Improved understanding of fundamental physical pro-

cesses such as mantle convection, lithospheric deformation, and core dynamos in the Earth

and terrestrial planets depends heavily on better numerical modelling. Characteristic of this

new intellectual landscape is the need for strong interaction across traditional disciplinary

boundaries: Earth sciences, applied mathematics, and computer science.

Solid Earth scientists, with few exceptions, rarely achieve mathematical competence

beyond elementary calculus and a few statistical formulae. Meanwhile, in some sense it has

become a fashion nowadays, when scientists dealing with geodynamics make numerical

modelling as their primary research tool. Most of these scientists employ standard com-

mercial software or the codes developed by representatives of the geodynamic community

and do not take care of numerical methods and their limitations behind the software and

codes. Sometimes numerical results of complicated models, being wrong from a mathe-

matical point of view, can feature the Earth dynamics in a ‘realistic’ way and can hence

lead to wrong physical interpretations. To distinguish between wrong and true solutions,

geodynamicists should know more about numerical techniques and their applicability.

Our motivation to write the book grew steadily from about two decades of experience with

students and young scientists in geodynamics (both geologists or geophysicists), who were

sometimes disarmed when it comes to understanding of essential features of mathematical

and numerical modelling, like how a numerical code works to produce accurate results,
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xiv Preface

which computational methods are behind the codes employed and what is the difference

between, let us say, finite differences and finite elements methods, etc. To understand

mathematical and computer limitations of numerical modelling, every user should firmly

know how the employed numerical methods work for the problems under study. Even

though most geoscience students take several semesters of prerequisite courses in maths

and/or computer sciences, these students have sometimes little education and experience

in quantitative thinking and computation to prepare them to participate in the new world

of quantitative geosciences. In order to participate fully in the research of the future, it

will be essential for geoscientists to be conversant not only with the language of geology

and geophysics but also with the languages of applied mathematics and computers. If all

areas of the geosciences are to assimilate into the world of quantitative science, students in

geosciences will need a different kind of education than we provide today.

The book Computational Methods for Geodynamics bridges two cultures within geo-

sciences (quantitative and qualitative) and assists in solving the problems related to

dynamics of the Earth using computational methods. We did not consider filling the gap

between geodynamics on the one hand and applied mathematics and computer science on

the other hand, but rather to contribute to the understanding of computational geodynamics

via basics of numerical modelling, computational methods and challenges in numerical

simulations. We believe that this book will complement several excellent textbooks on geo-

dynamics, like Geodynamics by Turcotte and Schubert, Mantle Convection in the Earth

and Planets by Schubert, Turcotte and Olson and The Solid Earth by Fowler, in terms

of quantitative understanding of geodynamical problems. It will assist students in choos-

ing appropriate numerical methods and algorithms to analyse their research problems (e.g.

mantle and lithospheric dynamics, thermal or thermo-chemical convection, geodynamo).

This book offers readers the possibility of finding efficient computational methods to be

employed in geodynamic modelling (not spending a lot of time in search for the methods in

a vast amount of research papers and specialised mathematical books) and seeing examples

of how a particular method works for a specific problem. The book can also be of interest

to researchers dealing with computational geodynamics as well as to other quantitative

geoscientists.

We tried to make the mathematical language of the book not too complicated, and the

maths formulations are kept at the level necessary to understand the computational methods.

The book is organised into the following parts: fundamental formulations; basic numerical

approaches and essential numerical methods; and applications. The first chapter defines the

discipline of computational geodynamics and describes the main principles of mathematical

and numerical modelling of geodynamic problems. Chapters 2 to 5 describe the finite

difference, finite volume, finite element and spectral methods. Chapters 6 and 7 present

the basic numerical methods for solving the systems of linear algebraic equations and

ordinary differential equations. Chapter 8 is devoted to the methods for data assimilation

in geodynamics and presents some applications. The basic concepts of parallel computing

are presented in Chapter 9. We discuss how different numerical methods have been used in

modelling of various geodynamics problems in Chapter 10.

We have to apologise that the book does not contain all computational methods for

geodynamic modelling.We omitted the mesh-free methods, like the discrete element method
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xv Preface

(DEM) or the element-free Galerkin method, because these methods are not employed often

in modelling of dynamics of the Earth interior and are used mostly to simulate the bulk

behaviour of granular material, strain localisation and shear band formations. The reader is

referred to some classical works on this topic (e.g. Cundall and Strack, 1979; Liu, 2003)

as well as application of these methods to geodynamics (e.g. Hansen, 2003; Egholm, 2007;

and references therein).

We have tried to show how mathematical and numerical methods contribute to under-

standing dynamics of the Earth interior, and how the boundaries between the disciplines

are becoming arbitrary and irrelevant. We hope that the book will allow students to learn

the languages of the different disciplines in context. Scientists educated in this way, regard-

less of their ultimate professional speciality, would share a common scientific language,

facilitating both cross-disciplinary understanding and collaboration. Mathematics and com-

putational methods provide the best way of understanding complex natural systems, and a

good mathematical education for geoscientists is the best route for enabling the most able

people to address really important problems in Earth sciences.
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