Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Econometric Exercises, Volume 1

Matrix Algebra

Matrix Algebra is the first volume of the Econometric Exercises Series. It contains ex-
ercises relating to course material in matrix algebra that students are expected to know
while enrolled in an (advanced) undergraduate or a postgraduate course in econometrics
or statistics. The book contains a comprehensive collection of exercises, all with full
answers. But the book is not just a collection of exercises; in fact, it is a textbook, though
one that is organized in a completely different manner than the usual textbook. The volume
can be used either as a self-contained course in matrix algebra or as a supplementary text.

Karim Abadir has held a joint Chair since 1996 in the Departments of Mathematics and
Economics at the University of York, where he has been the founder and director of various
degree programs. He has also taught at the American University in Cairo, the University
of Oxford, and the University of Exeter. He became an Extramural Fellow at CentER
(Tilburg University) in 2003. Professor Abadir is a holder of two Econometric Theory
Awards, and has authored many articles in top journals, including the Annals of Statistics,
Econometric Theory, Econometrica, and the Journal of Physics A. He is Coordinating
Editor (and one of the founding editors) of the Econometrics Journal, and Associate
Editor of Econometric Reviews, Econometric Theory, Journal of Financial Econometrics,
and Portuguese Economic Journal.

Jan Magnus is Professor of Econometrics, CentER and Department of Econometrics and
Operations Research, Tilburg University, the Netherlands. He has also taught at the
University of Amsterdam, The University of British Columbia, The London School of
Economics, The University of Montreal, and The European University Institute among
other places. His books include Matrix Differential Calculus (with H. Neudecker), Linear
Structures, Methodology and Tacit Knowledge (with M. S. Morgan), and Econometrics: A
First Course (in Russian with P. K. Katyshev and A. A. Peresetsky). Professor Magnus has
written numerous articles in the leading journals, including Econometrica, The Annals of
Statistics, The Journal of the American Statistical Association, Journal of Econometrics,
Linear Algebra and Its Applications, and The Review of Income and Wealth. He is a Fellow
of the Journal of Econometrics, holder of the Econometric Theory Award, and associate ed-
itor of The Journal of Economic Methodology, Computational Statistics and Data Analysis,
and the Journal of Multivariate Analysis.

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Econometric Exercises

Editors:

Karim M. Abadir, Departments of Mathematics and Economics,
University of York, UK

Jan R. Magnus, CentER and Department of Econometrics and Operations Research,
Tilburg University, The Netherlands

Peter C.B. Phillips, Cowles Foundation for Research in Economics,
Yale University, USA

Titles in the Series (* = planned):

Matrix Algebra (K. M. Abadir and J. R. Magnus)

Statistics (K. M. Abadir, R. D. H. Heijmans and J. R. Magnus)

Econometric Models, I: Theory (P. Paruolo)

Econometric Models, I: Empirical Applications (A. van Soest and M. Verbeek)
Econometric Models, II: Theory

Econometric Models, II: Empirical Applications

Time Series Econometrics, 1

Time Series Econometrics, II

Microeconometrics

Panel Data

Bayesian Econometrics

Nonlinear Models

Nonparametrics and Semiparametrics
Simulation-Based Econometric Methods
Computational Methods

Financial Econometrics

Robustness

Econometric Methodology

¥R K XK K K K K XK K XK XK XK XD W=

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Matrix Algebra

Karim M. Abadir
Departments of Mathematics and Economics, University of York, UK

Jan R. Magnus
CentER and Department of Econometrics and Operations Research,
Tilburg University, The Netherlands

CAMBRIDGE

4./) UNIVERSITY PRESS

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sdo Paulo

Cambridge University Press
40 West 20th Street, New York, NY 10011-4211, USA

www.cambridge.org
Information on this title: www.cambridge.org/9780521822893

(© Karim M. Abadir and Jan R. Magnus 2005

This book is in copyright. Subject to statutory exception

and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without

the written permission of Cambridge University Press.

First published 2005
Printed in the United States of America
A catalog record for this publication is available from the British Library.

Library of Congress Cataloging in Publication Data

Abadir, Karim M., 1964—

Matrix algebra / Karim M. Abadir, Jan R. Magnus.
p- cm. — (Econometric exercises ; 1)

Includes bibliographical references and index.

ISBN-13 978-0-521-82289-3

ISBN-10 0-521-82289-0

ISBN-13 978-0-521-53746-9 (pbk.)

ISBN-10 0-521-53746-0 (pbk.)

1. Matrices—Textbooks. 1. Magnus, Jan R. II. Title. IIL Series.

QAI188.A195 2005

512.9’434 —dc22 2005002651

ISBN-13 978-0-521-82289-3 hardback
ISBN-10 0-521-82289-0 hardback

ISBN-13 978-0-521-53746-9 paperback
ISBN-10 0-521-53746-0 paperback

Cambridge University Press has no responsibility for
the persistence or accuracy of URLs for external or
third-party Internet Web sites referred to in this book
and does not guarantee that any content on such
Web sites is, or will remain, accurate or appropriate.

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

CAMBRIDGE

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

To my parents, and to Kouka, Ramez, Naguib, Névine
To Gideon and Hedda

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter

More information

Contents

List of exercises
Preface to the Series

Preface
1  Vectors
1.1 Real vectors
1.2 Complex vectors
2 Matrices
2.1 Real matrices
2.2 Complex matrices
3 Vector spaces
3.1 Complex and real vector spaces
3.2 Inner-product space
33 Hilbert space
4 Rank, inverse, and determinant
4.1 Rank
4.2 Inverse
4.3 Determinant
S  Partitioned matrices
5.1 Basic results and multiplication relations
5.2 Inverses
5.3 Determinants
54 Rank (in)equalities
5.5 The sweep operator
6  Systems of equations

6.1 Elementary matrices
6.2 Echelon matrices

xi
XXV
XXiX

11
15
19
39
43
47
61
67
73
75
&3
87
97
98
103
109
119
126
131
132
137

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information

viii Contents
6.3 Gaussian elimination 143
6.4 Homogeneous equations 148
6.5 Nonhomogeneous equations 151

7 Eigenvalues, eigenvectors, and factorizations 155
7.1 Eigenvalues and eigenvectors 158
7.2 Symmetric matrices 175
7.3 Some results for triangular matrices 182
7.4 Schur’s decomposition theorem and its consequences 187
7.5 Jordan’s decomposition theorem 192
7.6 Jordan chains and generalized eigenvectors 201

8 Positive (semi)definite and idempotent matrices 209
8.1 Positive (semi)definite matrices 211
8.2 Partitioning and positive (semi)definite matrices 228
8.3 Idempotent matrices 231

9  Matrix functions 243
9.1 Simple functions 246
9.2 Jordan representation 255
9.3 Matrix-polynomial representation 265

10 Kronecker product, vec-operator, and Moore-Penrose inverse 273
10.1  The Kronecker product 274
10.2  The vec-operator 281
10.3  The Moore-Penrose inverse 284
10.4  Linear vector and matrix equations 292
10.5 The generalized inverse 295

11 Patterned matrices: commutation- and duplication matrix 299
11.1  The commutation matrix 300
11.2  The symmetrizer matrix 307
11.3  The vech-operator and the duplication matrix 311
11.4  Linear structures 318

12 Matrix inequalities 321
12.1  Cauchy-Schwarz type inequalities 322
12.2  Positive (semi)definite matrix inequalities 325
12.3  Inequalities derived from the Schur complement 341
12.4  Inequalities concerning eigenvalues 343

13 Matrix calculus 351
13.1  Basic properties of differentials 355
13.2  Scalar functions 356
13.3  Vector functions 360
13.4  Matrix functions 361
13.5 The inverse 364
13.6  Exponential and logarithm 368
13.7  The determinant 369

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Contents

13.8  Jacobians

13.9  Sensitivity analysis in regression models

13.10 The Hessian matrix

13.11 Least squares and best linear unbiased estimation
13.12 Maximum likelihood estimation

13.13 Inequalities and equalities

Appendix A: Some mathematical tools
A.1  Some methods of indirect proof
A.2  Primer on complex numbers and polynomials
A3 Series expansions
A.3.1 Sequences and limits
A.3.2 Convergence of series
A.3.3 Special series
A.3.4 Expansions of functions
A.3.5 Multiple series, products, and their relation
A4 Further calculus
A.4.1 Linear difference equations
A.4.2 Convexity
A.4.3 Constrained optimization
Appendix B: Notation
B.1 Vectors and matrices
B.2  Mathematical symbols, functions, and operators

Bibliography
Index

ix

373
375
378
382
387
391

397
397
398
401
402
403
404
407
408
409
409
410
410
415
415
418

423
426

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

List of exercises

Chapter 1: Vectors
Section 1.1: Real vectors

1.1 VECOT €QUALILY . . ..ottt ettt e et et e 4
1.2 Vector addition, NUMDETIS .. ...ttt e e 5
1.3 NULL VECIOT ...ttt ettt et e e e e e e e 5
1.4 Vector additiOn . ......o.ini e 5
1.5 Scalar multipliCation . ... ...ttt e e 5
1.6 Proportion of @ line . ... e 6
1.7 Inner product . .. ... 6
1.8 Inner product, NUMDETS . . ... ...ttt et et 6
1.9 Cauchy-Schwarz inequality ....... ... ... . e 7
1.10  Triangle inequality .. ... ...ttt et et e s 7
LI1 Normalization ... ... ...ttt e e e ettt e e e 8
112 Orthogonal VECIOTS ... ...ttt ettt e e e e e e e 8
1.13 Orthonormal VECTOTS ... ...ttt ettt ettt e ettt e e et e eieans 9
1.14  Orthogonality is NOt traNSItIVE . ... ...o.utnt ittt e e 9
LS ANGIe oo 10
LI6  SUM VECIOT ...ttt e e e 10
Section 1.2: Complex vectors
117 CompleX NUMDETS .. ...ttt ettt e e e et et e e e e e 11
1.18  COmMPIEX COMJUZALES . . .. evte ettt ettt et e et et e et et et e et et et e e e e ae e 11
FLA9  MOdUIUS .ttt e 12
120 Inner product in €™ ... 12
1.21  ComplexX ineqUalities .. ... .. ...ttt ettt 13

Chapter 2: Matrices
Section 2.1: Real matrices

2.1 Matrix €qUALILY .. ..ottt e e e e 19
2.2 Matrix equality, NUMDEIS . ... ... ...ttt e e 20
2.3 Matrix addition . ... . 20
2.4 Transpose and inner product . ............o.iuinit it e 20
2.5 Multiplication, 1 ... ... e 21
2.6 Multiplication, 2 ... ... 22
2.7 True or false ... ... .. . 22
2.8 Matrix multiplication versus scalar multiplication .............. ... .o, 22
2.9 NONCOMMUEATIVILY ..« ottt ettt et e et e ettt e e e ae e 23
2.10  Noncommutativity and reshuffle .......... .. ... 24
xi

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
xii List of exercises

2.11  Row scaling and column SCaling .. .........oiuuiitinttint i 24
2,12 Order Of MALTIX ... uet ettt e et e et et et et e e e e 25

#2.13  Generalization of 22 = 0 <= = 0 ... ittt 25
2,14 Multiplication, 3 ... ...ttt e e 25
2.15  Transpose and PrOQUCES . .. ... .uutnutt ettt e et e e e 26
2,16 Partitioned MAatriX .. ... ..ottt ettt e e e e 26
2,17 Sum of OULer PrOQUCLS ... ..ottt ettt e e e e e e e 27

#2018  Identity MALIIX . ..ottt ettt et e e e e e e e 28
2.19  Diagonal matrix, Permutation . ... ...........ueuuenutneennentente et 28
2.20  Diagonal matrices, COMMULAION .. .. .....oututetn ettt ettt et 29
221 Trian@ular MAtriX .. ..c.eonet ettt et e e e e 29
222 SYMIMELIY ..ottt e 29
223 SKEW-SYIIMEIIY .. e ettt et ettt et ettt ettt et et e e e e et e et 30
2.24  Trace as liN€ar OPEIALOL . ... ... ....uuttntt ittt ettt e 30
225 Trace Of A/ A ..o 31
226 Trace, cyclical Property .. .........o.uoiuiini i e 31
227 Trace and SUM VECTOT .. ... euttntt ettt et ettt ettt e et et et e e e et e eees 31
2.28  Orthogonal matrix, representation ... ..............oueeuuenuemneintennenuenueeneennennenns 31
2.29  Permutation MALTIX . ... ..outent ettt ettt ettt e e e e e e 32
230 NOrmal MAIIX ..o .ov ettt e ettt e 33
2.31  COmMMUENGZ MALIICES . .. e vttt ettt et e et et et e et e e et et e e et e e e 34
232 Powers, qQUAdratic’s SOIULION . ... .v vttt ettt et e et e e e e 34
2.33  Powers of @ SyMMEtIic MALIX . ... .utnutnt ettt ettt et e e e a e 35
2.34  Powers of the triangle . ..... ... e 35
2.35  FIbONACCT SEQUEIICE ... ..ttt t ettt et ettt et e et e e et e et et et 35
2.36  Difference eqUAtiONS .. ... ...ttt ettt et e e e 36
2.37  TEMPOLENL . ..ottt ettt ettt e e e e e e e 37
2.38  Inner product, MALIIX .. ... ...uuuute ettt et e et e e e e e 38

#2.30  NOIM, MALIIX . oottt ettt et e et e e e e e e e ettt e e e e e e 38
Section 2.2: Complex matrices
240 CONJUZALE LTANSPOSE . . .« e v ettt et et e et ettt et e et et e e e e e e e e 39
241 Hermitian MAtriX ... ...uuinttntt ettt ettt et e e e e 39
242 Skew-Hermitian matriX ... .......ouuinuit it 40
243 UNIGATY MALTIX .ottt ettt e et e e e e et e e et e e et e e e e e e e e e e e 40

R 01 111 12V N 41
2.45  Normal matrix, COMPIEX . . ...ttt ettt et et 41

Chapter 3: Vector spaces

Section 3.1: Complex and real vector spaces

3.1
*3.2
33
34
35
*3.6
3.7
38
39
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17
3.18
3.19

The nUIL VECTOT ..ottt e et 47
Elementary properties of the SUM . ..........o.iiii i i 47
Elementary properties of scalar multiplication ........... ... . i, 47
Examples of real VECIOr SPACES .. ...ttt t ettt et 48
SPACE Lo et 49
Space L; of random variables, sample ......... ... 49
Space L2 of random variables, population ............ ... i 50
SUDSPACE . . vttt e 50
SUDSPACES OF R ..o e 50
Subspaces Of R L ... ... 51
Subspaces of R3% 3 51
INtersection, UNION, SUIML . . ... .uuun ettt ettt e e e et e e e e e e ettt e e e e 52
Uniqueness Of SUM . ... ..o e e e e 52
Linear combination ... .........oouutnutn et 52
Linear dependence, theory .. ....... ..ot it 53
Linear dependence and triangularity ..............couoinuiiiintiiii i 53
Linear dependence, Some eXamples ... .........oittent et e 54
SPanned SUDSPACE . . .. .. e vttt ettt e e e e 54
Spanned subspace in R .. ... . 55

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
List of exercises

320 DImension ...

*321  Finite dimension of L) .........ooiiiiiiiiii i
322 BaSIS it e
323 Basis, NUMDETS . ..ottt ittt et et
324  Basisformatrices ...........oiiiiiiiiii e
3.25  Existence of basis ..........oiiiiiii
3.26  Unique representation in terms of abasis ................ .. ... ....
3.27  Reduction and extension to0 basis .............oiiiiiiiiiiiiiii.n.
3.28  Span and linear independence ...............coiiiiiiiiiiiiiin..
329  Dimension Of basis .. ......uuueitintii i
330  Basisand dimension ..............i i
3.31 Basis and dimension, nUMDbETrS . ..............oiiiiiiiiiiiaaaan..
3.32  Dimension of SUbSPace ...t
3.33  Dimension of C™ . ... . i
334 Dimension of @ SUM . ....outtinttnt e
Section 3.2: Inner-product space
3.35  Examples of inner-product Spaces ............c..coiiiiiiiiiiiiin.
336 Normandlength ......... ... .. .. i
3.37  Cauchy-Schwarz inequality, again .................ccoviiieina.n.

*3.38  The parallelogram equality .............cooiiiiiiiiiiiiea...
3.39  Norm, general definition ..............coiiiiiiiiiiiiiinenn...
340 Induced inner product .............coiiiiiiiiiii e

*3.41  Norm does not imply inner product ................cooiiiiiino....
342 DISEANCE ..ottt e
3.43  Continuity of the inner product ..............c.coiiiiiiiiinne....
3.44  Orthogonal Vectors in SPaCe .. .......ouureinieennneennneennnn..
345  Pythagoras .......couuinuiinii e
3.46  Orthogonality and linear independence ...........................
3.47  Orthogonal subSpace ............couiiuiiiiiiiniiniiiiiinan..
3.48  Orthogonal complement .............ccoiiiiiiiiiiiennieennn..
349  Gram-Schmidt orthogonalization .................ccooiiiiia...
Section 3.3: Hilbert space
350 R™isaHilbert space ..........coeiuiiiiiii i
351 LY is a Hilbert SPace ............oeouioneonioniaieiiiiean.n,
3.52  Closed SUDSPACE ... .vvnett ettt e

*3.53  Projectiontheorem ...

*3.54  Projection theorem, complement ............. ...t
3.55  Unique representation, direct SUM .............c..c..oueieinenen....
3.56  Orthogonal complement, dimensions ................ccoevvuenne...
3.57  Orthogonal complement, iterated ...................c.coiiuin...

Chapter 4: Rank, inverse, and determinant
Section 4.1: Rank

4.1 Column SPACE .. ..ottt
4.2 Dimension of column Space .............coouiiiiiiiiiiiiinen...
4.3 Orthogonal complement ..............coiiuiiiiitinienneennn
*4.4 Fundamental link between rows and columns ......................
4.5 The rank theorem ..............o it
4.6 Rank, example . ...
4.7 Simple properties of rank ............ . o i
4.8 Homogeneous vector equation . .............ooueieenneeneennenn..
4.9 Rank of diagonal matrix ........... ... . i i
4.10  Matrix of rank one ...........couiiiii
4.11  Rank factorization theorem .................cciiiiiiiiiiea...
412  Columnrank and row rank ..............ccoiiiiiiniiieninnnnnnn..
413 Aand AA’ span Same SPACE .. ...........oiiiiiniiiiiiiaaan,
4.14  Rank inequalities: SUM .............oiutiiiiiiniiinennnn.
4.15 Rank inequalities: product .............c.ooeiiiiiiiiiiiiiiiaan

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information
Xiv List of exercises

416 Rank of @ product . ... ...t e 82
4.17  Rank of SUDMALIIX . ..ottt et e e e 82

*4.18  Rankequalities, 1 .. ... 82
Section 4.2: Inverse
4.19  Inverse Of 2-DY-2 MALIIX .. ..o uttntte ettt et et e e e e 83
420  UnIiqQUeNESS Of IMVEISE . ... vttt ttte ettt ettt et e et et e et et e e a e e 83
4.21  EXIStENCE Of INVEISE . ...ttt ettt ettt ettt e e e e et e et 83
422 Properties Of INVEISE ... .........iutuin ittt e e e 84
4.23  Semi-orthogOonality ... ... ...ttt e 84
424  Rankequalities, 2 .. .. .....utuin it e 85
4.25  Rank equalities, 3 ... ...t 85
426  Orthogonal matrix: real versus COMPIEX . ..........ouiutiuiuiini it 85
4.27  Properties of orthogonal Matrix .. .........oiuoiuuintnn ittt 86
428 Inverse of A 4 @b’ ... . 87
Section 4.3: Determinant
429  Determinant Of OFder 3 ... ... ottt e 87
4.30  Determinant of the tranSPOSe . ... ... .ouutnttn ettt 88
431  Find the determinant ... ...........oouttttnnt ettt e 88
4.32  Elementary operations of determinant, 1 ........ ... ... ittt 89
4.33  Zero determinant . .............c..iiuiin it 89
4.34  Elementary operations of determinant, 2 ................uiutiitiittitii i 89
4.35  Some simple properties of the determinant .................oiiiiiiiiitiiiennienna... 90

*4.36  Expansions by rows OF COIUIMNS .. ......o.utnttnt ettt i neaeens 90
3 A 10 T 1) - P 91
4.38  Determinant of triangular MatriX ... .........ooueinntnn ettt 92
4.39  Weierstrass’s axiomatic definition .............. ... 92
440 A tridiagonal MALTiX .. ..o utt ettt e e e et 92

*4.41  Vandermonde determinant .................oiutintinttitt e 93

*4.42  Determinant of @ ProdUCE . ... ...ttt e e 94
443  Rank and zero determinant .. .............ouutiutinttt it 94
444  Determinant of the inVerse ........ ... ... . e 95
4.45  Orthogonal matrix: rotation and reflection .......... ... .. . .. 95

FAAG  AJOINL ..ottt e 95
447  FINd the INVEISE .. ..ottt e e e e e e 96

Chapter 5: Partitioned matrices

Section 5.1: Basic results and multiplication relations
5.1 Partitioned SUM ... ... e 98
5.2 Partitioned product . .. .....c.. ot 98
5.3 Partitioned tranSpOSe . ... ..ottt e 99
54 Trace of partitioned MALITX . . ... ..c..tn ittt et 100
5.5 Preservation of form . ... . 100
5.6 Elementary row-block Operations . ...............oouuiiutintii i 100
5.7 Elementary column-block Operations ................oiiuiiiiiiitiniii i, 101
5.8 UNIPOLENCE .« . e ettt ettt ettt e e e e et e e et e e e et e e e 101
5.9 Commuting partitioned MALIICES ... ... ..ttttn ettt et 101
5.10  Schur complement of diagonal block, 1 ..... ... ... i 102
5.11  Schur complement of diagonal block, 2 ......... .. .. i 102
Section 5.2: Inverses
5.12° TwoO Zero BlOCKS, INVETSE ... ..ottt ettt et e e 103
5.13  One off-diagonal zero block, INVEISE ... .........oiutineiiti i 104
5.14  One diagonal zero block, INVEISE .. ..........iiuiiiiit e 104
5.15  Scalar diagonal block, INVEISE .. .........oiuiuit it 105
5.16  Inverse of a partitioned matrix: mainresult ............ .. o 106
517 Inverseof A — BD7IC oo 107
5.18  Positive definite counterpart of the main inversionresult .......... ... ... ... 107
5.19 A 3-by-3 block MatriX INVEISE . .. ...ttt ittt et e e 107

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
List of exercises XV

5.20  Inverse of a bordered MatriX ............ouointinuinntm i 108
5.21  Powers of partitioned MatriX . ... ... ....uuutntenttt et 108
Section 5.3: Determinants
5.22  Two off-diagonal zero blocks, determinant .............. ... . .o, 109

*5.23  Two diagonal zero blocks, determinant . ................iiueiiiiiitii i 110
5.24  Two diagonal zero blocks, Special Case . ............iiutieiitin et 111
5.25  One off-diagonal zero block, determinant ................c..iiiiiiiiiiinieniennenn.. 111
5.26  More column-block OPErations ... ..............ouenuonintmnenenn e, 112
5.27  Determinant of a product, alternative proof ............c...oiiiiiiiiiii i 112
5.28  One diagonal zero block, determinant ............... ... . i 112
5.29  Scalar diagonal block, determinant .............. ... i 113
5.30  Determinant of a partitioned matrix: mainresult ............ .. ... i 114
5.31  Positive definite counterpart of the main determinantal result .............. .. .. ... ...... 114
5.32  Row-block operations and determinants ..................oiiiiiiiiiiiiiii i 115
5.33  Determinant of one block in the inverse ........... ... .. ... ... .. . i 115
5.34  Relationship between |I,, — BB'|and [I, — B'B| ......ccoiiiiiiiiiiiiiiiiiia e 116

*5.35  Determinant when two blocks commute ............ ... ... . . i 116
5.36  One identity block, determinant ............... ... ittt 116
5.37  Relationship between |1, — BC|and [I, —CB| .......cooiiiiiiiiiiiiiiiiiiin.. 117
5.38  Matrix generalization of a® — b2 = (@ +b)(@ —b) ...oiiiiii e 117
5.39 A 3-by-3 block matriX determinant . ...............eoutint ettt 118
540  Determinant of a bordered matrixX ...............iiuiiiiiiiiiiii 118
Section 5.4: Rank (in)equalities
541  Twozero blocks, Tank . ..... ..o e 119
5.42  One off-diagonal zero block, rank ......... ... . i 119
5.43  Nonsingular diagonal block, rank . ........ ... e 119
5.44  Nonsingular off-diagonal block, rank .......... ... o i 120
5.45  Rankinequalities, 1 ... ... e e 120
546 Rankinequalities, 2 ... ... ..ottt e 121
5.47  The inequalities of Frobenius and Sylvester ............. i 122
5.48  Rank of a partitioned matrix: main result .......... ... .o 123
5.49  Relationship between the ranks of I,,, — BB’ and I, —B'B ............................ 123
5.50  Relationship between the ranks of I,,, — BC and I,, —CB ....................ccccoo... 124
5.51  Upper bound for the rank of asum ......... .. i e 124
5.52  Rank of a 3-by-3 block mMatriX ...........uiiuiiniinii i e 125
5.53  Rank of abordered matriX .............ooiiiuiintit i e 125
Section 5.5: The sweep operator
5.54  SIMPIE SWEED ..ttt t ettt e e e e 126
5.55  GENETAl SWEED . . v ettt ettt ettt e e e e e 126

*#5.56  The sSWeeping theOTeIM ... ... ...ttt e e et 127
5.57  Sweeping and linear €qUAatioNS .. ... .........ouuenutententent e 128

Chapter 6: Systems of equations

Section 6.1: Elementary matrices
6.1 Elementary eXample . ... ......o.oinuin it e 132
6.2 Elementary row OPETatiONS . ... .......tuututtntent ettt a et 133

*6.3 Explicit expression of elementary MatriCes . ............ouueenteneintenneaneennennennenns 133
6.4 Transpose of an elementary MatriX ............ooueoneeitenne et eniieneneanenn. 134
6.5 Inverse of an elementary MatriX . ..........o.uouuimntente it 134
6.6 Product of elementary mMatriCes ... .........uuuonttnt ottt 135
6.7 Elementary checks ....... ... 135
6.8 Do elementary matrices COMMULE? . ... .....ttnttntttt ettt aie e eaens 136
6.9 Determinant of an elementary matriX ...............cououiniiniint i 136
6.10  Elementary column OPErations .. ............euuentenntent ettt eaeneneeneennens 136
6.11  More elementary checks ........ ... 137
Section 6.2: Echelon matrices
6.12  Rank of an echelon MatriX . ............iinuiin ittt 137

*6.13  Reductionto echelon form ......... ... .. . . 137

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
Xvi List of exercises

6.14  Echelon example, 1 .. ... e 138
6.15  Echelon example, 2 . ...t 139
6.16  Reduction from echelon to diagonal form .......... ... .. .. i 139
6.17  Factorization using echelon mMatriCes . ............ouutuutentineen i 140
6.18 A property of nonsingular MatriCes .. .........c.ueuttntinttnn e 140
6.19  EqUIVAlENCE .. ... ... e 141
6.20  Rank through echelon ......... ..o . i e 141
6.21  Extending the echelon ........ ... . . i 142
6.22  Inverse by echelon: theory ...........oi i 142
6.23  Inverse by echelon: Practice ................iuinuiuiniin it 142
Section 6.3: Gaussian elimination
6.24 A problemposed by Euler ...... ... ... 143
6.25  Euler’s problem, continued ........... ... e 144
6.26  The Gaussian elimination algorithm ......... ... .. .. . i 145
6.27  Examples of Gauss’s algorithm ............o i e 145
60.28  Cramer’S TULL . . ..ottt et e e e 146
6.29  Cramer’s rule in PraCtiCe . ... ..o uut ettt ettt et e e e e 146

*6.30  Fitting a polynomial .. ........ .. e 147
6.31  Linear independence Of POWETS . ... .....uuttnttntttt ettt 147
Section 6.4: Homogeneous equations
6.32  One or infinitely many SOIUHONS . ........ .ot 148
6.33  Existence of nontrivial SOIULIONS .. .........iuiiii i e 148
6.34  As many equations as UNKNOWIIS .. ... .uutenttntten ettt et ettt eanennn 149
6.35  Few equations, many UNKNOWNS . ... ...ttt eaaeees 149
6.36  Kernel dimension . ............. .. i 149
6.37  Homogeneous example, 1 .. ... ... i e 149
6.38  Homogeneous example, 2 ... ... ...ttt e 149
6.39  Homogeneous eXample, 3 ... ... ..ottt e 150
6.40  Homogeneous example, 4 ... ... ...ttt e 150
Section 6.5: Nonhomogeneous equations

6.41 A simple nonhomogeneous exXample . .............ouuuiinemntintinen .. 151
6.42  Necessary and sufficient condition for consistency ...............c.ooeiiiiiiinieennnea.n. 151
6.43  Solution with full row rank ....... ... .. e 151
6.44  Solution with full columnrank ...... ... .. 152
6.45  Complete characterization of SOIUHON .. ... ..ottt 152
6.46 IS thiS CONSISIENL? . ...ttt et e et 152
6.47 A more difficult nonhomogeneous example ..............oiuiiiiiiii i 153

Chapter 7: Eigenvalues, eigenvectors, and factorizations
Section 7.1: Eigenvalues and eigenvectors

7.1 Find two €1genvalues ... ...t 158
7.2 Find three eigenvalues ... ... ...ttt e 159
7.3 Characteristic €qUAtION . .. ... .......utut ettt ettt et e 159
7.4 Characteristic polynomial . .......... . e 160
7.5 Complex eigenvalues of areal matrix, 1 .........o. oottt 160
7.6 A # B may have the same eigenvalues ..............ouiiiieiininiiiinineen.. 161
7.7 The CIZENVECIOT .. ...ttt ettt ettt e ettt et et e e e e e e 161
7.8 Eigenvectors are NOt UNIQUE . . ... ..vnttttt ettt ettt ettt e e e aeens 161
7.9 Linear combination of eigenvectors with same eigenvalue ................... ... 161
7.10  Find the €1genvectors, 1 .. ... ...ttt e e 162
7.11  Geometric multiplicity, 1 ... ....o. oo e 162
7.12  Multiples of eigenvalues and €1ZENVECOTS ... .......ouututtrttit i i aenenn. 163
7.13 Do A and A’ have the same eigenvaltues? ................ooiiuneiiineeiieeiiieaiaaann. 163
7.14  Eigenvalues Of @ POWET . ... ...ttt e e 163
7.15  Eigenvalues of a triangular MatriX . ..............ouintinintnnontntent i 164
7.16  Singularity and Zero eigenvalue ...............c.ouointittnt i 164
7.17  Complex eigenvalues of areal Matrix, 2 ............iutitinint it 164
*7.18  Eigenvalues of a skew-symmetric matriX ............couuiiiiitiiiiininiinenan. 164

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
List of exercises Xvii

7.19  Rank and number of nonzero eigenvalues, 1 .......... ... .. i 165
7.20  Nonsingularity of A — pd ... 165
7.21 A CONtINUILY QTUIMIEIIT .« ..t vttt ettt ettt ettt e et e e et et e ettt e ae e 165

*7.22  Eigenvalues of an orthogonal or a unitary matriX ................eiuiiueiiieneennenneann.. 165
7.23  Eigenvalues of a complex-orthogonal matrix .............cooiiiiiiiiiiiiiinneann.. 166
T.24  SIMILATILY ..o 166
7.25  Eigenvalues of AB and B A compared ..............oiuiniitiniitae i 167
7.26  Determinant and eigenvalues . ........ ... ...ttt 167
7.27  Trace and €1enValues . ... .......o.uiu ittt e 168
7.28  Trace, powers, and eigenvalues, 1 ...ttt e 168
7.29  Elementary symmetric functions ..............c.o.oiuointinuintmii i, 169
7.30  When do A and B have the same eigenvalues? ............o.ouiuiuiiinnininininenenennn. 169
7.31  Linear independence of €1ZENVECIOrS . .. ... ...ttt ettt 170
7.32  Diagonalization of matrices with distinct eigenvalues ............. ... ... 171
7.33  Can all matrices be diagonalized? ......... ... .ot 171
7.34 QR ACtOMIZAtION .. ..ottt ettt e e e e e e 172
7.35 QR factorization, real . .............. .ot 172
736 Amatrix of rank One ... ... 172
T.3T  Left GIZENVECIOT . ..ottt ettt ettt et et e e e e e e e 173
7.38  COMPANION MIALTIX « ottt ettt ettt et et e ettt et e e et e et e et e 173
7.39  Simultaneous reduction to diagonal form, 1 ......... .. ... i 174
Section 7.2: Symmetric matrices
740 Real @IZenValues . ... ...ttt e 175
7.41  Eigenvalues of a complex-symmetric MatriX .. .........eeutternnteennneenneennneennnn.. 175
7.42 A symmetric orthogonal MatriX ............c..oiuiiniiiti e 175
743 Real BIZENVECIOTS ..ottt ettt e et e e et ettt e et 175
7.44  Orthogonal eigenvectors with distinct eigenvalues ...............c.ciiiiiiiiiiiiinene... 175
7.45  Eigenvectors: independence and orthogonality .......... ... .o it 176

*7.46  Diagonalization of symmetric matrices, 1 ....... ... ..o, 177
747 Multiple €1ZENVAlUES .. ...\ttt e 178
748  EIZENVECTOIS SPA .. ..ottt ettt et e et e et e e e e e e e e 179
7.49  Rank and number of nonzero eigenvalues, 2 ...t 179
7.50  Sylvester’s law of nullity, again .............. ... e 179

*7.51  Simultaneous reduction to diagonal form, 2 ........ ... i e 180

*#7.52  Craig-Sakamoto 1emma . .......... oo e 181
7.53  Bounds of Rayleigh quotient ............ ..o i 181
Section 7.3: Some results for triangular matrices
7.54  Normal matrices and triangularity ......... ... it 182

*7.55 A strictly triangular matrix is nilpotent ........... ... 183
7.56  Product of triangular MatriCes .. ... ......ouutint ittt e 184
7.57  Perturbed 1dentity ... ... ...ttt e 184
7.58  Ingredient for Jordan’s proof ....... ... .. 185
7.59  Diagonalization of triangular MatriCes .................iuuiuiuiirinintitiiiiaaen.. 186
7.60  Inverse of triangular Matrix ............ouiiuuin ittt e 186
Section 7.4: Schur’s decomposition theorem and its consequences
7.61 A necessary and sufficient condition for diagonal reduction ............ ... .. ... .o 187
7.62  Schur’s decomposition theOrem . ... .........o.uiutinti it 187
7.63  Diagonalization of symmetric matrices, 2 ............ouuuinttintit i, 189
7.64  Determinant, trace, and €igenvalues .. .............uiutiutintii e 189
7.65  Trace, powers, and €1genvalues, 2 .. .......c.uiiutinttnt it e 189
7.66  Number of nonzero eigenvalues does not exceedrank ........... .. ..., 190
7.67  Asimple €1Zenvalue ... ...t 190
7.68 A simple zero eigenvalte ..............o.iiit it 190

*¥7.69  Cayley-Hamilton, 1 . ... e e 190
770 NOIMAl MATICES . .ottt t et ettt et et et et e e e e et e e et et 191
7.71  Spectral theorem for normal MAtriCes ... .........ciutinuinttnn i, 191
7.72  Further properties of a complex-symmetric MatriX .............c.oooueuineinenennenenenn.. 191
7.73  Normal matrix and orthonormal €1ZenVeCctors .............c.ouiuitemuteneeneenneeneennenn.. 192

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Xviii List of exercises

Section 7.5: Jordan’s decomposition theorem

7.74  The basic Jordan block . ....... ... 192
7.75  Forward and backward shift ....... ... .. .. 193
7.76  Symmetric version of Jordan’s block ......... .. . 194
7.77  Alemma for Jordan, 1 ... ... .o 195
#7778  AlemmaforJordan, 2 ... ... .. 196
7.79  Jordan’s decomposition theOrem .. ..........uuuiutin et 199
7.80  Example of a Jordan matriX .. ...........o.eeuintinintt e 200
7.81  How many Jordan blocks? . ...t e 200
7.82  Cayley-Hamilton, 2 .. ... e 201
Section 7.6: Jordan chains and generalized eigenvectors
7.83  Recursion within a Jordan chain ............ ... i 201
7.84  One Jordan chain and one Jordan block .......... ... . .. . . i 201
7.85  Independence within a Jordanchain ......... .. .. ... .. i 202
7.86  Independence of Jordan chains belonging to different eigenvalues ......................... 202
7.87  Independence of Jordan chains starting with independent eigenvectors ..................... 203
*7.88  As many independent generalized eigenvectors as the multiplicity ......................... 204
7.89  Jordan in Chains . .........o.uiuiiti i e 205
7.90  Find the @IZENVECIOTS, 2 .. ...ttt ittt e et e e e 205
7.91  Geometric MultipliCity, 2 ... ...ttt e 206

Chapter 8: Positive (semi)definite and idempotent matrices
Section 8.1: Positive (semi)definite matrices

8.1 Symmetry and quadratic forms .......... .. 211
8.2 Matrix representation of quadratic forms ..............c. . i 211
8.3 Symmetry and SKEW-SYMMELIY ... ... ..ottt e e 212
8.4 Orthogonal transformation preserves length ........... .. ... i, 212
8.5 POSItiVe VEISUS NEZALIVE . ...ttt ettt ettt e et ettt e 213
8.6 Positivity of diagonal Matrix . ..........eiu ottt e 213
*8.7 Positive diagonal €lements . ........ ...ttt e 213
8.8 POSItIVILY Of A 4 B .ottt e 214
8.9 Positivity Of A A’ ... 214
8.10  Diagonalization of positive definite matrices ...............oiueintiiinininiinennenn 215
8.11  POSItIVE @IZENVAIUCS . ..ottt ettt ettt e 215
8.12  Positive determinant and traAC ... ... ...c.uetttn ettt 215
8.13  Nonnegative determinant and traCe .. .............ueunuttemnutemnneeenienienneeanns 216
8.14  Nonsingularity and positive definiteness . ... .........uuernt it 216
8.15  Completion Of SQUATE . ... ...ttt ettt et e e 216
8.16  POWETS are POSItIVE 00 . ...ttt t ettt ettt ettt e et e et e e e 217
8.17  From symmetry tO POSILIVILY .. ...ttt ettt ettt e et e it 218
*#8.18  Kato’slemma . ... e 218
8.19  Thematrix @aa’ 4+ bb' ... ... 218
8.20 Thematrix @@’ — BB’ ... .. .. . 218
8.21  Decomposition of a positive semidefinite matrix, 1 ............. ... ... ... . oL 219
8.22  Decomposition of a positive semidefinite matrix, 2 ............. ... ool 219
8.23  Cholesky deCOmMPOSILION .. ...ttt ettt e e e e 220
#8.24  SQUATE TOOL . . oottt ettt ettt e e e e e e 220
8.25  Inverse Of SQUAIE TOOT .. ... ...ttt ettt e et e 221
8.26 Thematrix BPAB when A > O ... 221
827 Thematrix B'AB When A > O ..o e 221
8.28  PoSitivity Of B  AB ...\ttt e 222
8.29  Eigenvalue bounds for (A + B) ™ A ... o 222
8.30  Positivity of principal SUDMALIICES .. .........outtin it 222
*8.31  The principal minors criterion for A > O ... ... .. i 223
*8.32  The principal minors criterion for A > O ... .. i 223
833  Small minors ... ... .. . 224
8.34  BIZEEI MUIOTS ...ttt ettt et et e e e e e e e e e 224
8.35  Determinantal inequUality . ............oiuointiintmn i e 225

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
List of exercises Xix

8.36  Real eigenvalues for AB .. ... ..ot 225
8.37  Simultaneous reduction to diagonal form, again ...l 225
8.38  Singular-value decoOmpoOSItION . ... ... ...uiuuint ittt 225
8.30  SVD WAIMINE . ..ottt ettt e e e e e e 226
8.40  Polar decOmMPOSIION ... ...ttt ettt et e e e 226
841  Singular relatiVes ... ... ....uin et s 227
8.42  Linear iIndependence . ............couuinutttint e e 227
843  Thematrix A — @@ ... ..o 227
Section 8.2: Partitioning and positive (semi)definite matrices
8.44  Block diagonality .. ..........ouiniiui i e 228
8.45  Jumbled bIoCKS . ...... ... . 228
8.46  Fischer’s inequality . ............o.inoiuinit it 228
8.47  Positivity of Schur complement .......... ...ttt e 228

TS 101313 et o) PP 229

*8.49  Nonsingularity of the bordered Gramian ................ccoueiuiiiiineneiieennennennn.. 230
8.50  Inverse of the bordered Gramian . ................uiiinitiitt ittt 230
8.51  Determinant of the bordered Gramian .............. ... ... . ... .. i 231
Section 8.3: Idempotent matrices
8.52 A diagonal idempotent ... ... ...ttt e 231
8.53  Transpose, powers, and COMPIEMENLS . ... ....ouutttnnt ettt 231
8.54  Block diagonality ... .....c.uiinuit it e 232
8.55 A nonsymmetric idempotent . ... ... ...t e 232
8.56  Eigenvalues of idempotent ... ..........oinuiutit it e 232
8.57 A symmetric matrix with 0, 1 eigenvalues is idempotent ...............c.coooiiiiiiina... 233
8.58  Ordering of idempotent MALTICES . ... ...ttt ettt ettt e aeeees 233
859 Extremecases: A =0and A =T .. ... 233
8.60  Similarity of idempotent . ... ...ttt e 234
8.61  Rank equals traCe . .........uiiint it e 235
8.62 A necessary and sufficient condition for idempotency, 1 ......... .. ... il 235
8.63 A necessary and sufficient condition for idempotency, 2 ............ . . i 235
8.64  Idempotency of A + B ... ... 236
8.65  Condition for A and B to both be idempotent ................iitiitiiiiniieirennennenns 236
8.66  Decomposition of symmetric idempotent Matrices .............o.eeuuenuenneennennennenns 236
8.67  Orthogonal complements and idempPOtENCY . .........ovuttinte i 237
8.68 A fundamental matrix in €CONOMELriCS, 1 .. ...ttt e 238

*8.69 A fundamental matrix in €CONOMEITICS, 2 ... .vvuttnt ettt 238
8.70  Two Projection TeSULLS . .. ... ...ttt e e e 239
8.71  Deviations from the mean, 1 ....... ... i e 239
8.72  Many idempotent MALTICES . . . ..o .ut ittt ettt ettt ettt e e et 240
8.73 A weighted sum of idempotent MatriCes ... .......ouuiuuinttitttnt it 241
8.74  EqUicorrelation MAtiX ... ........eenuentt ettt 241
8.75  Deviations from the mean, 2 ........... oottt e 242

Chapter 9: Matrix functions

Section 9.1: Simple functions
9.1 Functions of diagonal matrices, nUMbETS .............oitiiiitiiii i 246
9.2 Functions of diagonal matriCes ................oiuiuiiriniitiniii i 247
9.3 Nilpotent termINAtOr . ... ....c.utt ettt et et e e 247
9.4 Idempotent repliCator .. ..........uintt ittt 248
9.5 Inverse of A + ab’, reVisited ...........iiuiii e 248
9.6 GEOMELIIC PrOZIESSION .. ettt ettt et e et ettt et e et e e e e e e e e 249
9.7 Exponential as limit of the binomial ........... ... . i 249
9.8 Logarithmic eXpansion . ... .........c.uuontntontnt ettt e 250

*9.9 Binomial with tWo Matrices ........... ... ... i 251

*9.10  Multiplicative eXponential? ..............o.iiiuinii e 252
9.11  Additive logarithmic? ... ... e 253
9.12  Orthogonal representation, 1 ....... ...ttt 254
9.13  Skew-Ssymmetric TepPreSentation . ... ...........eeuutnneeneennenuenneeneenneaneanennenns 255

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

XX List of exercises

Section 9.2: Jordan representation

9.14  Jordan representation, diagonalizable ............. .. ... . i 255
9.15  Multiplicative exponential, by Jordan .......... ... ... . i 256
9.16  Exponential, by Jordan ....... ... ... 257
9.17 Powersof Jordan ........ ... . .. 258
9.18  Jordan representation, EENeral .. ...............iuinttit it e 260
9.19  Absolute cOnVergence Of SETIES .. ... ..cutun ittt ettt 260
*¥0.20  NONINEZET POWEIS . . ..ttt ettt et et et ettt e et e et et e e et e et e e e een e 261
9.21  Determinant and trace of matrix functions ............. .. .. . ... il 262
9.22  Orthogonal representation, 2 .. ...........u.uentneen et en et 263
9.23  Unitary repreSentation . ... ......uuont et ettt et e e e 264
Section 9.3: Matrix-polynomial representation
9.24  Exponential of JOrdan . ........ ...t 265
9.25  Skew’s exponential, by polynomial ............ .. .. 265
9.26  Exponential for two blocks with distinct eigenvalues ................c..coiiiiiiiiii... 266
9.27  Matrix of order three, linear polynomial, 1 ......... .. ... .. i i 267
9.28  Matrix of order three, linear polynomial, 2 ...........co.tiiiiii i, 268
9.29  Matrix-polynomial representation .................ouiiiiiiiiiiiiii e 268
9.30  Matrix of order three, OVerfitting ..............oouoiiiiiii e 269

Chapter 10: Kronecker product, vec-operator, and Moore-Penrose inverse
Section 10.1: The Kronecker product

10.1  Kronecker eXamples ... ........outint ottt e 274
10.2  Noncommutativity of Kronecker product ........... ..o, 275
10.3  Kronecker rules . ... ... e 275
104 KroneCker tWICE .. ... ...ouiintit ittt e e e e 276
10.5  Kroneckered by @ sCalar ...........ouuiuiinti i e 277
10.6  Kronecker product Of VECIOTS ... ...ttt et 277
10.7  Transpose and trace of a Kronecker product ........ ... ..ot 277
10.8  Inverse of a Kronecker product ............. ..o e 278
10.9  Kronecker product of a partitioned matriX ............o.uiiuiintmntiiinnianenn. 278
10.10 Eigenvalues of a Kronecker product ........... ..ot 278
10.11 Eigenvectors of a Kronecker product . ........ ... ..o 279
10.12 Determinant and rank of a Kronecker product ............ ... i 279
10.13 Nonsingularity of a Kronecker product . ........ ... ..o i 280
10.14 Whenis A®@ A > B @ B? ..ot 280
Section 10.2: The vec-operator
1015 EXamples Of VEC ..ottt e e 281
10.16  Linearity Of VEC . . ..ottt e e e e e e e 281
1017 EqUality? ... 281
*10.18 Relationship of vec-operator and Kronecker product .............. ..., 282
10.19  Special relationships .. ... ...t e 282
10.20 Relationship of vec-operator and trace . ...............eouiinieiteitiiii i 283
10.21 The matrix A ® A — a(vec A)(VeC A) ..t 284
Section 10.3: The Moore-Penrose inverse
10.22 MP @XaAMPIES . ..ottt et e 284
*10.23  Existence of MP ... ... 284
*10.24  Uniqueness Of MP ... . i 285
10.25 MP-Inverse Of tranSPOSE . . ... uvttttn ettt et e et e e et e e e e et 285
10.26 Idempotent matrices involving the MP-inverse ......... ... .. ..o ittt 286
10.27 Condition for AT = A ... . . 286
10.28 Rank of MP ... e 286
10.29  MP equalities, 1 ... ...t e e 287
10.30 MP equalities, 2 . ... utt ettt e e e e e 287
10.31  Explicit expressions for AT ... ... . i 288
10.32 Condition for AB = O ...ttt 288
10.33  MP-INVErse Of @ VECIOT . ..ottt ettt ettt e et et e e et e 288
10.34 MP-inverse of a block-diagonal matrix .............oiuiintintiiintiiiiineeenn. 289

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
List of exercises xxi
10.35 MP-inverse of @ Symmetric MAIX ... ..ovuuenttnn ettt a e eneaneanns 289
1036 Condition for (AB)T = Bt AT . 289
#1037 Whenis AAT = AT A 290
10.38 MP-inverse of a positive semidefinite Matrix ...............couiuiiiiiiiiiiiiiinann. 290
10.39  Animportant MP equivalence ...............oiuiiuiiitii i 291
1040 Whenis (AB)(AB)T = AATY Lo 291
10.41 Is the difference of two idempotent matrices idempotent? ...............coiiuiineennen... 291
10.42 A necessary and sufficient condition for A = BB™ ........ ... ... . . .. 292
Section 10.4: Linear vector and matrix equations
10.43 The homogeneous equation Ax = 0 ........ooiiiinin it 292
1044 Az =bmaynothave a solution ...............iuiniiuiini i, 293
10.45 Consistency Of AT = b ..o 293
10,46 Solution of A@ = b ..ot 293
10.47  LeaSt SQUAES . ..o uv ettt ettt ettt et et et et et e e e e e 293
10.48 Uniqueness Of SOIUtioN, 1 ... ...t e e 294
10.49 The matrix equation AX B = C ... ...ttt 294
10.50 Uniqueness Of SOIULION, 2 ... ...ttt e e 294
10.51 Solutionof AX = O0and XA = O ...t e 295
Section 10.5: The generalized inverse
10.52  Generalized INVEISE .. ......o.ututtt ettt ettt et e 295
10.53  Idempotency of A= A ... 295
10.54 Uniqueness of A( A’ A) ™ A’ L 296
10.55  RaNK Of AT oo e 296
10.56  The Vector eqUatiON QZAIN .. ... ...eunutt ettt ettt et e a e e e 296

Chapter 11: Patterned matrices: commutation- and duplication matrix

Section
11.1
11.2
11.3
11.4
11.5
11.6
11.7
11.8
11.9
11.10
11.11
11.12
11.13
11.14

*11.15

Section
11.16
11.17
11.18
11.19
11.20

*11.21
*11.22
*11.23

Section
11.24
11.25
11.26
11.27
11.28
11.29

11.1: The commutation matrix

Orthogonality Of K n «ovnneet ettt et e 300
WAt 1S 1 oottt e e e 300
The commutation property, 1 ... ... e e 301
The cOMMULAtION PIOPEILY, 2 . .ot e ettt ettt et et e et e ettt e a e aeaae 301
Commuting With VECIOIS ... ...ttt ettt e et et et et e 301
Commuting back and forth ...... ... . e 301
The commutation property: a generalization .................oiviieinieenieennneennnns 302
EXPLCit fOrm Of K imm « e nveee ettt e e e e e e e 302
Two eXxamples Of B n - oottt et ettt e e 303
Alternative eXpressions fOr Fim « . v o nevn ottt e 303
Application of Ky, t0 OUter ProdUCE .. ..ottt et e 304
Trace and COMMUEALION . ... ...ttt ettt ettt ettt ae s 304
Trace and determinant of FCp, ... oottt e 305
The matrix § (L2 — Kn) oo 305
Three indices in the commutation MAatriX . .........coutintiittintitenn i eienennenn.. 306
11.2: The symmetrizer matrix

Idempotency Of Iy, ..ot e 307
Symmetrizer and skew-symmetrizer are orthogonal to eachother .......................... 307
Kronecker properties of INpy, ...ttt e 307
Symmetrizing With @ VECIOT . ... ...ttt et 308
Two examples Of INo, .ot e e 308
N, and the normal distribution, 1 ............ o it 309
N, and the normal distribution, 2 ...... ... .ottt e 310
N, and the Wishart diStribution . .......... ...ttt 310
11.3: The vech-operator and the duplication matrix

Examples of Vech ... ... .. .o 311
Basic properties of VECh . ... ... e 312
Basic properties of Dy, ..ot 312
From vec to VeCh .. ... e 312
Relationship between D,, and Ky, ..ottt 313
Examples of the duplication mMatriX . ..........c.oueiutontinntmntii i eneneanen. 313

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
XXii List of exercises
11.30  Properties Of D, Dy, ..o et e e 314
11.31 Kronecker property of the duplication matrix ..............coueiuiiiuinninieiinennennenns 315
#11.32  The matrix D, (A ® A) Dy, trangular CaSe ... ..........ceeeeeeeeeemeeeeinnnnns 315

11.33  The matrix Df (A ® A)D,,, €igenvalies .............oouiiuirtiiiiiiiiiaeeeeeeaan... 316
11.34  The matrix D, (A ® A)Dyy ..ottt e e 317
11.35 Variance of the Wishart distribution ............ .. .. i 317
Section 11.4: Linear structures
11.36  Examples of linear StruCtUIeS .. ...........ouuinutn ittt 318
11.37 Basic properties of a linear Structure . ...............c.iutiuintininineiriniiiieneennn. 318
11.38 Invariance of INA ... .o 318
11.39  FrOmM VEC t0 1 vttt ettt ettt et e e e e e e e e e e e et et e 319
11.40 Kronecker property of a linear Structure . ..............c..coiuiiuiiniiitinienenneeneenn.. 319
11.41 Same linear structure for X and BX A’7 .. ... o oo 319

Chapter 12: Matrix inequalities
Section 12.1: Cauchy-Schwarz type inequalities

12.1  Cauchy-Schwarz inequality, ONCE MOT® . ...........c.cutiuinineininti i 322
122 Bound for @ij . ....oneei e 323
12.3  Bergstrom’s inequality .............oiuiiuuinuiiiii i e 323
124 Cauchy’s INEQUALILY . ... ..ottt et e e e e 324
12.5  Cauchy-Schwarz, traCe VEISION . ............ciuuinuinutittit ettt eanenns 325
12.6  Schur'sinequality .. .........ouuin it e e e 325
Section 12.2: Positive (semi)definite matrix inequalities
12.7  The fundamental determinantal inequality ............. ..o i, 325
12.8  Determinantal inequality, Special Case .............uiinuitinttii i 326
129 Condition for A = T ... .ot 327
*#12.10  Linesinthe Plane ... ...ttt e 327
12.11 Arithmetic-geometric mean inequality . .............ouuiiuoiueintinin e 328
12.12  Quasilinear representation of | A|"/™ ... ... .. ... ... 328
12.13  Minkowski’s inequality .............ouoiuiniti i e 329
*¥12.14  Trace inequality, 1 ... ...ttt e 329
12.15 Cauchy-Schwarz, determinantal Version .................c.oiiiuiinnininiinenennenenn... 330
12.16 Inequality fOr the INVETISE ... .. ... ...ttt e e 330
*12.17 Kantorovich’s inequality .......... ..o 331
12.18 Inequality when A’ B = T ... .. oottt e 332
#1219 Unequal POWETS .. ...ttt et et 332
1220 Bound for log [ A| .. oein i 333
1221 Concavity of 1og [A| ..o 334
12.22  Implication Of CONCAVILY . ... ..ottt ettt et e e 334
12.23  Positive definiteness of bordered matriX .............oiiuieiniiiiiii i 335
12.24  Positive semidefiniteness of bordered matrix .............. ... . .. . i 335
12.25 Bordered matrix, SPeCial Case .............o.uiuiinuiintii e 336
12.26 Hadamard’s ineqUality ............oiuuinnomntin it 337
12.27 When is a symmetric matrix diagonal? .......... ... ... i 337
12.28  Trace ineqUality, 2 ... .. ...out ettt e e e 338
1229 OLS and GLS ... 339
12.30  Bound for log | A, reVisited .. ... ...c.eu ittt 339
1231 OIKIN'S INEQUALILY . .. oottt et et e e e e e et e e 340
12.32  Positive definiteness of Hadamard product ........ ... ... 340
Section 12.3: Inequalities derived from the Schur complement
12.33  Schur complement: basic inequality ...............oiuiiniinini it 341
12.34  Fischer’s inequality, QZain . ... ......oiuuutttnt ittt e 341
12.35 A positive semidefinite MatriX . .. ... ..ottt 342
12.36 OLS and GLS, continued ........... ...t 342
12.37 Another positive semidefinite MatriX ... .........outtntet ettt n e 342
12.38  Aninequality €qQUIVAIENCE . ... ......tinntt et e 343

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

List of exercises xxiii

Section 12.4: Inequalities concerning eigenvalues

12.39 Bounds of Rayleigh quotient, continued ............... . ..o 343
12.40  Applications of the quasilinear representation ...............co.eeueiurenrenneennennennnn. 344
12.41 Convexity of A1, CONCAVILY Of Ay . oottt e 344
12.42  Variational description of eigenvalues ......... ..ottt 345
12.43  Variational description, generalized ........... ... .ottt 345
12.44  Fischer’s min-max theorem ........ ... ... . . i 346
12.45 Monotonicity of eigenvalue function .............. ...ttt iiii i, 346
*12.46 Poincaré’s separation theorem .. ... ... .ottt e 347
12,47 Poincaré applied, 1 ... ... .o 348
12.48  Poincaré applied, 2 . ... ..ottt 348
1249 Bounds for tr Ay ...oooo 348
1250 Bounds for | A ()| - oo 349
12.51 A consequence of Hadamard’s inequality ............. ... it 349

Chapter 13: Matrix calculus

Section 13.1: Basic properties of differentials

13.1  Sumrules of differential ......... ... i 355
13.2  Permutations of lin€ar OPerators ... .........c..oiuuinutnntnne et i, 355
13.3  Product rules of differential ........... .. 355
Section 13.2: Scalar functions

13.4  Linear, quadratic, and bilinear forms, VECtOIS ..............ooiiiuiiiiiiiniiiiiinennenn 356
13.5  Onthe unit SPhEre . ... ...ttt e e e 356
13.6  Bilinear and quadratic forms, MatriCes . ...........uuutetnnie ittt i, 357
13.7  Differential and trace ... ........o.oinitit i e 357
13.8  Trace of POWETS, 1 ... e e e e 357
13.9  Trace Of POWETLS, 2 ..ottt ettt ettt et et e e e et e e e e et 358
13.10 Linear and quadratic matrix fOrms .. ..........ouuuteiitttii ittt 359
1311 SUM Of SQUATES ..« oottt ettt ettt et e e et e e e e e et 359
13.12 A selector fUNCHON ... ... ettt e et e et e e 360
Section 13.3: Vector functions

13.13  Vector functions of @ VeCtor, 1 ... ... ...t e e 360
13.14  Vector functions of @ VECIOL, 2 . ...ttt ettt ettt e et 360
13.15  Vector functions of @ MAatriX .. ........uutttn ettt e aiie s 361
Section 13.4: Matrix functions

13.16  Matrix function of @ VECIOT .. ... .o .uti ettt e e 361
13.17 Linear matrix function of @ MatrixX .............oiuureite it iieenaneenns 362
13,18 POWRIS .ttt et e 362
13.19  Involving the transpoSe ... .........c.oniiuint it e 363
13.20  Matrix quadratic fOrMS ... ...ttt e e e e 363
Section 13.5: The inverse

13.21 Differential of the INVEISe . ... ..ottt e e et 364
13.22  Scalar functions involving the InVerse . ........... ..ottt 364
13.23 Relationship between dX ~! and dX, trace ..............ooiiiiiiiiiiii e 365
13.24 Differential of an idempotent MAatriX . ...........ueiutmn ittt 365
13.25 Matrix functions involving a (Symmetric) INVETSe ............ououiuriiueinrennenneeneenn.. 366
13.26  Sumof all €lements . ... ...ttt e e e 367
13.27  Selector from the INVEISE .. ... ...ttt e et eaaens 367
Section 13.6: Exponential and logarithm

13.28 The exponential, SPECIal CASE . ... ....ututtnt ettt e 368
13.29 The exponential, ZENEral Case ... ...........cuuiuintiuintit i 368
13.30 The logarithm, SPecial Case . ...........ouuiuutnntnnttt it 368
13.31 The logarithm, Seneral Case .............c.ouiuinuinintmn i 369
Section 13.7: The determinant

*#13.32 Differential of the determinant ............... ...ttt 369

13.33  The vanishing d| X | . ... .ooniti e 370
13.34 Determinant of a matrix function, 1 ............ ... .. i 370

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus

Frontmatter
More information
XXiv List of exercises

13.35 Determinant of a matrix function, 2 ... ..........itintini i 371
13.36  Differential of log [ X | ... .ou ittt e 372
Section 13.8: Jacobians
13.37 Jacobians and linear transformations ................c.oiiiitiiiteiiii i 373
13.38 Jacobian of inverse transformation, 1 ....... ... .. .. i 373
13.39  Jacobian of inverse transformation, 2 ................iiiiiiiii 374
13.40 Jacobians and lIN@Ar SLIUCIUIES . ... ...ttt ettt ettt e e e e aiee e 374
Section 13.9: Sensitivity analysis in regression models
13.41  Sensitivity of OLS .. ... . 375
13.42  Sensitivity of residuals ............ . e 376
13.43  Sensitivity of GLS .. ... . 376

*¥13.44  Bayesian SENSILIVILY . ... ..outnut ettt ettt ettt e e 377
Section 13.10: The Hessian matrix
13.45 Hessian of linear fOrm .. ... ...t e e e s 378
13.46 Hessian of quadratic form, 1 ........ .. . i 378
13.47 Identification of the Hessian, 1 .. ...... ... ... i e 378
13.48 Identification of the Hessian, 2 ....... ...ttt 379
13.49 Hessian of @' X X @ ... oo 380
13.50  Hessian of tT X 7 Lo 380
13.51  Hessian of [ X| . .oounoent ittt e e e 380
13.52 Hessian 0f 10g | X | .o tine e e e 381
13.53 Hessian of quadratic form, 2 ....... ... .. e 381
Section 13.11: Least squares and best linear unbiased estimation
13.54  LeASESQUATES . . ettt ettt ettt et et e et e e et e e e e e e e e e e 382
13.55 Generalized [@ast-SQUATES ... ... ...ttt ettt e ettt 383
13.56  Constrained 1€ast-SQUATES . ... ...ttt ettt e et e e 383
13.57 Gauss-Markov theorem .. ...t e 384
13.58  Aitken’s theorem . ... ... ..o e 384

*#13.59  MulticOlliN@Arity .. ... ... ...ttt ettt e et 385

#13.60 Quadratic eSHmAation Of G2 ... . ...\ u ettt e e 386
Section 13.12: Maximum likelihood estimation

*#13.61  Symmetry iZNOTEd ... ..ottt e 387
13.62 Symmetry: implicit treatment . ... ........oouuinn ittt 388
13.63  Symmetry: eXpliCit treatMeNt ... ... ...ttt ettt et 389
13.64 Treatment of positive definiteness ............ ... ...t 389

*#13.65  Information MAatriX ... ... ..ottt et et e e e 390
Section 13.13: Inequalities and equalities
13.60  CONCAVILY? ettt ettt e e et e e e e e e e 391
13.67 Arithmetic-geometric mean inequality, revisited ............. .. ... ... .. . . i 392

#13.68 Lowerbound of (1/m) tr AX ..ottt e 393
13.69 An equality obtained from calculus ............. ... . . 394

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521822890
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
0521822890 - Matrix Algebra
Karim M. Abadir and Jan R. Magnus
Frontmatter

More information

Preface to the Series

The past two decades have seen econometrics grow into a vast discipline. Many different
branches of the subject now happily coexist with one another. These branches interweave
econometric theory and empirical applications, and bring econometric method to bear on
a myriad of economic issues. Against this background, a guided treatment of the modern
subject of econometrics in a of volumes of worked econometric exercises seemed a natural
and rather challenging idea.

The present Series, Econometric Exercises, was conceived in 1995 with this challenge in
mind. Now, almost a decade later it has become an exciting reality with the publication of
the first installment of a series of volumes of worked econometric exercises. How can these
volumes work as a tool of learning that adds value to the many existing textbooks of econo-
metrics? What readers do we have in mind as benefiting from this Series? What format
best suits the objective of helping these readers learn, practice, and teach econometrics?
These questions we now address, starting with our overall goals for the Series.

Econometric Exercises is published as an organized set of volumes. Each volume in the
Series provides a coherent sequence of exercises in a specific field or subfield of econo-
metrics. Solved exercises are assembled together in a structured and logical pedagogical
framework that seeks to develop the subject matter of the field from its foundations through
to its empirical applications and advanced reaches. As the Schaum Series has done so suc-
cessfully for mathematics, the overall goal of Econometric Exercises is to develop the sub-
ject matter of econometrics through solved exercises, providing a coverage of the subject
that begins at an introductory level and moves through to more advanced undergraduate
and graduate level material.

Problem solving and worked exercises play a major role in every scientific subject. They
are particularly important in a subject like econometrics where there is a rapidly grow-
ing literature of statistical and mathematical technique and an ever-expanding core to the
discipline. As students, instructors, and researchers, we all benefit by seeing carefully

XXV
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XXVi Preface to the Series

worked-out solutions to problems that develop the subject and illustrate its methods and
workings. Regular exercises and problem sets consolidate learning and reveal applications
of textbook material. Clearly laid out solutions, paradigm answers, and alternate routes
to solution all develop problem-solving skills. Exercises train students in clear analytical
thinking and help them in preparing for tests, and exams. Teachers, as well as students,
find solved exercises useful in their classroom preparation and in designing problem sets,
tests, and examinations. Worked problems and illustrative empirical applications appeal to
researchers and professional economists wanting to learn about specific econometric tech-
niques. Our intention for the Econometric Exercises Series is to appeal to this wide range
of potential users.

Each volume of the Series follows the same general template. Chapters begin with a
short outline that emphasizes the main ideas and overviews the most relevant theorems and
results. The introductions are followed by a sequential development of the material by
solved examples and applications, and computer exercises where these are appropriate. All
problems are solved and they are graduated in difficulty with solution techniques evolving
in a logical, sequential fashion. Problems are asterisked when they require more creative
solutions or reach higher levels of technical difficulty. Each volume is self-contained. There
is some commonality in material across volumes in the Series in order to reinforce learning
and to make each volume accessible to students and others who are working largely, or
even completely, on their own.

Content is structured so that solutions follow immediately after the exercise is posed.
This makes the text more readable and avoids repetition of the statement of the exercise
when it is being solved. More importantly, posing the right question at the right moment
in the development of a subject helps to anticipate and address future learning issues that
students face. Furthermore, the methods developed in a solution and the precision and
insights of the answers are often more important than the questions being posed. In effect,
the inner workings of a good solution frequently provide benefit beyond what is relevant to
the specific exercise.

Exercise titles are listed at the start of each volume, following the Table of Contents, so
that readers may see the overall structure of the book and its more detailed contents. This
organization reveals the exercise progression, how the exercises relate to one another, and
where the material is heading. It should also tantalize readers with the exciting prospect of
advanced material and intriguing applications.

The Series is intended for a readership that includes undergraduate students of economet-
rics with an introductory knowledge of statistics, first and second year graduate students of
econometrics, as well as students and instructors from neighboring disciplines (like statis-
tics, psychology, or political science) with interests in econometric methods. The volumes
generally increase in difficulty as the topics become more specialized.

The early volumes in the Series (particularly those covering matrix algebra, statistics,
econometric models, and empirical applications) provide a foundation to the study of
econometrics. These volumes will be especially useful to students who are following the
first year econometrics course sequence in North American graduate schools and need to
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prepare for graduate comprehensive examinations in econometrics and to write an applied
econometrics paper. The early volumes will equally be of value to advanced undergraduates
studying econometrics in Europe, to advanced undergraduates and honors students in the
Australasian system, and to masters and doctoral students in general. Subsequent volumes
will be of interest to professional economists, applied workers, and econometricians who
are working with techniques in those areas, as well as students who are taking an advanced
course sequence in econometrics and statisticians with interests in those topics.

The Econometric Exercises Series is intended to offer an independent learning-by-doing
program in econometrics and it provides a useful reference source for anyone wanting to
learn more about econometric methods and applications. The individual volumes can be
used in classroom teaching and examining in a variety of ways. For instance, instructors
can work through some of the problems in class to demonstrate methods as they are in-
troduced, they can illustrate theoretical material with some of the solved examples, and
they can show real data applications of the methods by drawing on some of the empirical
examples. For examining purposes, instructors may draw freely from the solved exercises
in test preparation. The systematic development of the subject in individual volumes will
make the material easily accessible both for students in revision and for instructors in test
preparation.

In using the volumes, students and instructors may work through the material sequen-
tially as part of a complete learning program, or they may dip directly into material where
they are experiencing difficulty, in order to learn from solved exercises and illustrations. To
promote intensive study, an instructor might announce to a class in advance of a test that
some questions in the test will be selected from a certain chapter of one of the volumes.
This approach encourages students to work through most of the exercises in a particular
chapter by way of test preparation, thereby reinforcing classroom instruction.

Further details and updated information about individual volumes can be obtained from
the Econometric Exercises website,

http://us.cambridge.org/economics/ee/econometricexercises.htm

The website also contains the basic notation for the Series, which can be downloaded along
with the IXTEX style files.

As Series Editors, we welcome comments, criticisms, suggestions, and, of course, cor-
rections from all our readers on each of the volumes in the Series as well as on the Series
itself. We bid you as much happy reading and problem solving as we have had in writing
and preparing this Series.

York, Tilburg, New Haven Karim M. Abadir
July 2004 Jan R. Magnus
Peter C. B. Phillips
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This volume on matrix algebra and its companion volume on statistics are the first two
volumes of the Econometric Exercises Series. The two books contain exercises in matrix
algebra, probability, and statistics, relating to course material that students are expected to
know while enrolled in an (advanced) undergraduate or a postgraduate course in economet-
rics.

When we started writing this volume, our aim was to provide a collection of interesting
exercises with complete and rigorous solutions. In fact, we wrote the book that we —
as students — would have liked to have had. Our intention was not to write a textbook,
but to supply material that could be used together with a textbook. But when the volume
developed we discovered that we did in fact write a textbook, be it one organized in a
completely different manner. Thus, we do provide and prove theorems in this volume,
because continually referring to other texts seemed undesirable. The volume can thus be
used either as a self-contained course in matrix algebra or as a supplementary text.

We have attempted to develop new ideas slowly and carefully. The important ideas are
introduced algebraically and sometimes geometrically, but also through examples. It is
our experience that most students find it easier to assimilate the material through examples
rather than by the theoretical development only.

In proving the more difficult theorems, we have always divided them up in smaller ques-
tions, so that the student is encouraged to understand the structure of the proof, and also
will be able to answer at least some of the questions, even if he/she can not prove the whole
theorem. A more difficult exercise is marked with an asterisk (x).

One approach to presenting the material is to prove a general result and then obtain a
number of special cases. For the student, however, we believe it is more useful (and also
closer to scientific development) to first prove a simple case, then a more difficult case,
and finally the general result. This means that we sometimes prove the same result two or
three times, in increasing complexity, but nevertheless essentially the same. This gives the
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student who could not solve the simple case a second chance in trying to solve the more
general case, after having studied the solution of the simple case.

We have chosen to take real matrices as our unit of operation, although almost all results
are equally valid for complex matrices. It was tempting — and possibly would have been
more logical and aesthetic — to work with complex matrices throughout. We have resisted
this temptation, solely for educational reasons. We emphasize from time to time that results
are also valid for complex matrices. Of course, we explicitly need complex matrices in
some important cases, most notably in decomposition theorems involving eigenvalues.

Occasionally we have illustrated matrix ideas in a statistical or econometric context,
realizing that the student may not yet have studied these concepts. These exercises may be
skipped at the first reading.

In contrast to statistics (in particular, probability theory), there only exist a few books of
worked exercises in matrix algebra. First, there is Schaum’s Outline Series with four vol-
umes: Matrices by Ayres (1962), Theory and Problems of Matrix Operations by Bronson
(1989), 3000 Solved Problems in Linear Algebra by Lipschutz (1989), and Theory and
Problems of Linear Algebra by Lipschutz and Lipson (2001). The only other examples
of worked exercises in matrix algebra, as far as we are aware, are Proskuryakov (1978),
Prasolov (1994), Zhang (1996, 1999), and Harville (2001).

Matrix algebra is by now an established field. Most of the results in this volume of
exercises have been known for decades or longer. Readers wishing to go deeper into the
material are advised to consult Mirsky (1955), Gantmacher (1959), Bellman (1970), Hadley
(1961), Horn and Johnson (1985, 1991), Magnus (1988), or Magnus and Neudecker (1999),
among many other excellent texts.

We are grateful to Josette Janssen at Tilburg University for expert and cheerful typing
in IXIEX, to Jozef Pijnenburg for constant advice on difficult I&IEX questions, to Andrey
Vasnev for help with the figures, to Sanne Zwart for editorial assistance, to Bertrand
Melenberg, William Mikhail, Maxim Nazarov, Paolo Paruolo, Peter Phillips, Gabriel
Talmain, undergraduates at Exeter University, PhD students at the NAKE program in
Utrecht and at the European University Institute in Florence, and two anonymous referees,
for their constructive comments, and to Scott Parris and his staff at Cambridge University
Press for his patience and encouragement. The final version of this book was completed
while Jan spent six months as a Jean Monnet fellow at the European University Institute in
Florence.

Updates and corrections of this volume can be obtained from the Econometric Exercises
website,

http://us.cambridge.org/economics/ee/econometricexercises.htm

Of course, we welcome comments from our readers.

York, Tilburg Karim M. Abadir
July 2004 Jan R. Magnus
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