
Index

(D6 × Z2 × T 2, see lattice, hexagonal, with
additional, Z2 symmetry

E(2), see group, Euclidean, E(2)
GL(n), see group, general linear, GL(n)
O(2), see group, orthogonal, O(2)
O(2)−, 116
O(3), see group, orthogonal, O(3), symmetry of

a sphere
O(n), see group, orthogonal, O(n)
SE(2), see group, special Euclidean, SE(2)
SO(3), see group, special orthogonal, SO(3),

of rotations of the sphere
SO(n), see group, special orthogonal, SO(n)
S1, see group, circle, S1

T 2, see translations on a lattice, T 2

�-simple, 118

S̃O(2), 122
Z

−
2 , 156

C3, see group, rotations of an equilateral triangle, C3
Cn , see group, cyclic of order n, Cn
D2, see group, symmetry of a rectangle, D2
D3, see group, symmetry of an equilateral

triangle, D3
D4 × T2, see lattice, square
D4, see group, symmetry of a square, D4
D6 × T2, see lattice, hexagonal
Dn , see group, dihedral of order 2n, Dn
Z/n, see group, of integers under addition

modulo n, Z/n
Fix(�), see fixed-point subspace
‘angular momentum’

conservation of, 227–32

absolutely irreducible representation, see
representation, absolutely irreducible

action of a group, see representation
activator-inhibitor system, 13, 18
adiabatic elimination, 37, 245–6, 295
adjoint operator, 214
amplitude equation, 139

variational or gradient form, 226
anisotropic system, 158, 223, 332, 337

anti-rectangles, 189, 190
anti-rhombs, 190
anti-rolls, 189, 190
anti-squares, 170, 171
anti-triangles, 189, 190
apparent symmetries, see naive symmetries
automorphism, see mappings of groups,

automorphism

Belousov–Zhabotinsky reaction, 12, 13, 232, 353,
372

Benjamin–Feir instability, 286–90, 356, 375
bifurcation, 23

codimension, 38
codimension-one, 38–48
equivariant, see bifurcation, with symmetry
genericity of, 40–1
Hopf, 47–8
Hopf with symmetry, see Hopf bifurcation,

with symmetry
local, 30–48
normal form, 38–48
oscillatory, see bifurcation, Hopf
pitchfork, 43–6

of revolution, 158
subcritical, 43–5
supercritical, 44–5

saddle-node, 31, 39–41, 154
spatial-period-multiplying, 178–82
stationary, see bifurcation, steady-state
steady-state, 39–46, 86, 137

governed by identity irrep, 102
on the surface of a sphere, 114–16
with D4 symmetry, 98–109
with D4 symmetry, normal form under natural

irrep, 105
transcritical, 41–2
unfolding, 38
with symmetry, 85

Hopf see Hopf bifurcation, with symmetry
multiple zero eigenvalues at, 87
steady-state and absolute irreducibility, 94–5

bifurcation diagram, 39

417
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418 Index

bifurcation parameter, 30
bifurcation point, 30
bimodal solution, 143
Boussinesq approximation, see Oberbeck–Boussinesq

approximation
branch

axial, 97
non-axial primary, 97
primary, 97

Busse balloon, 277, 286, 406
and Cross–Newell equation, 385
for hexagons, 298

Busse–Heikes cycle, 123, 160

carrier wave, 211, 213, 325
centre, 27
centre manifold, 33

extended, 34–7
reduction, 31–7

centre manifold theorem, 33, 138–9, 184
character table, 79
character(s)

of a matrix, 77
of a representation, 77–81

circle group, see group circle, S1

codimension, see bifurcation, codimension
compression-dilatation wave, 228, 230, 255–6
conjugacy

class, 61
of group elements, 61
of subgroups, 61

conjugacy class
elements of have same order, 61
of an isotropy subgroup, 89

conservative systems and flat modes, see flat mode(s),
in conservative systems

convection, 3–12, 174, 191
Bénard, see convection, Rayleigh–Bénard
Bénard–Marangoni, 8, 155
boundary conditions

no-slip, 11
stress-free, 10

conduction solution in, 9
diagram of standard set-up, 8
in the Sun, 5
instability threshold

no-slip case, 11
stress-free case, 11

Rayleigh–Bénard, 8, 155, 377
governing equations, 7–12

convection planform, 6
convection rolls, see rolls, convection
coset, 59–60

left, 59
right, 59

critical circle, 138
cross-hexagon instability, see hexagon(s),

instabilities of, cross-hexagon
Cross–Newell equation, 380–406

and mean drift, 404–6
cross-roll instability, 274–7, 378

cycle
homoclinic, see homoclinic, cycle

cycling chaos, 129

defect(s), 325–53
disclination, see disclination
dislocation, see dislocation
during Eckhaus instability, 251
in the Cross–Newell equation, 390–400
of stripes in one dimension, 229–30
penta-hepta, 296, 326, 327, 328
saddle, 399–400
vortex, 396, 400

defect-mediated turbulence, 375
detuning, 312
diffusion, 12
diffusion-driven instability, 18
direct product, 64–5
direct sum, 64
disclination, 375, 392–3

concave, 326–7, 394, 400
convex, 326–7, 394, 397–8

dislocation, 1, 4, 325–37, 350, 352–3, 375, 377, 388,
390

motion, 329–37
climb, 329–37
glide, 329, 337
pinning, 329

pairs, 336
dispersion, 235

relation, 234
dispersive medium, 235
domain boundary, 342–9

between hexagons and trivial solution, 346
between rolls and hexagons, 347

Doppler instability, 375
drift flow, 224, 277–9, 377

and Cross–Newell equation, 404–6
drift instability, 176, 306–14

of parametrically driven standing waves, 311–14
drifting spiral, see spiral(s), drifting or meandering

Eckhaus instability, 245, 247–60
for finite amplitude rolls, 273, 385, 404, 406
in a finite domain, 258–60
side bands, 256–8
subcritical, 251
supercritical, 251

energetics, 329, 342
for rolls in finite domains, 349–53

envelope, 211, 213, 325
equation (see also amplitude equation), 209–24

symmetry method, 216–24
equilibrium

relative, see relative, equilibrium
equilibrium solution, see stationary point
equivalence

of representations, see representation,
equivalence of

equivariance
condition, 86
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Index 419

equivariant branching lemma, 93–7, 143, 148, 152,
156

generalised, 93
equivariant Hopf bifurcation, see Hopf bifurcation,

with symmetry
equivariant Hopf theorem, 120
Euclidean group, see group, Euclidean, E(2)

excitable dynamics, see excitable system
excitable system, 13, 14–17

excitation variable, 15
excited, 15
quiescent, 15
recovering, 15
recovery variable, 15

Faraday instability, see Faraday waves
Faraday waves, 2, 20–2, 179, 182–4, 311, 319

harmonic, 22
subharmonic, 21

FitzHugh–Nagumo model, 14–17, 326, 371
fixed-point, see stationary point
fixed-point subspace, 90–1

flow invariance of, 91
flat mode(s), 316

and Galilean symmetry, see Galilean symmetry, and
flat modes

in conservative systems, 319–23
flow, 23–5
focus

stable, 27
unstable, 27

focus instability, 377, 406
focus singularity, 326–7, 377, 386, 388, 396

and wavenumber selection, 389–90, 406
wall focus, 326–7

Fréchet derivative, 226
Fredholm alternative, 214

theorem, 214, 270–1
free energy, 224–7, 329, 333, 344, 350

density, 224, 329, 335, 344, 350
for Cross–Newell equation, 387, 400–2
for hexagons, 345
for Newell–Whitehead–Segel equation, 227
for real Ginzburg–Landau equation, 224

free energy density
for Cross–Newell equation, 401
for hexagons, 346
for Swift–Hohenberg equation, 402

fronts, see domain boundaries

Galilean symmetry, 278, 280
and flat modes, 315–19

Galilean transformation, 315
general linear group, see group, general linear,

GL(n)

Ginzburg–Landau equation, 222, 326
complex, 222, 232
conditions for genericity, 222
in anisotropic system, 223
real, 222

free energy, 224

two-dimensional, 223
Goldstone mode(s), see flat mode(s)
grain boundary, 325–7, 350–1, 375

amplitude, 337–41, 390
and wavenumber selection, 341

in the zigzag instability, 262
phase, 337, 390–3

group
Abelian, 54, 64
action, see representation
additive of real numbers, 53
associativity, 52
axioms, 52–3
circle, S1, 63

of phase shifts, 118
closure, 52
composition, 52
cyclic of order n, Cn , 54, 62
definition and elementary properties, 52–7
dihedral of order 2n, Dn , 56
Euclidean, E(2), 56–9, 67, 137, 190

pseudoscalar action, 187–90
scalar action, 141

finite, 55
general linear, GL(n), 53, 68
generators, 54
identity element, 53
inverse element, 53
Lie, see Lie group
multiplicative of nonzero real numbers, 53
of integers under addition modulo n, Z/n, 60
orthogonal, O(2), 116, 120, 158
orthogonal, O(3)

symmetry of a sphere, 114
orthogonal, O(n), 62
product, 64–7

direct, see direct product
direct sum, see direct sum
semidirect, see semidirect product
semidirect sum, see semidirect sum

quotient, �/H , 60–1
representation, see representation
rotations of an equilateral triangle, C3, 58
special Euclidean, SE(2), 364
special orthogonal, SO(2)

of rotations in the plane, 67, 73, 83
special orthogonal, SO(3)

of rotations of the sphere, 114
special orthogonal, SO(n), 62
symmetry of a rectangle, D2, 64
symmetry of a square, D4, 98, 110

conjugacy classes of, 110
irreps of, 100

symmetry of an equilateral triangle, D3, 55–6, 78,
80, 181

natural representation, 69
group orbit, 87–8

conjugate isotropy subgroups of points on, 88
existence properties of fixed points on, 87
stability properties of fixed points on, 87
zero eigenvalue for perturbations along, 88
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group table, 55
group velocity, 235

Hamiltonian system, 96
heteroclinic connection, 123
heteroclinic cycle, 122–9

structural stability of, 123, 127
heteroclinic network, 129
heteroclinic orbit, 177
hexagon(s), 186

instabilities of, 292–303
cell fusion, 303
cell splitting, 303
cross-hexagon, 301–3
mosaic, 303
rectangular Eckhaus, 295–6, 298–301
rhombic Eckhaus, 296–301

off-critical, 293
phase, 293

hexagon-roll transition, 154, 299
hexagonal lattice, see lattice, hexagonal
hexagons, 134–5, 150, 152, 154, 156–7

cooked, 6–7
modulated, 238–42, 345

hidden symmetry, 98, 168, 170, 190–207
and boundary conditions, 198–207
rotation, 203–7
translation, 202–3

holohedry, 140
homoclinic

cycle, 129
orbit, 129

homogeneity, 137
homomorphism, see mappings of groups,

homomorphism
Hopf bifurcation

and complex Ginzburg–Landau equation,
232

on a one-dimensional lattice, 161–6
with O(2) symmetry, 120–2
with symmetry, 116–22

multiple imaginary eigenvalues at, 117
hysteresis, 45, 154, 186, 345

improper node
stable, 26
unstable, 27

invariant subspace, 71
irreducible representation, see representation,

irreducible
for finite Abelian groups, 81
method of finding, 100–1, 110–13

irrep, see representation, irreducible
isomorphism

of groups, see mappings of groups, isomorphism
of representations, see representation,

equivalence of
isotropy, 137
isotropy lattice, see lattice, of isotropy subgroups
isotropy subgroup, 88–90

axial, 92

maximal, 92
and hidden symmetry, 198

isotypic
components, 82
decomposition, 82–4

block diagonalises D f , 90

Jacobian matrix, 26

Küppers–Lortz instability, 123, 158–62
Kuramoto–Sivashinksy equation, 289

large-aspect-ratio domain, 375, 380–406
lattice

bifurcations on, 136–41
dual, 134
hexagonal, 136, 148

steady bifurcation on, 147–57
with additional Z2 symmetry, 155–7, 188–9

holohedry, 140
of isotropy subgroups, 89
pattern(s), 134–41, 168
planar, 134
restriction to, 138, 193
rhombic, 136, 191
square, 136, 141

fundamental representation, 141
steady bifurcation on, 141–7
superlattice irreps, 168, 169

Lie group, 67–8
and continuous symmetry, 67
compact, 68
noncompact, 364
one-parameter, 67

local activation with lateral inhibition, 18, 20
long-scale variable, see slow variable
Lyapunov functional, see free energy

mappings of groups, 61–3
automorphism, 63
homomorphism, 61–2, 141
isomorphism, 62–3

marginal stability curve, 212, 244
mean flow, see drift flow
meander, see spiral(s), drifting or meandering
metastable state, 344, 349
midplane reflection symmetry, 155, 241
mode interaction, 174–8, 195–7

2:1, 306
modulation

scale, 211
variable, see slow variable

morphogenesis, 14
multiple scales, 211–16, 223

naive symmetries, 192–3
Navier–Stokes equation, 8, 188
neutral stability curve, see marginal stability curve
Newell–Whitehead–Segel equation, 216, 222, 243,

330
free energy, 227
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no-slip boundary conditions, 278
node

stable, 26
unstable, 26

nonlinear saturation, 181, 221
nonlinear Schrödinger equation, 238, 288
normal form symmetry, 220, 233, 240
normalizer, 59, 192,

complement of, 193

Oberbeck–Boussinesq approximation, 7, 8, 9, 405
oblique-roll instability, 274
orbit, see group orbit

heteroclinic, see heteroclinic, orbit
homoclinic, see homoclinic, orbit

orbit type, 89
order

of a finite group, 55
of a group element, 55

orthogonal group, see group, orthogonal, O(n)

orthogonality theorem
for characters, 79
for matrix representations, 75

oscillatory instability of rolls, 278, 284–6

pacemakers, 358
parametric forcing, 311
parametrically excited surface waves, see Faraday

waves
patchwork quilt, 150, 156–7, 189
Peach–Köhler force, 334
penta-hepta defect, see defect, penta-hepta
period-multiplying bifurcation, see bifurcation,

spatial-period-multiplying
periodic orbit, 24

relative, see relative, periodic orbit
periodic point, 24
phase

-diffusion equation, 246, 261
approximation, 245–6, 295
dynamics, 331, 354–5, 377

general theory, 266–74
equation, 249

Cross–Newell, see Cross–Newell equation
Kuramoto’s method, 249–51, 262–6

instability, 245
portrait, 24, 25
space, 23
turbulence, 290
velocity, 235

phase-shift symmetry, 233
phason, 187, 305
Poincaré’s linearization theorem, 38
Prandtl number, 10

-dependent instabilities of convection rolls, 277–86
pseudoscalar action of E(2), see group, Euclidean

E(2), pseudoscalar action

quasipattern(s), 2, 20–21, 182–7, 302
and small divisors or near-resonances, 184
one-dimensional, 186

phase and phason instabilities of, 303–6
twelvefold, 1, 182, 185, 186

quenching, see nonlinear saturation

Rayleigh number, 10
Rayleigh–Bénard convection, see convection,

Rayleigh–Bénard
reaction-diffusion, 12–20
rectangles, 150, 152–3, 186
reducible representation, see representation,

reducible
relative

equilibrium, 364
period, 365
periodic orbit, 365

representation, 68–77
absolutely irreducible, 71–2, 74–5
characters of, see character(s), of a representation
degree or dimension of, 68
equivalence of, 69–71
faithful, 69
identity, 69
irreducible, 71–2
isomorphic, see representation, equivalence of
linear, 68
natural, 69
reducible, 72
trivial, 69
unfaithful, 69
unitary, 71

resonance, 147–8, 175, 184
near-, 184

rhombs, 170–1
roll curvature, 352–3

bend, 352
splay, 352

rolls, see also stripes
convection, 5, 8, 12

rotating wave, 122, 164, 366
modulated, 366

saddle point, see stationary point, saddle
scalar action of the Euclidean group, see group,

Euclidean, E(2), scalar action
scroll waves, 354, 372
semidirect product, 65
semidirect sum, 65
shadowgraph visualisation technique, 6
side-band instability, 256, 288
simple anti-squares, 190
simple oriented hexagons, 189, 190
simple squares, 170–1
skew product, 370
skew-varicose instability, 278–84, 378, 406

monotone, 283
oscillatory, 284

slaving, see adiabatic elimination
slow variable, 211
spatiotemporal symmetry, 118
special orthogonal group, see group, special

orthogonal SO(n)
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spiral(s), 12–13, 325, 353–6, 375, 396
break-up, 375
drifting or meandering, 362–75
giant steady, 377
in excitable media, 15, 326
involute, 362
meandering transition, 368–70

spiral defect chaos, 1, 3, 375–8, 380, 406
squares, 134–5, 143, 146, 186
square lattice, see lattice, square
stability balloon, see Busse balloon
standing wave(s), 21, 121, 161, 163, 165

parametrically driven, 312
star

stable, 26
unstable, 27

stationary bifurcation, see bifurcation, steady-state
stationary point, 24

hyperbolic, 29
persistence of, 29–30

phase portraits in two dimensions, 28
saddle, 27, 29
sink, 29
source, 29
stability, 26–7
types in two dimensions, 26–7

steady-state bifurcation, see bifurcation, steady-state
streamfunction, 188, 278
stress-free boundary conditions, 278, 315
stripes, 4, 5, 8, 12, 134–5, 143, 146, 150, 152, 156–8,

170–1, 186
modulated, 181–2, 209–32
off-critical, 243
universal instabilities, 243–77

structural stability, see heteroclinic cycle, structural
stability

subcritical ramp, 227, 341
subgroup, 57

closed, 68
complement of, 58
isotropy, see isotropy subgroup
normal, 57
normalizer of, see normalizer
open, 68

subspace
fixed-point, see fixed-point subspace

subtle symmetry, 194
super hexagons, 173–4
super squares, 170–1
super triangles, 173–4

superlattice, 302
hexagonal, 172–3
irreps

translation-free, 169
pattern, 21, 168–73
square, 168–72

superspirals, 372–5
supertargets, 375
surface chemistry pattern, 13
Swift–Hohenberg equation, 4, 209–10, 326, 402

variant, 316, 322, 324
symmetry

hidden, see hidden symmetry
naive, see naive symmetries
spatiotemporal, see spatiotemporal symmetry
subtle, see subtle symmetry

target(s), 12, 325, 353–61, 375, 377, 396, 406
externally seeded, 356–60
intrinsic, 360–1

textures, 349
trace formula, 92, 132
trajectory, 24
translation symmetry, 220

and zero eigenvalue, 146
translations on a lattice, T 2, 140
travelling wave, 161, 163, 165, 176, 234–8, 286

modulated, 366
triangles, 150

regular, 150, 156–7, 189
Turing instability, see Turing pattern
Turing pattern, 13, 17–20

unfolding, see bifurcation, unfolding
unitary

matrix, 71
representation, see representation, unitary

variational derivative, see Fréchet derivative
vorticity equation, 279

wavenumber selection, 227, 341
weak symmetry breaking, 113–14

zigzag instability, 245, 260–6
damped by mean drift, 281, 405
for finite amplitude rolls, 269–73, 385, 403,

405
subcritical, 262
supercritical, 261
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