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Geometric and analytic setting

This chapter essentially describes the objects and properties that will
interest us in this work. For a more detailed exposition of the general
background in Riemannian geometry and in analysis on manifolds, one
may refer for instance to [183] and [98]. After recalling how to associate,
to each Riemannian metric on a manifold, a Laplacian operator on the
same manifold, we will give a definition of smooth harmonic map be-
tween two manifolds. Very soon, we will use the variational framework,
which consists in viewing harmonic maps as the critical points of the
Dirichlet functional.

Next, we introduce a frequently used ingredient in this book: Noether’s
theorem. We present two versions of it: one related to the symmetries of
the image manifold, and the other which is a consequence of an invari-
ance of the problem under diffeomorphisms of the domain manifold (in
this case it is not exactly Noether’s theorem, but a “covariant” version).

These concepts may be extended to contexts where the map between
the two manifolds is less regular. In fact, a relatively convenient space
is that of maps with finite energy (Dirichlet integral), H'(M,N'). This
space appears naturally when we try to use variational methods to con-
struct harmonic maps, for instance the minimization of the Dirichlet
integral. The price to pay is that when the domain manifold has dimen-
sion larger than or equal to 2, maps in H!(M,N) are not smooth, in
general. Moreover, H'(M, ') does not have a differentiable manifold
structure. This yields that several non-equivalent generalizations of the
notion of harmonic function coexist in H*(M,N) (weakly harmonic,
stationary harmonic, minimizing, ...). We will conclude this chapter
with a brief survey of the known results on weakly harmonic maps in
HY(M,N). As we will see, the results are considerably different accord-
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2 Geometric and analytic setting

ing to which definition of critical point of the Dirichlet integral we adopt.

NOTATION: M and N are differentiable manifolds. Most of the time,
M plays the role of domain manifold, and N that of image manifold;
we will suppose A to be compact without boundary. In case they are
abstract manifolds (and not submanifolds) we may suppose that they are
C* (in fact, thanks to a theorem of Whitney, we may show that every C*
manifold is C!-diffeomorphic to a C*° manifold). Unless stated otherwise,
M is equipped with a C% Riemannian metric g, where 0 < o < 1. For
N, we consider two possible cases: either it is an abstract manifold with
a C' Riemannian metric h, or we will need to suppose it is a C? immersed
submanifold of RY. The second situation is a special case of the first
one, but nevertheless, Nash’s theorem (see [123], [74] and [77]) assures
us that if h is C* for I > 3, then there exists a C' isometric immersion of
(N, h) in (RN (..)).

Several regularity results are presented in this book. We will try to
present them under minimal regularity hypotheses on (M, g) and (N, h),
keeping in mind that any improvement of the hypotheses on (M, g)
and (N, k) automatically implies an improvement of the conclusion, as
explained in theorem 1.5.1.

We write m := dim M and n := dim N.

1.1 The Laplacian on (M, g)

For every metric g on M there exists an associated Laplacian operator
Ay, acting on all smooth functions on M taking their values in R (or
any vector space over R or C). To define it, let us use a local coordinate
system (z!,...,2™) on M. Denote by

Jap(z) = 9() <c’)ia’ £ﬁ>

the coefficients of the metric, and by det g(z) the determinant of the
matrix whose elements are gog(z). Then, for each real-valued function
¢ defined over an open subset Q of M, we let

1 0 ap oy 00
Agdp = Jdotg 0z < detgyg (z)w) (L.1)

where we adopt the convention that repeated indices should be summed
over. The metric g induces on the cotangent space 7 M a metric which
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we denote by g*. Its coefficients are given by ¢®% = g*(dx®, dz”). Recall
that g“%(z) represents an element of the inverse matrix of (gaz).

Definition 1.1.1 Any smooth function ¢ defined over an open subset €2
of M and satisfying

Agp=0
is called a harmonic function.

We can easily check through a computation that the operator A, does
not depend on the choice of the coordinate system, but it will be more
pleasant to obtain this as a consequence of a variational definition of
Ag. Let

dvol, = /det g(z)dx' ...dz™, (1.2)

be the Riemannian measure. For each smooth function ¢ from Q@ C M
to R, let

E,g(0) = /Qe(¢>) dvol, (1.3)
be the energy or Dirichlet integral of ¢ (which may be finite or not).
Here, e(¢) is the energy density of ¢ and is given by

1 ¢ 0¢

— Z 0B —_

e(¢) = 59 ()5 5 55
It is easy to check that the Dirichlet integral does not depend on

(1.4)

the choice of the local coordinate system and that, if ¥ is a compactly
supported smooth function on 2 C M, then for all ¢t € R,

i) (6 + 1) = B (6) — t / (Do) dvol, + O(2).  (L5)

Hence, —A, appears as the variational derivative of Eq, which pro-
vides us with an equivalent definition of the Laplacian.

Thus, the Laplacian does not depend on the coordinate system used.
However, it depends on the metric. For instance, let us consider the effect
of a conformal transformation on (M, g), i.e. compare the Dirichlet
integrals and the Laplacians on the manifolds (M, g) and (M,e?*'g),
where v is a smooth real-valued function on M. We have

dvolavy = €™ dvolg, (1.6)
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and for the energy density (1.4)

eervg(9) = € ey (¢). (1.7)
Thus,

Biacaeg(0) = [ e, (0) dvol, (18)
Q
However, we notice that in case m = 2, the Dirichlet integrals calcu-
lated using the metrics g and e??g coincide, and thus are invariant under
a conformal transformation of the metric.
Still in the case m = 2, we have

Agzog (@) = e 2" Ay (1.9)

Therefore, for m = 2, every function which is harmonic over (M, g) will
also be so over (M, e2g). More generally, if (M, g) and (M’ g’) are two
Riemannian surfaces and €2 and €2’ are two open subsets of M and M’
respectively, then if T : (Q, g) — (', ¢’) is a conformal diffeomorphism,

we have
E(Q,g)(¢ oT) = E(sz/,g')(¢)7v¢ € CI(Q/7 R) (1-10)
and
Ag(poT)=ANAg@)oT, (1.11)
where
1 oT? o1
— —aof ! - 77
Thus,

Proposition 1.1.2 The Dirichlet integral, and the set of harmonic func-
tions over an open subset of a Riemannian surface, depend only on the
conformal structure of this surface.

This phenomenon, characteristic of dimension 2, has many conse-
quences, among them the following, which is very useful: first recall
that according to the theorem below, locally all conformal structures
are equivalent.

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521811600
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

0521811600 - Harmonic Maps, Conservation Laws and Moving Frames, Second Edition
Frederic Helein

Excerpt

More information

1.2 Harmonic maps between two Riemannian manifolds )

Theorem 1.1.3 Let (M, g) be a Riemannian surface. Then, for each
point o in (M, g), there is a neighborhood U of x¢ in M, and a diffeo-
morphism T from the disk

D ={(z,y) €R2| 2?4+ y% < 1}

to U, such that, if c is the canonical Fuclidean metric on the disk,
T : (D,c) — (U,g) is a conformal map. We say that T~ is a lo-
cal conformal chart in (M, g) and that (x,y) are conformal coordinates.

Remark 1.1.4 There are several proofs of this result, depending on the
reqularity of g. The oldest supposes g to be analytic. Later methods
like that of S.S. Chern (see [36]), where g is supposed to be just Hélder
continuous, have given results that are valid under weaker reqularity as-
sumptions. At the end of this book (theorem 5.4.8) we can find a proof
of theorem 1.1.8 under weaker assumptions.

Using theorem 1.1.3, we can express the Dirichlet integral over U of a
map ¢ from M to R, simply as

e, = [ 31 (2520) 4 (501

and ¢ will be harmonic if and only if

9*(¢poT)  0*(¢poT)
Al(poT) = + =0.
Thus, when studying harmonic functions on a Riemannian surface,
we can always suppose, at least locally, that our equations are simi-
lar to those corresponding to the case where the domain metric is flat

(Euclidean).

1.2 Harmonic maps between two Riemannian manifolds

We now introduce a second Riemannian manifold, A/, supposed to be
compact and without boundary, which we equip with a metric h. Re-
call that over any Riemannian manifold (N, h), there exists a unique
connection or covariant derivative, V, having the following properties.

(i) V is a linear operator acting on the set of smooth (at least C!)
tangent vector fields on N. To each C* vector field X (where

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521811600
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

0521811600 - Harmonic Maps, Conservation Laws and Moving Frames, Second Edition
Frederic Helein

Excerpt

More information

6 Geometric and analytic setting

k > 1) on N, we associate a field of C*~1 linear maps from T, N
to T,y N defined by
Ty N>3Y —VyXecT,N.
(ii) V is a derivation, i.e. for any smooth function o from N to R,
any vector field X and any vector Y in T, NV,
Vy(aX)=da(Y)X + aVyX.
(iii) The metric h is parallel for V, i.e. for any vector fields X,Y", and
for any vector Z in T, NV,
d(hy(X,Y))(Z) = hy(VzX,Y) + hy(X,V2Y).

(iv) V has zero torsion, i.e. for any vector fields X,Y,

VxY - VyX —[X,Y] =0.

V is called the Levi-Civita connection.

Let (y',...,y™) be a local coordinate system on A, and h;;(y) the
coefficients of the metric h in these coordinates. We can show (see, for
instance, [47]) that for any vector field Y = Y?-2

3yi?
) QY o 9,
Vie— ) =X/ =—— +T% XIY* :
VX( ayl) < gy Lk )ayl
where
; 1 il thl ahkl 8hjk
U L. 1.12
ik 2h <8xk T e T ol (1.12)

are the Christoffel symbols.
Let u : M — N be a smooth map.

Definition 1.2.1 u is a harmonic map from (M,g) to (N, h) if and
only if u satisfies at each point x in M the equation

i a i 3uj 6uk
Agu' + g* () gk(u(x))ww =0. (1.13)
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1.2 Harmonic maps between two Riemannian manifolds 7

Once more, the reader may check that this definition is independent
of the coordinates chosen on M and N. However, it is easier to see this
once we notice that harmonic maps are critical points of the Dirichlet

functional
Em,g) () = /M e(u)(z) dvolg, (1.14)
where
1 out ou?
e(w)(@) = 59° (2)hij(u(z)) 5 s

and where u is forced to take its values in the manifold A/. The proof
of this result, in a more general setting, will be given later on, in lemma
1.4.10. When we say that v : M — N is a critical point of Epy,g), it
is implicit that for each one-parameter family of deformations

u:M—N, tel CR,

which has a C' dependence on ¢, and is such that vy = v on M and, for
every t, u; = u outside a compact subset K of M, we have

lim Ea,q) (ur) ; B g)(u)

=0.

Different types of deformations will be specified in section 1.4. Notice
that, by checking that E(x 4)(u) is invariant under a change of coordi-
nates on (M, g), we show that definition 1.2.1 does not depend on the
coordinates chosen on M (the same is true for the coordinates on N).

EFFECT OF A CONFORMAL TRANSFORMATION ON (M, g), IF m = 2

As we noticed in the previous section, in dimension 2 (i.e. when M
is a surface), the Dirichlet functional for real-valued functions on M
is invariant under conformal transformations of (M, g). This property
remains true when we replace real-valued functions by maps into a man-
ifold (M, h). An immediate consequence of this is the following general-
ization of proposition 1.1.2.

Proposition 1.2.2 The Dirichlet integral, and the set of harmonic maps
on an open subset of a Riemannian surface, depend only on the confor-
mal structure.
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8 Geometric and analytic setting

By theorem 1.1.3, we can always suppose that we have locally confor-
mal coordinates (z,y) € R? on (M,g). In these coordinates equation
(1.13) becomes

o%ut 9%ul () (8uj ouk o 8uk)

B o1 oYY
222 T oz TR\ o ar Ty Ty

ANOTHER DEFINITION

Henceforth, we will not use formulation (1.13), but an alternative one
where we think of A as a submanifold of a Euclidean space. In fact,
thanks to the Nash—Moser theorem ([123], [102], [77]), we know that,
provided h is C3, it is always possible to isometrically embed (A, k) into
a vector space RY with the Euclidean scalar product (.,.). Then, we
will obtain a new expression for the Dirichlet integral

1 Oou Ju
_ - ap ve o vn
Epm,g)(u) = /M 59" () <axa’ axﬂ> dvol,, (1.15)
where now we think of u as a map from M to RY satisfying the con-
straint
u(z) € N,Vo € M. (1.16)

Therefore, we have another definition.

Definition 1.2.3 u is a harmonic map from (M, g) to N' C RY, if and
only if u is a critical point of the functional defined by (1.15), among the
maps satisfying the constraint (1.16). We can then see that u satisfies

Agu L Tu(m)/\/, Ve e M. (1.17)

The proof of (1.17) will be given, in a more general setting, in lemma
1.4.10. This equation means that for every point & of M, Agu(z) is
a vector of RY belonging to the normal subspace to N at u(x). At
first glance, condition (1.17) seems weaker than equation (1.13), since
we just require that the vector Aju belongs to a subspace of RY. This
imprecision is illusory: by this we mean that it is possible to calculate the
normal component of Agju, a priori unknown, using the first derivatives
of u.
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Lemma 1.2.4 Let u be a C?> map from M to N, not necessarily har-
monic. For each x € M, let P~ be the orthogonal projection from RN
onto the normal subspace to TN in RYN. Then, for every x in M,
0 0
P = g A (5 5 )

@’a? (1.18)

where A(y) is an RN -valued symmetric bilinear form on T,N whose
coefficients are smooth functions of y. A is the second fundamental form
of the embedding of N into RN .

A first way of writing A explicitly is to choose over sufficiently small
open sets w of N an (N —n)-tuple of smooth vector fields (e, 41,--.,€en) :
w — (RM)N=" such that at each point y € w, (€n41(Y),...,en(y)) is
an orthonormal basis of (T,N')1. Then, for each pair of vectors (X,Y’)
in (T,N)?,

N

A(y)(va) = Z <X7DY€j>6j7
j=n+1

where Dye; = Zf;l Y? g;{ is the derivative of e; along YV in RY. An-
other possible definition for A is

A(y)(X,Y) = Dx P/ (Y). (1.19)
Proof of lemma 1.2.4 We have

ou
1 af _
P; <g detgax5> =0,

which implies that

0 Ju orPt Ju
L Y af v u af ) =
P; <8ma (g detg8m5)> +78x°‘ (g detgawﬁ) =0.

Thus,
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10 Geometric and analytic setting
And we conclude that
ou Ou
1L _ _apB —
Pu (Agu) - g A(U)<8(Ea’ &vﬁ)’ (120)
where A is given by (1.19). O

We come back to harmonic maps according to definition 1.2.3 and
denote, for each y € N, by P, the orthogonal projection of RY onto
T,N. Since P, + Pyl = 1, from lemma 1.2.4 we deduce that for every
harmonic map u from (M, g) to N,

ou OJu
af ) -
Agu+ g*" A(u) (axa, 8x5> =0 (1.21)
Example 1.2.5 R"-VALUED MAPS
If the image manifold is a Euclidean vector space, such as (R",{(.,.)),
then a map u : (M,g) — R™ is harmonic if and only if each of its

components u* is a real-valued harmonic function on (M, g).

Example 1.2.6 GEODESICS
If the domain manifold M has dimension 1 (i.e. is either an interval in
R, or a circle), equation (1.21) becomes, denoting by t the variable on

M,
d?u du du
— A —_— — =
az " (“)(dt’dt> 0,

which is the equation satisfied by a constant speed parametrization of a

geodesic in (N, h).

Example 1.2.7 MAPS TAKING THEIR VALUES IN THE UNIT SPHERE OF
RB
In this case we have

N=8*={yeR’|ly =1},

3

2

where |y| = (Z(ylf) is the norm of y. Notice that for each map
i=1

u:(M,g) — S?%, we have

0=Ayul* =2 (u, Ayu) + de(u),
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