
FINITE PRECISION NUMBER SYSTEMS
AND ARITHMETIC

Fundamental arithmetic operations support virtually all of the engineering,
scientific, and financial computations required for practical applications from
cryptography, to financial planning, to rocket science. This comprehensive
reference provides researchers with the thorough understanding of number
representations that is a necessary foundation for designing efficient arithmetic
algorithms.

Using the elementary foundations of radix number systems as a basis for
arithmetic, the authors develop and compare alternative algorithms for the
fundamental operations of addition, multiplication, division, and square root with
precisely defined roundings. Various finite precision number systems are
investigated, with the focus on comparative analysis of practically efficient
algorithms for closed arithmetic operations over these systems.

Each chapter begins with an introduction to its contents and ends with
bibliographic notes and an extensive bibliography. The book may also be used
for graduate teaching: problems and exercises are scattered throughout the text
and a solutions manual is available for instructors.
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PREFACE

This book builds a solid foundation for finite precision number systems and
arithmetic, as used in present day general purpose computers and special purpose
processors for applications such as signal processing, cryptology, and graphics. It
is based on the thesis that a thorough understanding of number representations is
a necessary foundation for designing efficient arithmetic algorithms.

Although computational performance is enhanced by the ever increasing clock
frequencies of VLSI technology, selection of the appropriate fundamental arith-
metic algorithms remains a significant factor in the realization of fast arithmetic
processors. This is true whether for general purpose CPUs or specialized proces-
sors for complex and time-critical calculations. With faster computers the solution
of ever larger problems becomes feasible, implying need for greater precision in
numerical problem solving, as well as for larger domains for the representation of
numerical data. Where 32-bit floating-point representations used to be the standard
precision employed for routine scientific calculations, with 64-bit double-precision
only occasionally required, the standard today is 64-bit precision, supported by
128-bit accuracy in special situations. This is becoming mainstream for commod-
ity microprocessors as the revised IEEE standard of 2008 extends the scalable
hierarchy for floating-point values to include 128-bit formats. Regarding address-
ing large memories, the trend is that the standard width of registers and buses in
modern CPUs is to be 64 bits, since 32 bits will not support the larger address
spaces needed for growing memory sizes. It follows that basic address calculations
may require larger precision operands.

The rising demand for mobile processors has made realizing “low-power” (less
energy consumption) without sacrificing speed the preeminent focus of the next
generation of many arithmetic unit designs. Multicore processors allow opportu-
nities in heterogeneous arithmetic unit designs to be realized alongside legacy
systems. All of these opportunities require a new level of understanding of
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xii Preface

number representation and arithmetic algorithm design as the core of new arith-
metic architectures.

This book emphasizes achieving fluency in redundant representations to avoid
the self imposed design straightjacket of prematurely forcing intermediate values
into more familiar non-redundant forms. Exploiting parallelism is crucial for
multicore processors and for realizing fast arithmetic on large word-size operands,
and employing redundant radix representation of numbers allows addition to
be performed in constant time, independent of the word size of the operands.
Allowing intermediate results to remain in a redundant representation for use in
subsequent calculations has to be exploited, avoiding slow (at best logarithmic
time) conversion into non-redundant representations where possible. Fortunately,
conversion between redundant representations in most cases (for “compatible”
radix values) can be performed in constant time.

Radix representation remains the single most important and fundamental way
of representing numbers, even serving as a foundation for most other number
representations, some of which are presented in the later chapters of this book.
We have chosen the foundations of radix arithmetic as the definitive topic for
initiating the study of finite precision number systems and arithmetic. We provide
a very thorough treatment of radix representations, looking into the implications
of the choice of digit set for a given radix as well as the choice of radix. Properties
of the resulting set of representable values in the system (its “completeness”)
and uniqueness of representations (“redundancy”) are investigated in a detail
not found elsewhere. Conversions between radix representations are analyzed
as a separate topic of significant use and importance in the implementations of
arithmetic algorithms. Our objective is to provide a substantive mathematical
foundation for radix number systems and their properties rather than ad hoc
developments tied to specific limited applications.

It is our belief that a detailed understanding of radix representations and conver-
sions between these is of great importance when developing and/or implementing
arithmetic algorithms. The results on these topics presented here form a “tool-
box” no arithmetic “algorithm engineer” should be without. We have found these
tools extremely useful over the more than 30 years of our own joint research on
alternative number representation systems and their arithmetic, on algorithm engi-
neering in general, and on developments for actual processor implementations.
Being intimately involved with the organization of the bi-annual IEEE Symposia
on Computer Arithmetic for a similar time frame, we have been able to follow
the challenges and research in this area, often allowing us to improve on existing
algorithms, or to explain fundamental issues. For example, writing this book has
spawned ideas for several research papers, some of which appeared first in drafts
of the book, but the book also includes results that we first presented at meetings, in
journal papers, and in actual processor implementations. Participation in the arith-
metic unit design and testing of several generations of commercially successful
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Preface xiii

processors such as the Cyrix ×87 coprocessor and the National Semiconduc-
tor/AMD Geode “one Watt” IEEE floating-point compliant processor chosen for
the One Laptop per Child (OLPC) project has provided valuable feedback on the
real world practicality of new arithmetic algorithms.

It has not been possible to include here all the developments presented on
computer arithmetic and number systems over the past years; a selection has had
to be made. But we claim in most cases to present both classical and up-to-date
algorithms for the problems covered. Over the years of writing the book, we have
constantly been monitoring the literature, modifying and updating the text with
new results and algorithms as they became known.

The approach used in this book is quite mathematical when presenting and
analyzing ideas and algorithms, but we go into very little detail on the logic design,
and do not look at all at hardware implementations. Complexities of algorithms
and designs are generally only specified in the mathematical O-notation, but
occasionally we do count gates, just as hardware designs may be sketched as logic
diagrams. However, it is definitely our intent that the presentations here should
also be of great value for engineers selecting and designing actual VLSI or FPGA
implementations of arithmetic algorithms.

The reader is not expected to have more depth of knowledge of logic design
and electronics than would be gained from an undergraduate class on computer
architecture. Nor is the reader expected to have a deep mathematical background,
no more than is usually acquired from an undergraduate computer science curricu-
lum. We do occasionally use terminology from abstract algebra, e.g., (denoting a
mapping a homomorphism), or some number system to be a commutative ring,
as a benefit to readers familiar with these concepts. We will not, however, use
advanced properties beyond the few defined and described in the text. We exten-
sively use the concept of sets and the standard notation for such, and, of course,
assume knowledge of simple Boolean algebra. Our derivations and proofs will
most often be based on elementary algebra and elementary number theory without
recourse to calculus or analysis. The arguments should be quite accessible to those
with a natural affinity for games and mathematical puzzles and the book should be
invaluable to the serious student who may want to analyze or design such games
and puzzles.

The contents of the book can be seen to consist of three parts. The first part
comprising two chapters, covers the fundamentals of radix representation and
conversion between these representations. For this part we introduce a formal
notation for expressing radix polynomials, allowing us to distinguish between dif-
ferent radix representations of the same value, and of the value itself. This notation
is used heavily in the first three chapters, but later our notation is more relaxed,
when the interpretation should be implicitly obvious from the context. The second
part covers in four chapters the basic arithmetic operations: addition, multiplica-
tion, division, and square root. These are the fundamental arithmetic operations
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xiv Preface

that are standardized in the IEEE floating-point standard and are the subject of very
competitive hardware implementations and much academic research regarding the
practical performance of alternative algorithms. The third part presents examples
of some special number systems, usually built on the fundamental radix systems.
These are the floating-point systems, residue number systems, and finally ratio-
nal number systems and arithmetic that were largely developed by the authors.
The finite precision rational number systems are built on the number theoretic
foundations of fractions and continued fractions. The chapter on residue num-
ber representations and modular arithmetic includes an extensive presentation
of the basic modular operations, some of which are applicable to and impor-
tant in cryptographic algorithms. The chapter on floating-point systems seeks to
provide a foundation for these systems which have largely been ignored in the
mathematical literature on number system foundations. We carefully distinguish
floating-point number systems at three levels. First, we distinguish those subsets of
real numbers which form a floating-point number system, then we specify individ-
ual floating-point numbers as real numbers characterized by their factorizations
into component terms constituting a sign factor, a scale (or radix shift) factor,
and a significand factor, and lastly we investigate the encodings of the various
factors into component bit strings of a floating-point word in compliance with the
IEEE floating-point standard. The first two levels treating floating-point numbers
as reals characterized by a factorization allow the development of a number theo-
retic foundation for floating-point arithmetic similar to the foundation for rational
arithmetic derived from reals characterized by being representable as fractions.
The concept of precise roundings allows for a development of the best radix (and
floating-point) approximation similar to the best rational approximation concept
in the established number theoretic literature on continued fractions. Noteworthily
absent among the special number systems are systems employing logarithmic
representations, as well as error tolerant systems.

Each chapter begins with an introduction to its contents, and ends with bibli-
ographic notes and a bibliography of publications and selected patents, pointing
to the sources used for the ideas and presentations and to further reading. Most
sections end with some problems and exercises, illustrating the material presented
or further developing the topics. A solutions manual is available for instructors,
describing possible solutions to (most of) the presented problems.

We are well aware that the contents of the book are beyond what can be covered
in a normal (graduate) semester course. But it is feasible in that time to cover
most of Chapters 1–4 and the early parts of Chapters 5 and 6. The remaining
parts and chapters can be used for a follow-up course or for individual studies,
possibly serving as an introduction to a master’s student project, or as background
for research towards a Ph D.

The content of this book is based on the last four decades of research in many
of these topics, pursued in response to the explosive growth and omnipresence of
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Preface xv

digital computers. The content includes some of our own results over this period,
although most material is based on what is found in the open literature and learned
from active communication with colleagues in the international community of
“arithmeticians,” in particular through our active participation at the bi-annual
IEEE Symposia on Computer Arithmetic attended by at least one of us since its
initiation in 1969. We “stand on the shoulders” of many, including the very early
pioneers of the field, but also many past and present colleagues and students have
inspired our work in general, and in particular influenced the presentations here.
We have tried to be very comprehensive in our coverage of the results on the topics
presented, but it is, of course, not possible to cover everything.

It is our hope that the book may serve as a valuable resource for further academic
research on these topics, and also as a useful bookshelf tool for practitioners in
the industry who are building the processors of the future.

Despite our efforts, without doubt there are typos and possibly also more serious
errors in this text. We apologize, and encourage the reader to contact us if such
are found. We will establish a web page listing corrections to the book.

We would especially like to recognize the students who collaborated and con-
tributed to the development of this book over the last two decades. They include
D. DasSarma, M. Daumas, A. Fit-Florea, C. S. Iordache, C. N. Lyu, L. D. McFearin
and S. N. Parikh in Dallas; and T. A. Jensen, S. Johansen, A. M. Nielsen, H. Orup
in Aarhus and Odense. We also thank other graduate and postdoctoral students
who have worked with us on this manuscript including S. Datla, G. Even, L. Li,
J. Moore, A. Panhaleux, G. Wei and J. Zhang, as well as faculty collaborators
W. E. Ferguson, M. A. Thornton, and P. -M. Seidel in Dallas, and R. T. Gregory,
U. Kulisch, and J. -M. Muller at their institutions.

Finally we want to express our gratitude to our wives, Margot and Patricia,
for their patience with our absence during the numerous hours spent on writing
and discussions over many years, and during our mutual visits where they have
generally followed us.

August MMX

Peter Kornerup
Dept. of Math. and Computer Science
University of Southern Denmark
Odense, Denmark
kornerup@imada.sdu.dk

David W. Matula
Dept. of Computer Science and Engineering
Southern Methodist University
Dallas, TX
matula@lyle.smu.edu
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