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Lévy processes

Summary  Section 1.1 is a review of basic measure and probability theory. In
Section 1.2, we meet the key concepts of the infinite divisibility of random vari-
ables and of probability distributions, which underly the whole subject. Important
examples are the Gaussian, Poisson and stable distributions. The celebrated Lévy—
Khintchine formula classifies the set of all infinitely divisible probability distributions
by means of a canonical form for the characteristic function. Lévy processes are
introduced in Section 1.3. These are essentially stochastic processes with stationary
and independent increments. Each random variable within the process is infinitely
divisible, and hence its distribution is determined by the Lévy—Khintchine formula.
Important examples are Brownian motion, Poisson and compound Poisson processes,
stable processes and subordinators. Section 1.4 clarifies the relationship between
Lévy processes, infinite divisibility and weakly continuous convolution semigroups
of probability measures. Finally, in Section 1.5, we briefly survey recurrence and tran-
sience, Wiener—Hopf factorisation, local times for Lévy processes, regular variation and

subexponentiality.

1.1 Review of measure and probability

The aim of this section is to give a brief resumé of key notions of measure theory
and probability that will be used extensively throughout the book and to fix some
notation and terminology once and for all. I emphasise that reading this section
is no substitute for a systematic study of the fundamentals from books, such as
Billingsley [48], 1t6 [177], Ash and Doléans-Dade [17], Rosenthal [311], Dudley
[98] or, for measure theory without probability, Cohn [80]. Knowledgeable
readers are encouraged to skip this section altogether or to use it as a quick
reference when the need arises.
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2 Lévy processes

1.1.1 Measure and probability spaces

Let S be a non-empty set and F a collection of subsets of S. We call F a
o-algebra if the following hold:

(1) SeF.
2) Ae F= A F.
(3) If (A,,n e N) is a sequence of subsets in F then U:il ApeF.

The pair (S, F) is called a measurable space. A measure on (S,F) is a
mapping u : F — [0, oo] that satisfies

(D n®) =0,
2)

u(Umoziymm
n=1 n=1

for every sequence (A,, n € N) of mutually disjoint sets in F.

The triple (S, F, u) is called a measure space.

The quantity @ (S) is called the fotal mass of w and p is said to be finite if
n(S) < oco. More generally, a measure u is o-finite if we can find a sequence
(Ap,neN)in F such that § = U;’;l Ay and each w(A,) < oo.

For the purposes of this book, there will be two cases of interest. The first
comprises

e Borel measures The Borel o-algebra of R? is the smallest o-algebra of
subsets of R that contains all the open sets. We denote it by B(RY). If
S € B(R?) we define its Borel o -algebra to be

B(S) = {ENS;E € BRY).

Equivalently, B(S) is the smallest o-algebra of subsets of S that contains
every open set in S when S is equipped with the relative topology induced
from R?, so that U C S is openin S if U NS is open in R4, Elements of B(S)
are called Borel sets and any measure on (S, B(S)) is called a Borel measure.

One of the best known examples of a Borel measure is given by the Lebesgue
measureonS = R?. This takes the following explicit form on sets in the shape of
boxes A = (ay, by) X (ap, b)) X -+ - X (ag, by) where each —oc0 < a; < b; < 00:

d
u(A) = [ @i —ap.
i=1

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9780521738651
http://www.cambridge.org/9780521738651
http://www.cambridge.org/9780521738651

Cambridge University Press

978-0-521-73865-1 - Lévy Processes and Stochastic Calculus: Second Edition
David Applebaum

Excerpt

More information

1.1 Review of measure and probability 3

Lebesgue measure is clearly o-finite but not finite.

Of course, Borel measures make sense in arbitrary topological spaces, but
we will not have need of this degree of generality here.

The second case comprises

¢ Probability measures Here we usually write S = €2 and take €2 to represent
the set of outcomes of some random experiment. Elements of F are called
events and any measure on (€2, F) of total mass 1 is called a probability
measure and denoted P. The triple (2, F, P) is then called a probability
space.

Occasionally we will also need counting measures, which are those that take
values in N U {0}.

A proposition p about the elements of S is said to hold almost every-
where (usually shortened to a.e.) with respect to a measure u if N =
{s €S;p(s)is false} € F and u(N) = 0. In the case of probability measures,
we use the terminology ‘almost surely’ (shortened to a.s.) instead of ‘almost
everywhere’, or alternatively ‘with probability 1°. Similarly, we say that ‘almost
all’ the elements of a set A have a certain property if the subset of A for which
the property fails has measure zero.

Continuity of measures Let (A(n),n € N) be a sequence of sets in F with
A(n) € A(n+1) foreach n € N. We then write A(n) 1 A where A = U,fil A(n),
and we have

n@A) = lim p(A(m).

When p is a probability measure, this is usually called continuity of probability.

Let G be a group whose members act as measurable transformations of
(S,F),sothat g:S — S foreach geG and gAe F forall Ac F, gegG,
where gA = {ga, a € A}. We say that a measure u on (S, F) is G-invariant if

n(gA) = u(A)

foreachge G,Ae F.

A (finite) measurable partition of a set A€ F is a family of sets
B1,Bs,...,B, € F for which B; N B; = ¥ whenever i # j and Ul'-’:l B; = A.
We use the term Borel partition when F is a Borel o -algebra.

We say that a o -algebra G is a sub-o-algebra of Fif G C F,ie.AC G =
A C F.If{G;,i €1} isa(not necessarily countable) family of sub-o -algebras of
F then (), c; Gi is the largest sub-o -algebra contained in each G; and \/; .; G;
denotes the smallest sub-o-algebra that contains each G;.
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4 Lévy processes

If P is a probability measure and A, B € F, it is sometimes notationally
convenient to write P(A,B) = P(AN B).

Completion of a measure Let (S, F, i) be a measure space. Define
N ={A C S;3IN e F with u(N) =0and A C N}

and

F={AUB;AeF,BeN}.

Then F is a o-algebra and the completion of the measure u on (S, F) is the
measure & on (S , F) defined by

HAUB) = u(A), AeF, BelN.
In particular, B(S) is called the o -algebra of Lebesgue measurable sets in S.

m-systems and d-systems Let C be an arbitrary collection of subsets of S. We
denote the smallest o -algebra containing C by o (C), so o (C) is the intersection
of all the o-algebras which contain C.

Sometimes we have to deal with collections of sets which do not form a
o -algebra but which still have enough structure to be useful. To this end we
introduce - and d-systems. A collection H of subsets of S is called a 7w -system
ifANBeHforall A,BeH.

A collection D of subsets of S is called a d-system if

i) SeD,

(i) If A, B €D with B C A then the set theoretic difference A — B€ D,

(i1) If (A,,n e N) is a sequence of subsets wherein A, € D and A,, C A+ for
eachneN, then |, . yAn€D.

If C is an arbitrary collection of subsets of S then we denote the smallest
d-system containing C by d(C), so d(C) is the intersection of all the d-systems
which contain C.

The key result that we will need about m-systems and d-systems is the
following.

Lemma 1.1.1 (Dynkin’s lemma) If H is a w-system then d(H) = o (H).

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9780521738651
http://www.cambridge.org/9780521738651
http://www.cambridge.org/9780521738651

Cambridge University Press

978-0-521-73865-1 - Lévy Processes and Stochastic Calculus: Second Edition
David Applebaum

Excerpt

More information

1.1 Review of measure and probability 5

1.1.2 Random variables, integration and expectation

Fori = 1,2, let (S;, F;) be measurable spaces. A mapping f : S1 — S> is said
to be (F1, Fr)-measurable if f~1(A) € F for all A€ F. If each §; € R,
S» C R™and F; = B(S;), f is said to be Borel measurable. In the case d = 1,
we sometimes find it useful to write each Borel measurable f as f* — f~
where, for each x € S, f T (x) = max{f (x),0} and f ~(x) = —min{f (x),0}. If
f = (fi.fo,....f1) is a measurable mapping from S; to R?, we write f+ =
b D andf T = (7 f ).

In what follows, whenever we speak of measurable mappings taking values
in a subset of R?, we always take it for granted that the latter is equipped with
its Borel o -algebra.

When we are given a probability space (€2, F, P) then measurable mappings
from Q into R? are called random variables. Random variables are usually
denoted X, Y, .... Their values should be thought of as the results of quanti-
tative observations on the set 2. Note that if X is a random variable then so
is f(X) = f o X, where f is a Borel measurable mapping from R? to R™. A
measurable mapping Z = X + iY from € into C (equipped with the natural
Borel structure inherited from R?) is called a complex random variable. Note
that Z is measurable if and only if both X and Y are measurable.

If X is a random variable, its law (or distribution) is the Borel probability
measure px on R? defined by

px =PoX L

We say that X is symmetric if px (A) = px (—A) forall A € B(Rd).
Two random variables X and Y that have the same probability law are said to

be identically distributed, and we sometimes denote this as X 4 Y. For a one-
dimensional random variable X , its distribution function is the right-continuous
increasing function defined by Fy (x) = px ((—o0, x]) for each x € R.

If W = (X, Y) is arandom variable taking values in R*¢, the probability law
of W is sometimes called the joint distribution of X and Y. The quantities py and
py are then called the marginal distributions of W, where px (A) = pw (A, R%)
and py (A) = pw (R%, A) for each A € B(R?).

Suppose that we are given a collection of random variables (X;,i€) in a
fixed probability space; then we denote by o (X;,i € I) the smallest o -algebra
contained in F with respect to which all the X; are measurable. When there
is only a single random variable X in the collection, we denote this o-algebra
as o (X).
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6 Lévy processes

The Doob—Dynkin lemma states that a random variable Y is measurable with
respect to o (X1, ...,X,) if and only if there is a Borel measurable function
g ‘R — R4 guch that Y = g(X1,....Xn).

Let S be a Borel subset of R? that is locally compact in the relative topology.
We denote as By (S) the linear space of all bounded Borel measurable func-
tions from S to RBanach space) with respect to ||f|| = sup, ¢ |f (x)| for each
f €Bp(S). Let Cy(S) be the subspace of By (S) comprising continuous func-
tions, Co(S) be the subspace comprising continuous functions that vanish at
infinity and C,(S) be the subspace comprising functions with compact support,
so that

Ce(§) € Co(S) S Cu(S).

Cp(S) and Cp(S) are both Banach spaces under || - || and C.(S) is norm
dense in Cy(S). When § is compact, all three spaces coincide. For each n € N,
(O (R?) is the space of all f € Gy, (R?) N C™*(R?) such that all the partial deriva-
tives of f, of order up to and including n, are in Gy (R%). We further define
Cgo(Rd) =\, eN Cg‘(Rd). We define Cg(]Rd) and C(’)‘(Rd) analogously, for
each1l <n < oc.

Let (S, F) be a measurable space. A measurable function, ' :S — RY, is
said to be simple if

n
f= Z CjXaj
j=1
forsomen € N, where ¢; € R4 andA; € Fforl <j < n.Wecall x, the indicator
function, defined for any A € F by

xa(x) =1 whenever x €A; Xa(x) =0 wheneverx ¢ A.

Let 3 (S) denote the linear space of all simple functions on S and let i be a
measure on (S, F). The integral with respect to u is the linear mapping from
(S) into R? defined by

L(f) = cju(4)
j=1

for each f € X(S). The integral is extended to measurable functions f =
(f1,.f2, - - - .f4), where each f; > 0, by the prescription for 1 <i <d

I(f) =sup{l,(g), & =1(g1,--.,84) €X(S), & =fi}
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1.1 Review of measure and probability 7

and to arbitrary measurable functions f by
I;L (f) = IM (f+) - I/,L (f_)

We write 1, (f) = [f (x)(dx) or, alternatively, 1,,(f) = [fd . Note that at this
stage there is no guarantee that any of the /,,(f;) is finite.

We say that f is integrable if |1,L(f+)| < ooand [I,,(f )| < oo. For arbitrary
A € F, we define

fAf(X)M(dX) =1, (f xa)-

It is worth pointing out that the key estimate

‘/f(X)M(dX) Sflf(x)W(dx)
A A

holds in this vector-valued framework (see e.g. Cohn [80], pp. 352-3).

In the case where we have a probability space (€2, F, P), the linear mapping
Ip is called the expectation and written simply as E so, for a random variable
X and Borel measurable mapping f : RY — R”, we have

E(f (X)) = /Q FX (@)P(dw) = /R Fepx @),

if f o X is integrable. If A € F, we sometimes write E(X;A) = E(X x4).
In the case d = m = 1 we have Jensen’s inequality,

FEX)) = Ef X)),

whenever f : R — R is a convex function and X and f (X) are both integrable.

The mean of X is the vector E(X) (when it exists) and this is sometimes
denoted p (if there is no measure called p already in the vicinity) or uy, if we
want to emphasise the underlying random variable. If X = (X1,X>,...,Xy)
and Y = (Y1,Ys,...,Y,) are two random variables then the d x d matrix with
(i, )thentry E[(X; — pux,)(Y; — puy;)] is called the covariance of X and Y (when
it exists) and denoted Cov(X,Y). In the case X = Y and d = 1, we write
Var(X) = Cov(X, Y) and call this quantity the variance of X . It is sometimes
denoted o2 or 0}%. When d = 1 the quantity E(X"), where n €N, is called
the nth moment of X, when it exists. X is said to have moments to all orders
if E(JX|") < oo, for all n € N. A sufficient condition for this is that X has an
exponential moment, i.e. E(e*X ) < oo for some o > 0.
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8 Lévy processes

For an arbitrary R?-valued random variable X, we can easily verify the
following for all p > O:

* E(JX|P) < oo if and only if E(|X;|P) < oo, forall 1 <j <d.
o IfE(IX|P) < ocothen E(JX|7) < oo, forall 0 < g < p.

The Chebyshev—Markov inequality for a random variable X is

E(X —aul™

POX —apl = €) = ——

where C > 0, ¢ € R, n € N. The commonest forms of this are the Chebyshev
inequality (n = 2, o = 1) and the Markov inequality (n = 1, @ = 0).

We return to a general measure space (S, F, i) and list some key theorems
for establishing the integrability of functions from S to R?. For the first two of
these we require d = 1.

Theorem 1.1.2 (Monotone convergence theorem) If (f,,,n € N) is a sequence
of non-negative measurable functions on S that is (a.e.) monotone increasing
and converging pointwise to f (a.e.), then

Jim fsfn(X)M(dX) = /Sf(x)u(dx)-

From this we easily deduce the following corollary.

Corollary 1.1.3 (Fatou’s lemma) If (f,,n € N) is a sequence of non-negative
measurable functions on S, then

lim inf /fn(x)u(dx) > /lim inf f, (x) u(dx),

which is itself then applied to establish the following theorem.

Theorem 1.1.4 (Lebesgue’s dominated convergence theorem) If (f,,,n € N)
is a sequence of measurable functions from S to R converging pointwise to f
(a.e.) and g > 0 is an integrable function such that |f,,(x)| < g(x) (a.e.) for all
neN, then

Tim_ /S Frm(dx) = /S F@ ).

We close this section by recalling function spaces of integrable mappings. Let
1 < p < oo and denote by L7 (S, F, u; Rd) the Banach space of all equivalence
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1.1 Review of measure and probability 9

classes of mappings f : S — R¢ which agree a.e. (with respect to ) and for
which |[f], < oo, where || - ||, denotes the norm

1/p
1l = [fs lf(X)I”M(dx)} .

In particular, when p = 2 we obtain a Hilbert space with respect to the inner
product

f.g) = fs(f(X),g(X))u(dx),

foreachf,g € L*(S, F, u; RY).If (f, g) = 0, we say thatf and g are orthogonal.
Alinear subspace V of I? S, F, u; Rd) is called a closed subspace if it is closed
with respect to the topology induced by || - ||, i.e. if (f,;; n € N) is a sequence
in V that converges to f in LZ(S, F,u; Rd) thenf e V.

When there can be no room for doubt, we will use the notation LP(S) or
LP(S, ) for LP(S, F, u; RY).

Holder’s inequality is extremely useful. Let p, g > 1 be such that

Let f €LP(S) and g€ L9(S) and define (f,g):S — R by (f,g)x)
(f (x), g(x)) forall x € S. Then (f, g) € L' (S) and we have

NG M = 1 11pl1gl g

When p = 2, this is called the Cauchy—Schwarz inequality.

Another useful fact is that for each 1 < p < oo if we define XP(S) =
2 (S) N LP(S), then XP(S) is dense in LP(S), i.e. given any f € LP(S) we can
find a sequence (f, n € N) in X7 (S) such that lim,, o ||[f — fullp = 0.

The space LP (S, F, ) is said to be separable if ithas a countable dense subset.
A sufficient condition for this is that the o -algebra F is countably generated, i.e.
there exists a countable set C such that F is the smallest o -algebra containing
C.If S € B(R?) then B(S) is countably generated.

1.1.3 Conditional expectation

Let (S, F, u) be an arbitrary measure space. A measure v on (S, F) is said to be
absolutely continuous with respect to pw if A€ F and u(A) =0 = v(4) = 0.
We then write v <« . Two measures u and v are said to be equivalent if they
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10 Lévy processes

are mutually absolutely continuous. The key result on absolutely continuous
measures is

Theorem 1.1.5 (Radon-Nikodym) If i is o -finite and v is finite with v < pu,
then there exists a measurable function g : S — R such that, for each A € F,

v(A) Z/Ag(X)M(dX)-

The function g is unique up to [L-almost-everywhere equality.

The functions g appearing in this theorem are sometimes denoted dv/d u and
called (versions of ) the Radon—Nikodym derivative of v with respect to . For
example, if X is a random variable with law py that is absolutely continuous
with respect to Lebesgue measure on RY, we usually write fy = dpx /dx and
call fx a probability density function (or sometimes a density or a pdf for short).

Now let (€2, F, P) be a probability space and G be a sub-o-algebra of F.
Let X be an R-valued random variable with E(|X|) < oo, and for now assume
that X > 0. We define a finite measure Qx on (£2,G) by the prescription
Ox (A) = E(X x4) for A € G; then Oy < P, and we write

d
E(XIG) = T

We call E(X|G) the conditional expectation of X with respect to G. It is a
random variable on (£2, G, P) and is uniquely defined up to sets of P-measure
zero. For arbitrary real-valued X with E(|X|) < oo, we define

EX|G) =EXT|G) —EX19).
When X = (X1, X>,...,Xy) takes values in RY with E(X|) < oo, we define
EX9) = (E(X119), E(X219), ..., E(X419)).

We sometimes write Eg(-) = E(-|G).
We now list a number of key properties of the conditional expectation:

* E(EX19)) = E(X).
o [EXIG)| < E(X]|G) as.
e If Y is a G-measurable random variable and E(|(X, Y)|) < oo then

E(X,V)I9) = (EX1G).Y) as.
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