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means spectrum, 305

B(·, ·),B·(·) disc, 14, 48

B Bloch space, 229

B0 little Bloch space, 258

||g||B Bloch norm, 229

BMO bounded mean oscillation, 34

BMO(M) bounded mean oscillation, 478

C complex plane

C³, Ck+³ Lipschitz class, 52,55,62

C
7 extended plane,

cU central point, 350

Cap(E) logarithmic capacity

of a compact set, 74–75

of a Borel set, 85

Cl( f, · ) cluster set, 469

"� boundary of �,

·D(z1, z2) pseudohyperbolic metric, 23

D unit disc, 5

d�(E, F) extremal distance, 130
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d7
�

(E, F) conjugate extremal distance, 131

d(z) distance from z to the

boundary, 350

dn(E) diameter of order n, 466

d>(E) transfinite diameter, 467

·(z0, E) reduced extremal distance, 162

diam diameter

dim(E) Hausdorff dimension, 457

dim Ë dimension of harmonic
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dist(A, B) euclidean distance, 17

dist�(z1, z2) euclidean distance in �, 165

ds arc length, 129
|dz|

12|z|2
hyperbolic metric, 16

D(u) Dirichlet norm, 447

D(u, v) Dirichlet inner product, 447

� Laplacian

E7 circular projection, 86

E( f |N ) conditional expectation, 470

F fundamental domain, 345

normal, 417

G Fuchsian group, 417

³ (E) Robin’s constant, 74–75

³G (E) Green capacity, 111

�³(· ) cone, 6

�h
³(· ) truncated cone in D, 203

�·
³
(·, ») truncated cone in C, 173

�³(·, U ) cone relative to U , 350

g�(z, w) Green’s function with pole at w

on a finitely connected

domain, 41

on an arbitrary domain, 75

G the set where a conformal map

has non-zero angular

derivative, 207
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G¿(z) Green potential on H, 108

on D, 111

h(r) measure function, 456

H upper half-plane, 1

H> bounded analytic functions, 435

H p Hardy space, 435

H p(U ) Hardy space on domain U , 349

I (¿) energy integral, 79

Im imaginary part

K = K (�) set of cone points, 208

K 7 growth rate of number of
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�(Q) length of the base of Q, 31

»�(�) extremal length, 130

»�(�)21 module, 133

»(z0, E) 146

�2(E) two-dimensional Hausdorff

measure, 456

�h(E) h-Hausdorff measure, 457

�³(E) ³-dimensional Hausdorff

measure, 457

| · | length or absolute value

� f �C³ Lipschitz norm, 52

M f (· ) Hardy–Littlewood maximal

function, 9

M Ã -algebra, 470

M group of self maps of D, 16

m(») distribution function, 438

mod(�) module of a ring domain, 151

M(G) reduced modulus, 168

mh(E) dyadic Hausdorff content, 458

Mh(E) Hausdorff content, 456

¿E equilibrium distribution,

on C1+³ Jordan curves, 78

on a compact set, 83

' gradient

'2 2nd order gradient, 56

·�(z» , t) 385

|| · || norm

n unit outer normal, 43

N (�, ·, Ã) number of bad discs, 281

Ë(z, E, H) harmonic measure in

half-plane, 2–4
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Ë(z, E, �) harmonic measure,

in a Jordan domain, 13

in a finitely connected

Jordan domain, 39

in an arbitrary domain, 90

Ë f (·) modulus of continuity, 70
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�d doubled Riemann surface, 445

(�, E, F) triple, 484

P f Perron solution to the Dirichlet

problem, 73

Pz(t) Poisson kernel for H, 4

Pz(») Poisson kernel for D, 5

Pz(· ) Poisson kernel for

z * � at · * "�, 45

P7
z (») smallest even decreasing

majorant of Pz(»), 9

Pj (�u) period of �u, 443

�(³) universal dimension spectra, 341

PV
�

principal value integral, 488

Q box, 31

Q�(w1, w2) quasihyperbolic distance, 20

R real numbers, 1

Re real part

Ã(z1, z2) hyperbolic distance in D, 16

Ã�(w1, w2) hyperbolic distance in �, 20

Ã metric, 130

Ã-length Ã-length, 130

S(z, w) spherical distance, 258

Sn( f ) square function, 506

S×(z) Schwarzian derivative, 380

� end of the proof

S standard strip, 176

supp¿ closed support of ¿, 96

T (Q) top half of Q, 107

»(x) 148

Tn(�) tangent points of �, 211

�u conjugate function or harmonic

conjugate of u, 50

u7
³(· ) nontangential maximal

function, 7

u f solution to the Dirichlet problem

on H, 3 (Poisson integral, 4)

on D, 7 (Poisson integral, 5)

on a Jordan domain, 13

on a finitely connected

Jordan domain, 38

U¿(z) logarithmic potential, 77

VMO vanishing mean oscillation, 268

VMOA analytic and vanishing mean

oscillation, 268

(X,M, P) probability space, 470

(W,M, P) Brownian motion, 477

Z7 Zygmund class, 56

� f �Z7 Zygmund norm, 56

Zn exponential transform, 508

' empty set
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and nontangential limit, 206

Ahlfors condition, 234, 244, 245

Ahlfors regular, 246, 376, 421–423, 425

and BMO domains, 254, 267

and Hayman–Wu theorem, 421

and Jones square sums, 429

John domain, See Smirnov domain

quasicircle, See chord-arc curve

Ahlfors’ theorem on quasidiscs, 382

Ahlfors–Beurling theorem, 163, 193, 495

A>-condition, See A>-equivalent

A>-equivalent, 246, 247, 265, 525, 527

and reverse Hölder condition, 247

harmonic measure and arc length, 249–253

to arc length, 246, 254

A>-weight, 247, 255, 260, 266, 267, 523

almost everywhere equivalent, 208, 357, 360,

412

alternating method, Schwarz, See Schwarz

alternating method

analytic arc, 42, 44, 447, 486, 487, 489, 513

analytic Jordan curve, 42, 166

and conformal maps, 70

and finitely connected domain, 42, 43, 68

angular derivative, xiii, xiv, 157, 175, 550, 552

almost everywhere, 256, 347, 398, 399, 414,

497

and cones, 200

and conformality, 175, 207, 225

and extremal distance, 180

and geometric conditions, 185, 197, 198

and
�

dx
»(x)

, 184

and nontangential limit of derivative, 175

and rectifiable curves, 202, 203

and snowflake, 212

and vertical limit, 176

non-zero, 173, 180, 207, 219, 220, 238, 239

nonexistence, 239

positive, 180, 181, 183, 184

problem, 194, 536, 537, 540, 551

angular derivative at +>, 185, 186, 187, 192,

193

and geometric condition, 186

annulus construction, 337, 338

annulus example, 132, 179, 488, 490

annulus, slit, See slit annulus

A p-weight, xiv, 247, 252–254, 266

and reverse Hölder condition, 247

area, 130, 191, 559

area function, xiv, 347, 348, 351, 418, 426, 559

and H p , 400

and Brownian motion, 532

and Hardy space, 348, 521

and nontangential limits, 357, 521, 533, 541

and second derivative, 361

and the nontangential maximal function, 523

area theorem, 19, 169, 382, 548

argument principle, extended, 488, 491

asymptotic value, 157, 158

and growth, 158

asymptotically conformal, 258

asymptotically smooth, 268

B, See Bloch space

B0, See little Bloch space

bad box, 401, 404
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bad discs, number of, 281, 282, 284, 285

bad square, 394, 397

Baernstein’s example, 25, 269, 302

Balogh–Bonk theorem, 157, 166, 193

barrier, 94

strong, See strong barrier

base, 31, 32, 34, 377, 408, 560

basin of attraction, 114, 512, 513, 534, 549

³ numbers, 290, 290–306, 313

and Brennan’s conjecture, 293

and number of bad discs, 292, 293

and second derivative, 291

and universal integral means spectrum, 292

Beurling metric, 160, 187

Beurling shove theorem, 123, 534, 538, 549

Beurling’s criterion for extremal metrics, 152

Beurling’s projection theorem, 105, 108, 281,

416, 534

and compression, 213

and harmonic measure of a ball, 107, 118

Beurling’s theorem on regular points, 100

Beurling–Ahlfors condition, 243, 244

bilipschitz, 255, 256, 259, 261, 314

Bishop–Jones H
1
2 2· theorem, 347, 397

Bishop–Jones, theorems of, xiii, 385, 392, 394

Bloch function, 229, 257, 344, 432, 544, 548

and BMO, 253

and boundary behavior, 230, 550

and gap series, 230, 232, 269

and nontangential limits, 231

and normality, 230, 532

and quasicircles, 235

and the law of the iterated logarithm, 269,

270, 503, 505, 549

and univalence, xiv, 232–241, 532, 548

Lipschitz in hyperbolic metric, 230

Bloch martingale, 504, 505, 506, 511

and bounded jumps, 504

Bloch norm, 229, 512, 559

Bloch space, 229, 559

BMO, See bounded mean oscillation

BMO domain, 254, 253–257, 267, 347, 410

and Carleson measures, 410

and chord-arc domain, 255, 410

and H>(�), 530

boundary Harnack inequality, 28, 553

boundary smoothness, 49, 59–65

boundary value problems, mixed, See mixed

Dirichlet–Neumann problem

bounded mean oscillation, 34, 479, 480, 532,

537, 542–544, 559

and A>, 254, 267

and Carleson measures, 354

dyadic, 478, 479

bounded universal integral means spectrum,

305, 310, 342, 559

box, Carleson, See Carleson box

Brennan’s conjecture, xiii, xiv, 269, 286, 313,

533–535, 537, 548

and Carleson–Jones’ conjecture, 306

and integral means spectrum, 286, 306, 342

and known p, 305, 518, 520

and Kraetzer’s conjecture, 306

and number of bad discs, 288, 293

and polygonal trees, 293

and quasiconformal maps, 314, 512, 535

and the Hayman–Wu theorem, 302

and universal integral means spectrum, 287

for close-to-convex functions, 309

for starlike functions, 309

Brownian motion, 425, 477, 532, 534–536,

544, 548, 553

and angular derivatives, 194

and harmonic measure, 475, 477

and martingales, 476

and the Dirichlet problem, 73, 477

and the Hayman–Wu theorem, 433, 434

Brownian path, 433, 476, 477, 543, 559

Calderón’s theorem, 348, 351, 523, 551

C³, 0 < ³ < 1, 52, 559

and Poisson integral, 53

Ck+³ curve, 62, 65

Ck+³ function, 55, 62, 65, 559

and distance to the boundary, 70

and scale of spaces, 57, 66

Cantor set, 87, 88, 212, 315, 427, 462, 463

and dim Ë, 316

and capacity, 88, 100

and harmonic measure, xiii, 533, 537, 545,

552

and Hausdorff dimension, 316, 462, 464

and regular points, 100

and regularity, 100

conformal, 342

square, 315, 341–343, 465, 466

capacity

and circular projection, 86

and contractions, 86

and estimate of harmonic measure, 104

and extremal distance, 494, 497

and harmonic measure, 73, 78
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and Hausdorff content, 461

and Hausdorff measure, 460, 461, 466

and length, 76, 166

and logarithmic potential, 78

and reduced extremal distance, 163

and regular points, 97, 98

and Robin’s constant, 74

and subadditivity, 101, 116

and transfinite diameter, 466, 467

and uniformly perfect sets, 119, 343

and Wiener series, 97

Green, See Green capacity

logarithmic, 559

of a Borel set, 85

of a compact set, 75, 163

of a disc, 74, 337

of a union of Jordan curves, 74

of an interval, 76

of set of irregular points, 97

zero, See polar set

Carathéodory’s theorem, 1, 13, 29, 39, 43,

178, 200, 201

and the Dirichlet problem, 13, 51, 66

Carleman’s differential inequality, 481, 482,

536

Carleman’s estimate, 150, 480, 497

Carleman’s method, 193, 480–484

Carleson box, 560

dyadic, See dyadic box

on D, 31, 32, 33, 249, 412, 416

on H, 32, 377

Carleson measure

and BMO, 480

and BMO domain, 410, 411

on D, 31, 32, 33, 354, 355, 440

on H, 32, 107

Carleson, conjecture of, 220

Carleson, lemma of, 277

Carleson, theorems of, xiii, 315, 324, 341

Carleson–Makarov, theorems of, xiii, xiv, 269,

282, 292, 293

central point, 350, 559

chord-arc curve, 246, 374, 414, 537

and L2 estimates, 536

and A>, 246–253, 260

and Calderón’s theorem, 351, 520, 521

and F. and M. Riesz theorem, 416

and harmonic measure, 246, 251, 253

and H>(�), 530

and Lipschitz curve, 246

and Lipschitz decomposition, 373

and quasicircle, 251, 253

and quasiconformal mapping, 551

and quasidisc, 261

and Smirnov domain, 251, 252

and the Cauchy integral, 551

first appearance, 257

chord-arc domain, 254, 520

and BMO domain, 255, 257, 410

circuit, 428

and electrical resistance, 138

circular projection, 86, 559

and capacity, 89

and harmonic measure, 105, 108

and Hayman–Wu theorem, 24

close-to-convex, 309

cluster set, 469, 559

completely invariant, 114

compress, 187, 212, 213, 214, 305

conditional expectation, 470, 471, 559

cone

and angular derivative, 200

and chord-arc domain, 406, 521

and Hayman–Wu theorem, 36

and Lindelöf’s theorem, 67

and tangent, 175

and tents, 215

in D, 6, 7, 8, 50, 559

in �, 47, 48, 71

truncated, See truncated cone

cone domain, 204

and Calderón’s theorem, 348

special, See special cone domain

cone domain construction, 200, 204, 205, 359

and angular derivative, 413, 414

and Bishop–Jones theorem, 398

and BMO domain, 256

and local F. and M. Riesz theorem, 418, 426

cone point, 207, 412, 497

and harmonic measure, 227

and tangent, 208

preimage, 497

set of, 208, 217, 220, 262, 398, 417

two-sided, 372

cone relative to U , 350, 559

conformal at a boundary point, 174, 175, 176,

207, 536

and geometric condition, 177

and inner tangents, 177

of D, 203, 204, 207, 211, 225, 239

of H, 177, 178, 180

conformal Cantor set, 342
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conjugate extremal distance, 131, 139, 559

a metric for, 159

and equipotential lines, 138

and harmonic measure, 159

and QED domain, 260

and reciprocal of extremal distance, 140,

150, 485

and sum of heights of rectangles, 491–493

and the parallel rule, 137

for a rectangle, 132, 139

for an annulus, 133, 142

lower bound for, 187

conjugate function, 37, 50, 50–59, 439, 541,

543, 560, see also harmonic conjugate

and BMO, 480

and conformal map, 60

and exponential integrability, 51

and Herglotz integral, 64

and no angular derivative, 207

and smoothness, 53

and Zygmund class, 57

and Zygmund’s theorem, 441

single valued, 442, 443

continuous tangent, 60, 61, 62, 71

covering lemma, 11

covering lemma, Vitali, See Vitali covering

lemma

critical level lines, 487, 492

critical point

of Green’s function, 113, 325, 327, 329, 335,

336, 341, 544

of harmonic measure, 71, 486, 486–493,

495, 497

crosscut, 29, 161, 223, 262

and parallel rule, 137

and serial rule, 136

vertical, 179, 183

cubes, 325, 326, 327, 329

curve, 129, 131, 135, 139

d-adic subintervals, 514

dandelion, 296, 297, 300, 302, 303

decomposition into Lipschitz domains, 373,

378

Denjoy problem

Ahlfors’ solution, 157, 193

Beurling’s solution, 193, 194

Carleman’s solution, 193

diameter of order n, 466, 559

dichotomy theorem, 512

dilatation, 241, 249, 251, 521, 523

dimension, See Hausdorff dimension

Dini continuous, 70, 71

Dirichlet inner product, 447, 559

Dirichlet integral, 447, 450, 537, 546

of harmonic measure, 481, 482, 491, 492

Dirichlet norm, 447, 449, 450, 454, 496, 559

Dirichlet principle, 66, 448, 449, 450, 452,

455, 537

and extremal distance, 485

Dirichlet problem, 3, 37, 73, 441, 446

and Brownian motion, 73, 477

and Carathéodory’s theorem, 13

and mixed boundary problems, 445

and Perron solution, xiv, 73, 560

numerical solution, 66

on a doubled Riemann surface, 446

on a Jordan domain, 13

solution, 448, 453, 454, 533, 560

solution and Green’s function, 92

solution on D, 5, 7, 452

solution on H, 3

solution on a doubled Riemann surface, 142,

446

solution on a finitely connected Jordan

domain, 37, 40, 41, 66

solution on a Jordan domain, 38, 59, 64, 442

Wiener solution, xiv, 89, 89–97, 117, 476,

552

disc construction, 336, 337, 338

distortion theorem, 22, 386, 392, 500

and bad discs, 288, 301, 302

and Brennan’s conjecture, 286

and growth of univalent functions, 35

and integral means spectrum, 286, 519

distribution function, 438, 560

doubled Riemann surface, 150, 445, 495, 560

and extremal distance, 142, 484, 486

and harmonic measure, 455, 490

and mixed boundary value problems, 441,

446

and reduced extremal distance, 496

doubling measure, 244, 245, 261, 265

and A>-equivalence, 246, 247, 265

dyadic BMO, See bounded mean oscillation

dyadic box, 32, 107–111, 125, 373, 401–409,

458, see also dyadic square

in H, 431

dyadic Hausdorff content, 458, 560

dyadic interval, 265, 266, 478, 503, 505, 510,

511

dyadic martingale, 503, 504–506, 508, 510
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dyadic square, 336, 337, 458

and Frostman’s theorem, 459, 460

and Hausdorff content, 458

and Jones square sums, See Jones square

sums

energy integral, 73, 79, 82, 560

and polar sets, 85

and positive definite, 79

energy, finite, 79

equilibrium distribution, 91, 95, 96, 98, 99,

101, 103, 105, 109, 115–117, 195, 317,

333, 464, 468, 469, 560

and Cantor set, 88

and Green’s function, 85

and harmonic measure, 73, 78

and uniqueness, 83

on a finite union of smooth curves, 78

on a set of positive capacity, 83

equilibrium potential, 83, see also potential

Erdös-Gillis theorem, 461

euclidean distance, 17, 559

euclidean distance in �, 165

euclidean length, 129, 161

Evans function, 469, 470

and polar set, 112, 468

Evans’ theorem, 468, 476

expand, 187, 212, 213, 214

exponential transform, 508, 509, 560

extended argument principle, 488, 491

extension rule, 134, 135, 136, 151, 154, 162,

165, 171, 179, 182, 278, 298, 299

and electrical resistence, 138

extremal distance, 129, 130, 139, 140, 142,

150, 162, 164, 559

and angular derivative, 157, 180

and capacity, 494

and distance from a point to an arc, 145

and electrical resistance, 138

and harmonic measure, 129, 143, 146, 159

and quasiconformal maps, 243

and shortest curves, 486, 491

and slit annulus, 142, 299

and slit rectangle, 129, 140

examples of, 491, 492

for a rectangle, 131, 132

for an annulus, 132, 142

in a finitely connected domain, 484, 485,

491–493, 495

lower bounds for, 146, 189–191, 494

to a set on "D, 164

upper bounds for, 187

extremal distance domain, M-, 260, 540, 541,

553

extremal length, xiv, 130, 149, 560, see also

extremal distance and conjugate extremal

distance

and angular derivative, 180

and annulus example, 133

and ³ numbers, 289

and conformal invariance, 130, 132, 139, 150

and length–area method, 16

and moduli, 130

and path family, 135

and rectangle example, 131

and Teichmüller’s Modulsatz, 193

precursor, 128, 193

extremal metric, 130, 153, 543

and Beurling’s criterion, 152, 153

and critical points, 491

and Dirichlet principle, 485

and field lines, 138

and gradient, 147, 195, 485, 486, 491

and magnitude of electric field, 138

and modulus of derivative, 130, 132, 140,

142, 150

and nonexistence, 153

and slit annulus, 142

and slit rectangle, 139

and uniqueness, 133, 134, 153

for a rectangle, 132

for a ring domain, 133

for an annulus, 133

Fatou set, 114

Fatou’s theorem, 1, 6, 7, 8, 12, 13, 48, 204,

437, 473

and angular derivative, 202

finitely connected Jordan domain, 37, 37–72

free boundary, 450

Frostman’s theorem, 431, 458

fundamental domain, 345, 541, 559

normal, 417, 559

Gehring–Hayman theorem, 122, 166, 293

geodesic, hyperbolic, See hyperbolic geodesic

good », 524, 530

good box, 401

greedy algorithm, 367, 428, 429

Green capacity, 111, 123

Green energy, 111

Green potential, 105, 106, 123, 124, 317, 560
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and Hall’s lemma, 125

and Wiener series, 112, 117

on D, 111

on H, 108

Green’s function, 41, 46, 66, 75, 114, 117,

163, 317, 334, 339, 495, 548, 559

and capacity, 74

and conformal map to D, 41, 68

and equilibrium potential, 85

and harmonic measure, 37, 45, 65

and periods of harmonic conjugate, 69

and reduced extremal distance, 164

and regular points, 95

and Robin’s constant, 163

and symmetry, 43, 78

and the Neumann kernel, 447

and uniformly perfect sets, 345

and uniqueness, 78

on D, 105, 123

on H, 108

on a finitely connected domain, 41

on doubled Riemann surface, 495

on non-Jordan domains, 68

growth theorem, 22, 300

H>, H p, H p(U ), See Hardy space

Hall’s lemma, 108, 124, 125, 542

radial version, 125

Hardy identity, 270

Hardy space

H p , xiii, 35, 200, 427, 435, 436, 440,

537–539, 560

H p(U ), 240, 349, 521, 522, 544, 560

H>, 427, 435, 560

and area function, 347, 348, 521

and boundary values non-zero a.e., 436

and Carleson measures, 440

and derivative of conformal map, 71

and integrability of log | f |, 435

and nontangential limit, 435

and the nontangential maximal function,

436, 521

and univalent functions, 35, 309, 400

on a chord-arc domain, 521

Hardy–Littlewood maximal function, 8, 9, 25,

49, 438, 472, 537, 547

and nontangential maximal function, 9

weak-type L1 estimate, 11, 12, 49

Hardy–Littlewood maximal theorem, 271,

436, 438, 477

harmonic conjugate, 50, 56, 143, 163, 443, 484

and periods, 443

harmonic measure, 39, 90

absolute, 103

and A p-weight, 248

and arc length, 47, 65, 249, 250, 252, 253

and Cantor sets, See Cantor set

and capacity, 78, 104

and chord-arc curves, 246

and circular projection, 105

and cone points, 227

and extremal distance, 129, 143, 146, 159

and Hausdorff dimension, 214, 315, 316,

324, 332, 341–343, 346, 535, 544, 549

and Hausdorff measure, 538, 546, 549, 550,

553

and �1, xiv, 201, 202, 208, 212, 217, 218,

221, 416, 512

and �2, 119

and �³ , xiii, 213, 214, 305, 341

and �h , 213, 272, 273, 275, 343, 512

and logarithmic potential, 78

and radial projection, 125

critical points, 71

for a Jordan domain, 13

lower bounds for, 104, 105, 108, 118, 119,

123–125, 127, 143, 145, 151, 154, 155,

159–161, 164

of a small set, 91

of irregular points, 97

of set of accessible points, 206

on D, 5

on H, 2, 4

upper bounds for, 104, 106, 108, 123, 143,

145, 146, 148, 149, 151, 154, 155, 161,

164, 222, 224, 281, 480, 483, 484, 493

Harnack’s inequality, 27, 40, 90, 318–321,

328, 331, 406, 407, 424, 482

boundary, 28, 553

on H, 5

Harnack’s principle, 27, 39, 40, 75

Hausdorff content, 340, 456, 457, 560

and capacity, 461

Hausdorff dimension, 206, 457, 458, 534, 535,

542, 559

Hausdorff measure, ³-dimensional, 315, 316,

457, 560

Hausdorff measure, h-, xiii, xiv, 269, 272, 457,

560

Hausdorff measure, two-dimensional, 456, 560

Hayman–Wu theorem, 1, 23, 124, 532

and L p version, 269, 302
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and Ahlfors regular sets, 347, 421

and best constant, 36, 222, 553

Herglotz integral, 52, 56, 57, 64, 154

and smoothness, 55

hyperbolic distance, 20, 21, 257, 397, 560

in D, 16, 230, 405, 407

in a plane domain, 344

hyperbolic geodesic, 17, 264, 280

in D, 17, 230, 276, 293, 404, 405, 407

hyperbolic metric, 1, 559

and Lipschitz functions, 30

and the universal cover, 344

on D, 16, 230, 314, 512

inner normal, 173, 174

vertical, 174, 176–178, 180, 184, 185, 196

inner tangent, 173, 174–178, 180, 184, 185,

196, 203, 208, 211, 212, 225

and conformality, 175, 177

and tangent, 203

for snowflake, 239

integral means spectrum, 286, 306, 534, 542,

549, 559

bounded universal, 305, 310, 342, 559

for Koebe function, 286

universal, 286, 545, 559

upper bound for, 519�
dx

»(x)
, 129, 150, 160

and angular derivative, 184

and extremal distance, 148, 160, 161, 184,

185, 197

and harmonic measure, 148, 160, 161, 494

interior angle, 488, 489–491

irregular point, 93, 97, 476

iterated logarithm, law of, See law of the

iterated logarithm

Jenkins–Oikawa–Rodin–Warschawski

theorem, 180

Jerison–Kenig theorem, 347, 351, 521

John domain, 245, 262, 263–265, 540

Ahlfors regular, See Smirnov domain

and quasicircle, 263

John–Nirenberg theorem, 253, 254, 478, 479,

515

Jones square sums, xiv, 378–380, 419, 420,

427, 428, 430, 559

and Ahlfors regular, 429

and rectifiability, xiii, 347, 361–372

and rectifiable sets, 430

and Schwarzian derivative, 347, 384, 391,

392, 419

Jones–Wolff, theorems of, xiii, 315, 324, 332

Jordan domain, 13, 1–36

finitely connected, 37

Julia set, 114, 306, 341, 534, 546

Kakutani’s theorem, 73, 434, 475

Kellogg, theorems of, 50, 62, 66, 97, 476, 552

Koebe function, 18, 19, 23, 30, 36, 286, 313

Koebe one-quarter theorem, 18, 88, 264, 276,

326, 395

Koebe’s estimate, 19, 25, 252, 264, 288, 293,

296, 301

invariant form, 20

Kraetzer’s conjecture, 306

L-function, 272, 279

large box, 401

Lavrentiev curve, See chord-arc curve

Lavrentiev’s estimate, 213, 222, 250

Lavrentiev’s theorem, 249, 418

law of the iterated logarithm

converse of Makarov’s, 270

for harmonic functions, 533

for Kleinian groups, 535

for lacunary series, 552

for stationary processes, 550

Makarov’s, 214, 269, 505, 545, 546, 549

martingale, 505, 506, 507, 517

length–area principle, 16, 149, 156, 193, 490

level curve of �Ë, 487, 490, 495

Lévy’s theorem, 357, 506

Lindelöf’s maximum principle, 2, 27, 38, 102

Lipschitz class, 52, 559

and scale of spaces, 57, 66

Lipschitz constant, 246

and A p-weight, 248

Lipschitz curve, 234, 246, 248

and chord-arc curve, 246

Lipschitz domain, 72, 351, 410, 412, 432, 544,

553

and Green’s theorem, 72

Lipschitz domain, M-, 372, 373, 377–379

Lipschitz function, 56, 198, 208, 368, 370, 371

and conjugate function, 71

Lipschitz graph, 72, 185, 186, 209, 368, 537

Lipschitz norm, 52, 560

little Bloch space, 258, 550, 559

locally connected, 29, 263

logarithmic capacity, See capacity

logarithmic potential, See potential

logarithmico-exponential function, 272

lower pointwise dimension, 341, 559
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Makarov, theorems of, xiii, xiv, 200, 213, 214,

216, 269, 270, 272, 273, 305, 307, 309,

311, 342, 343, 505, 513

Makarov–Volberg theorem, 315, 316

martingale, xiii, 471, 473, 474, 476, 477, 503,

505, 506, 508–511, 536, 540

and a.e. convergence, 357, 473, 506

and Brownian motion, 476, 477

and law of the iterated logarithm, 272

and maximal function, 472

and uniform integrability, 471

and weak convergence, 471

martingale theorem, 473, 475, 506

Doob’s, 472

maximal box, 374, 401

maximum principle, Lindelöf’s, See

Lindelöf’s maximum principle

maximum principle, strong form, 102, 103

McMillan, theorems of, xiv, 200, 208, 210,

211, 228, 497, 500

measure function, 213, 272, 279, 340, 456,

457, 458, 460, 461, 463, 465, 466, 560

measure preserving transformation, 115

metric, 130

mixed Dirichlet–Neumann problem, 150, 485

and Dirichlet principle, 450, 452, 455

and Riemann surface double, 441, 445, 446

Möbius transformation, 90, 261, 291, 347,

380, 381, 383, 393, 397, 405, 432

and Schwarzian derivative, 383

of D, 16, 123, 124, 276, 412, 480

module

of a curve family, 130, 133, 560

of a ring domain, 133, 151, 243, 245, 261,

424, 425

modulus, See module

modulus of continuity, 70, 560

modulus, reduced, See reduced modulus

mollification argument, 80

Neumann problem, 441

and mixed boundary problems, 445

solution to, 441

nontangential limit, 7, 174

and accessible point, 206

and angular deriviative, 175

and area function, 357, 533, 541

and boundary differentiability, 28, 232

and conformal at a boundary point, 174

and harmonic measure, 12

and non-Plessner points, 204, 205

and nontangentially bounded, 204

and Poisson integral, 12, 28, 29

and second derivative, 360

of a conjugate function, 50

of a univalent function, 127, 206

of an H p function, 347, 435, 440, 522

of bounded harmonic function, 47

of the Poisson integral of a measure, 7

nontangential maximal function, 7, 8, 25, 256,

436, 521, 533, 537, 541, 560

and Hardy–Littlewood maximal function, 9

and the area function, 523

weak-type L1 estimate, 7, 441

nontangentially accessible domains, 245

nontangentially bounded, 203, 204, 224

nontangentially dense a.e., 214, 216, 218, 227,

275, 343

normal function, 230, 532

normal fundamental domain, 417, 559

normalized univalent function, 18, 35, 76, 88,

165, 233, 313, 500

and length of radius image, 166

number of bad discs

and ³ numbers, 292

and universal integral means spectrum, 288,

292

Ostrowski’s theorem, 177, 178, 180, 181, 187,

193, 196, 207, 239

p.p., 114

parallel rule, 136, 137, 172, 193, 278, 491

and electrical resistance, 138

equality in, 151

path, 278, 428

path family, 129, 133–137, 150, 152, 242, 278,

289

period, 69, 443, 560

Pfluger’s theorem, 164, 307

Pick’s theorem, 25, 30

piecewise continuous, 37, 40, 447, 449, 488

piecewise smooth, 447, 448–450, 452, 454,

455, 486

Plessner point, 205, 497, 502

Plessner’s theorem, xiv, 200, 205, 207, 357,

417

Poisson integral, 47

growth of gradient, 53

on D, 5, 7, 9, 12, 26–29, 31, 34

on H, 4, 26

Poisson kernel, 37, 45
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and box kernel, 479

on D, 5, 28

on H, 4

polar set, 85, 104, 111, 114, 123, 127, 206

and Dirichlet problem, 91

and Evans function, 468

and harmonic functions, 102

and harmonic measure, 103

and subharmonic functions, 104

and the energy integral, 85

polygonal tree, 291, 292, 296, 297, 299, 303,

312

and Brennan’s conjecture, 293

and number of bad discs, 293

Pommerenke’s theorem, xiv, 217

potential, 77, 96, 165, 195, 560

and capacity, 78

and harmonic measure, 78

and Robin’s constant, 85, 95

Prawitz’s theorem, 35, 267, 286

predictable square function, 506

principal value integral, 488, 560

Privalov’s theorem, xiv, 200, 204, 205, 224,

357

probability space, 470, 478, 503, 560

Przytycki–Urbański-Zdunik theorem, 513

pseudohyperbolic metric, 23, 559

QED domain, See extremal distance domain

quasicircle, xiv, 234, 235, 241, 245, 252, 257,

259, 260, 261, 265, 394, 521, 533, 539, 541

Ahlfors regular, See chord-arc curve

and A>-weights, 267

and bilipschitz map, 261

and Bloch functions, 235, 236

and BMO, 255, 256

and chord-arc curve, 251, 253

and fundamental domain, 345

and harmonic measure, 241, 244

and John domain, 245, 263

and quasiconformal mappings, 243

and Schwarzian derivative, 347, 381, 382,

394

and welding map, 550

and Zygmund function, 261, 262

seventeen characterizations, 257, 532

quasiconformal extension, 244, 245, 249, 251,

252, 259, 261, 521, 523, 531, 541

and Schwarzian derivative, 382

quasiconformal mapping, 241, 242, 244, 245,

256, 259–261, 314, 512, 532, 534, 535,

538, 542, 551

and Ahlfors condition, 244

and Beurling–Ahlfors condition, 243

and extremal distance, 242, 243

and Hausdorff dimension, 541

and images of large circles, 243

and images of small circles, 242

and inverse map, 242

and module of a ring domain, 243

and quasicircles, 243

quasiconformal reflection, 256, 553

quasidisc, 235, 239, 245, 260, 261, 267, 345,

397, 414, 432, 433

and Ahlfors condition, 396

and QED domain, 260

and quasiconformal extensions, 244

and Schwarzian derivative, 382, 394

quasihyperbolic distance, 20, 560

quasisymmetric function, 243, 511, 552

RB-domain, 513

rectangle example, 131, 133, 139, 143, 145,

147, 150, 182, 183, 196, 198, 486, 488,

490–493, 495, 496

and conjugate extremal distance, 132

rectangle, slit, See slit rectangle

reduced extremal distance, 157, 162, 163, 164,

496, 559

and conformal invariance, 163

and euclidean distance in �, 165

and Green’s function, 495

to a set on "D, 163

reduced modulus, 168, 560

regular point, 93, 94–100, 115–118, 476

and barriers, 93

and boundary in a neighborhood, 95

and capacity, 73

and circular projection, 100

and Green’s function, 95

and sufficient conditions, 100, 101

repelling boundary domain, See RB-domain

reverse Hölder condition, 247, 266

and A>-equivalent, 247

and A p-weight, 247

reverse Jensen’s inequality, 253

Ã-length, 130, 138, 560

Riemann surface, from slit rectangles, 485

Riesz, F. and M., theorem, xiv, 200, 202, 204,

205, 209, 210, 213, 223, 347, 349, 359,

373, 393, 414

Riesz, F. and M., theorem, local, 416

www.cambridge.org/9780521720601
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-72060-1 — Harmonic Measure
John B. Garnett, Donald E. Marshall
Index
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

570 Subject Index

ring domain, 133, 142, 151, 152, 167, 243, 324

Robin’s constant, 91, 113, 327, 335, 559

and capacity, 74, 75

and extremal distance, 494

and reduced extremal distance, 163

and regular points, 95

and the energy integral, 83

and the equilibrium potential, 78, 85

for a compact set, 75, 163

for a union of Jordan curves, 74

Sastry’s lemma, 187, 188

Schwarz alternating method, 37, 40, 446

Schwarzian derivative, xiv, 347, 380, 426, 518,

535, 540, 547, 548, 551, 560

and H p space of derivative, 398

and angular derivatives, 413

and Bloch functions, 383

and BMO domain, 410

and Carleson measure, 410

and geometric estimate, 385, 392

and Möbius transformations, 381, 383

and norm, 382

and quasicircles, 381

and rectifiable curves, 394

and rectifiable quasicircles, 394

and univalence, 381, 382

invariant, 384

separating curve, 30, 131, 151, 156, 161, 167,

183, 219, 228, 258, 276–278, 282, 283,

293, 318, 334, 339, 372, 491, 493, 496, 501

and conjugate extremal distance, 131, 139

and extremal distance, 146, 148, 149

separating ring domain, 151, 152, 245

serial rule, 135, 136, 137, 145, 147, 150, 162,

167, 283

and electrical resistence, 138

approximate equality in, 153, 167, 168, 170,

183, 187, 191

equality in, 150

singularity, 455, 488, 489–491

slit annulus, 142, 299

slit rectangle, 129, 139, 140, 146, 155, 480,

484, 485, 493, 496

Smirnov domain, 240, 251, 267, 268, 544

and chord-arc curve, 251, 252

non-, 239, 240, 257, 267, 268, 538

spanning tree, 367, 428, 429

special cone domain, 349, 350, 353, 433, 526,

529

and Hardy space, 351

and Möbius transformations, 432

geometric properties, 351, 358

spherical distance, 258, 560

square function, 505, 506, 560

and exponential integrability, 509

standard strip, 176, 181, 560

starlike, 309

stochastically independent, 476

stopped martingale, 506

stopping time, 247, 325, 473, 478, 506, 508,

510

and A>-equivalence, 247

strip domain, 146, 147, 179, 551

strong barrier, 345, 532, 539

strongly mixing, 115

symmetry rule, 137, 151, 171, 183, 196, 495,

497

tangent, 60, 61, 427

and existence a.e., 220

Teichmüller’s Modulsatz, xiv, 152, 157, 167,

183

three circles theorem, 67

tour, 428, 429

transfinite diameter, 112, 466, 467, 538, 559

and capacity, 467

traveling salesman problem, 367, 429, 544

traveling salesman theorem, 367

triple, 484, 485, 560

truncated cone

in C, 173, 174, 176, 212, 239, 268, 559

in D, 203, 559

twist point, 211, 218, 497, 502

twist point theorem, 211, 218, 225, 497

type 0 box, 374, 375, 377

type 1 box, 375, 376

type 2 box, 375, 376

uniformly perfect, 119, 343, 344, 345, 549

thirteen equivalent conditions, 343–345

univalent function, 18

and Bloch space, 232

and no non-zero angular derivative, 238

universal dimension spectra, 341, 560

universal integral means spectrum, 286, 545,

559

³ numbers, 292

and number of bad discs, 292

universal integral means spectrum, bounded,

305, 310, 342, 559

vanishing mean oscillation, 268, 550, 560
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vertical inner normal, See inner normal

vertical projection, 86

Vitali cover, 28

Vitali covering lemma, 25, 28, 216, 217, 275

VMO, See vanishing mean oscillation

VMOA, 268, 548, 560

von Koch snowflake, 211, 212, 227, 235, 239,

431

and Hausdorff dimension, 212

weak-L1 estimate for maximal function, 472

weak-type 1-1, 7, 11, 12, 49, 441

welding map, 245, 259, 261, 267, 534, 551

and quasicircles, 550

Whitney decomposition, 524, 527

Whitney square, 21, 22, 25, 31, 394, 418, 420,

425

Wiener series, 73, 97, 115

Wiener’s solution to the Dirichlet problem,

xiv, 89, 89–97, 117, 552

Wirtinger’s inequality, 480, 481

zipper algorithm, 66, 306, 546

Z7, See Zygmund class

Zygmund class, 56, 57, 231, 560

and growth of gradient, 57

and scale of spaces, 57, 66

Zygmund function, 56, 241

and A>-weight, 267

and Bloch space, 231

and conjugate function, 57

and nowhere differentiability, 240

and quasicircles, 261, 262

and tangents, 225

and univalent functions, 238

example of, 225

Zygmund norm, 56, 57, 58, 231, 240

Zygmund’s theorem, 51, 248, 441

Øksendal conjecture

on Ë and �1, 416

on Ë and �³ , ³ > 1, 213
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