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1

Vector and tensor analysis

Vectors and scalars

Vector methods have become standard tools for the physicists. In this chapter we
discuss the properties of the vectors and vector fields that occur in classical
physics. We will do so in a way, and in a notation, that leads to the formation
of abstract linear vector spaces in Chapter 5.

A physical quantity that is completely specified, in appropriate units, by a single
number (called its magnitude) such as volume, mass, and temperature is called a
scalar. Scalar quantities are treated as ordinary real numbers. They obey all the
regular rules of algebraic addition, subtraction, multiplication, division, and so
on.

There are also physical quantities which require a magnitude and a direction for
their complete specification. These are called vectors if their combination with
each other is commutative (that is the order of addition may be changed without
affecting the result). Thus not all quantities possessing magnitude and direction
are vectors. Angular displacement, for example, may be characterised by magni-
tude and direction but is not a vector, for the addition of two or more angular
displacements is not, in general, commutative (Fig. 1.1).

In print, we shall denote vectors by boldface letters (such as A) and use ordin-
ary italic letters (such as A) for their magnitudes; in writing, vectors are usually
represented by a letter with an arrow above it such as A. A given vector A (or A)
can be written as

A = A4, (1.1)

where A4 is the magnitude of vector A and so it has unit and dimension, and A is a
dimensionless unit vector with a unity magnitude having the direction of A. Thus
A=A/A.



VECTOR AND TENSOR ANALYSIS
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Figure 1.1. Rotation of a parallelpiped about coordinate axes.

A vector quantity may be represented graphically by an arrow-tipped line seg-
ment. The length of the arrow represents the magnitude of the vector, and the
direction of the arrow is that of the vector, as shown in Fig. 1.2. Alternatively, a
vector can be specified by its components (projections along the coordinate axes)
and the unit vectors along the coordinate axes (Fig. 1.3):

3
A:Alél+A2é2+Aé3 :ZAiéiv (12)
i=1

where ¢; (i = 1,2, 3) are unit vectors along the rectangular axes x; (x; = x, x, =y,
x3 = z); they are normally written as i, j, k in general physics textbooks. The
component triplet (4, A5, A3) is also often used as an alternate designation for
vector A:

A= (A]7A27A3)' (123)

This algebraic notation of a vector can be extended (or generalized) to spaces of
dimension greater than three, where an ordered n-tuple of real numbers,
(Ay,A4,,...,A4,), represents a vector. Even though we cannot construct physical
vectors for n > 3, we can retain the geometrical language for these n-dimensional
generalizations. Such abstract “vectors” will be the subject of Chapter 5.

Figure 1.2. Graphical representation of vector A.

2



DIRECTION ANGLES AND DIRECTION COSINES

X3

X2

X

Figure 1.3. A vector A in Cartesian coordinates.

Direction angles and direction cosines

We can express the unit vector 4 in terms of the unit coordinate vectors é;. From
Eq. (1.2), A = A\é; + A,é, + Aé,, we have

A Ay Ay .
A:A(jel +72e2+73e3) = AA.

Now A;/A =cosa, Ay/A = cos 3, and A3/ A = cos+y are the direction cosines of
the vector A, and «, 3, and -y are the direction angles (Fig. 1.4). Thus we can write

A = A(cos ae| + cos Bé, + cosvé;3) = AA;

it follows that

A = (cos aéy + cos fé; + cosyé3) = (cos a, cos 5, cos ). (1.3)
X3
7
VY
X2
a

X

Figure 1.4. Direction angles of vector A.
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VECTOR AND TENSOR ANALYSIS

Vector algebra
Equality of vectors
Two vectors, say A and B, are equal if, and only if, their respective components
are equal:
A=B or (4y,4,,43)=(B;,B,, Bs3)
is equivalent to the three equations
Ay = By,A, = By, A3 = B;s.

Geometrically, equal vectors are parallel and have the same length, but do not
necessarily have the same position.

Vector addition

The addition of two vectors is defined by the equation
A+ B = (41,45, 43) + (B, By, By) = (41 + By, Ay + By, A3 + By).

That is, the sum of two vectors is a vector whose components are sums of the
components of the two given vectors.

We can add two non-parallel vectors by graphical method as shown in Fig. 1.5.
To add vector B to vector A, shift B parallel to itself until its tail is at the head of
A. The vector sum A + B is a vector C drawn from the tail of A to the head of B.
The order in which the vectors are added does not affect the result.

Multiplication by a scalar
If ¢ is scalar then
cA = (C/l]7 C1427 CA3).

Geometrically, the vector cA is parallel to A and is ¢ times the length of A. When
¢ = —1, the vector —A is one whose direction is the reverse of that of A, but both

Figure 1.5. Addition of two vectors.



THE SCALAR PRODUCT

have the same length. Thus, subtraction of vector B from vector A is equivalent to
adding —B to A:

A—-B=A+(-B).
We see that vector addition has the following properties:

(a) A+B=B+A (commutativity);
®) A+B)+C=A+(B+C) (associativity);
) A+0=0+A=A;

(d) A+ (-A)=0.

We now turn to vector multiplication. Note that division by a vector is not
defined: expressions such as k/A or B/A are meaningless.

There are several ways of multiplying two vectors, each of which has a special
meaning; two types are defined.

The scalar product

The scalar (dot or inner) product of two vectors A and B is a real number defined
(in geometrical language) as the product of their magnitude and the cosine of the
(smaller) angle between them (Figure 1.6):

A-B= ABcosf (0<6<m). (1.4)
It is clear from the definition (1.4) that the scalar product is commutative:
A-B=B-A, (1.5)

and the product of a vector with itself gives the square of the dot product of the
vector:

A-A=A (1.6)

If A - B = 0 and neither A nor B is a null (zero) vector, then A is perpendicular to B.

B

Figure 1.6. The scalar product of two vectors.

5



VECTOR AND TENSOR ANALYSIS

We can get a simple geometric interpretation of the dot product from an
inspection of Fig. 1.6:

(Bcosd)A = projection of B onto A multiplied by the magnitude of A,
(A4 cos 0) B = projection of A onto B multiplied by the magnitude of B.

If only the components of A and B are known, then it would not be practical to
calculate A - B from definition (1.4). But, in this case, we can calculate A - B in
terms of the components:

A B = (4,6 + Aye; + Asé3) - (Biéy + Byéy + Bses); (1.7)
the right hand side has nine terms, all involving the product ¢; - ¢; . Fortunately,

the angle between each pair of unit vectors is 90°, and from (1.4) and (1.6) we find
that

6+ ¢ =0y, i,j=1,2,3, (1.8)
where §;; is the Kronecker delta symbol
0, ifi#j,
‘5’7:{1, if i=j. (1.9)

After we use (1.8) to simplify the resulting nine terms on the right-side of (7), we
obtain

3
A-B=A\B + 4B, + A3By =Y _A;B;. (1.10)
i=1

The law of cosines for plane triangles can be easily proved with the application
of the scalar product: refer to Fig. 1.7, where C is the resultant vector of A and B.
Taking the dot product of C with itself, we obtain

C*=C-C=(A+B)-(A+B)
=A*+ B> +2A-B= A>+ B>+ 24Bcos¥,

which is the law of cosines.

Figure 1.7. Law of cosines.
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A simple application of the scalar product in physics is the work W done by a
constant force F: W = F -r, where r is the displacement vector of the object
moved by F.

The vector (cross or outer) product

The vector product of two vectors A and B is a vector and is written as
C=AXxB. (1.11)

As shown in Fig. 1.8, the two vectors A and B form two sides of a parallelogram.
We define C to be perpendicular to the plane of this parallelogram with its
magnitude equal to the area of the parallelogram. And we choose the direction
of C along the thumb of the right hand when the fingers rotate from A to B (angle
of rotation less than 180°).

C=A xB=ABsinbée, (0<6<m). (1.12)

From the definition of the vector product and following the right hand rule, we
can see immediately that

AXxB=-BxA. (1.13)

Hence the vector product is not commutative. If A and B are parallel, then it
follows from Eq. (1.12) that

AxB=0. (1.14)
In particular
AxA=0. (1.14a)
In vector components, we have
AXxB= (Alél + Azéz =+ A3é3) X (Blél + B2é2 + B3é3). (115)
C
éc B~ 7
/ iBsinO ////
4 i

Figure 1.8. The right hand rule for vector product.
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VECTOR AND TENSOR ANALYSIS

Using the following relations
é;xé;=0,i=1,23,
(1.16)
e X ey =e3, ey X e3=¢ey, €3 X ¢ =éy,
Eq. (1.15) becomes
A X B = (AzB3 — A3Bz)é1 + (A331 — AIB3)é2 + (Ale — AzBl)é3. (1153.)

This can be written as an easily remembered determinant of third order:

e & &
AxB=|A4, Ay A3 (1.17)
B, B, B;

The expansion of a determinant of third order can be obtained by diagonal multi-
plication by repeating on the right the first two columns of the determinant and
adding the signed products of the elements on the various diagonals in the result-
ing array:

ay ax a3 |.dr dy

N2 L
by "by” b3’ by” by
c ,’szc 1er>e
1 c
. PR N NNy
_ + + t

The non-commutativity of the vector product of two vectors now appears as a
consequence of the fact that interchanging two rows of a determinant changes its
sign, and the vanishing of the vector product of two vectors in the same direction
appears as a consequence of the fact that a determinant vanishes if one of its rows
is a multiple of another.

The determinant is a basic tool used in physics and engineering. The reader is
assumed to be familiar with this subject. Those who are in need of review should
read Appendix II.

The vector resulting from the vector product of two vectors is called an axial
vector, while ordinary vectors are sometimes called polar vectors. Thus, in Eq.
(1.11), C is a pseudovector, while A and B are axial vectors. On an inversion of
coordinates, polar vectors change sign but an axial vector does not change sign.

A simple application of the vector product in physics is the torque t of a force F
about a point O: t = F x r, where r is the vector from O to the initial point of the
force F (Fig. 1.9).

We can write the nine equations implied by Eq. (1.16) in terms of permutation
symbols &

éi X éj = El'jké/m (1163)
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7=rXF

Figure 1.9. The torque of a force about a point O.

where ¢ is defined by
+1 if (4, j, k) is an even permutation of (1,2, 3),
gje = —1 if (i, j,k) is an odd permutation of (1,2,3), (1.18)
0 otherwise (for example,if 2 or more indices are equal).
It follows immediately that
Eijk = €kij = Ejki = —Ejik = —E€kji = —Eikj-
There is a very useful identity relating the £;; and the Kronecker delta symbol:

3
Z EmnkEijk = 6mi6nj - 6n1/6ni7 (119)

k=1
Z EmjkEnjk = 26m117 Z Eijk = 6. (1193.)
ij,k
Using permutation symbols, we can now write the vector product A x B as
3 3 3 3
AxB= ZAié[ X ZBfé/ = ZAIB,i(éi X 6’/ Z A B 51/1»
i=1 Jj=1 ij ijk

Thus the kth component of A x B is
ij ij

If £ =1, we obtain the usual geometrical result:

(A xB), = ZﬁlijAfBj =e13A2By +€130438, = Ay By — A3B;.
iy
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The triple scalar product A - (B x C)

We now briefly discuss the scalar A - (B x C). This scalar represents the volume of

the parallelepiped formed by the coterminous sides A, B, C, since

A (B x C) = ABCsinfcosa = hS = volume,

S being the area of the parallelogram with sides B and C, and / the height of the

parallelogram (Fig. 1.10).

Now
e & &
B, B, Bj

A- (B X C) = (A]é] + Azéz +A3é3) .

= A,(B,C5 — B;Cy) + Ay(B3C, — B C3) + A3(B,C, — B,C))

so that

Ay Ay Az
A-BxC)=|B B, Bj]|. (1.20)
¢ G G

The exchange of two rows (or two columns) changes the sign of the determinant
but does not change its absolute value. Using this property, we find

Al A2 A3 Cl CZ C3
A(BxC): B] Bz B3 :—Bl Bz B3 :C(AxB),
¢ G G Ay Ay 4

(1.21)

that is, the dot and the cross may be interchanged in the triple scalar product.

A-BxC)=(AxB) - C

Figure 1.10. The triple scalar product of three vectors A, B, C.

10



THE TRIPLE VECTOR PRODUCT

In fact, as long as the three vectors appear in cyclic order, A — B — C — A, then
the dot and cross may be inserted between any pairs:

A-BxC)=B-(CxA)=C-(AxB).
It should be noted that the scalar resulting from the triple scalar product changes

sign on an inversion of coordinates. For this reason, the triple scalar product is
sometimes called a pseudoscalar.

The triple vector product

The triple product A x (B x C) is a vector, since it is the vector product of two
vectors: A and B x C. This vector is perpendicular to B x C and so it lies in the
plane of B and C. If B is not parallel to C, A x (B x C) = xB + yC. Now dot both
sides with A and we obtain x(A -B) + y(A-C) =0, since A-[A x (B x C)] =0.
Thus

x/(A-C)=—-y/(A-B) =X (\is a scalar)
and so
A x (BxC)=xB+yC=AB(A-C)—C(A-B)].

We now show that A = 1. To do this, let us consider the special case when B = A.
Dot the last equation with C:

Cx[Ax(AxC)]=A(A-C)— A,
or, by an interchange of dot and cross
—(A-C)* = \[(A-C)* — A’CY.

In terms of the angles between the vectors and their magnitudes the last equation
becomes

—A*C*sin® 0 = MN(A*C? cos® 0 — 4>C?) = —\A*C?sin® 6,
hence A = 1. And so
Ax (BxC)=B(A-C)—C(A-B). (1.22)

Change of coordinate system

Vector equations are independent of the coordinate system we happen to use. But
the components of a vector quantity are different in different coordinate systems.
We now make a brief study of how to represent a vector in different coordinate
systems. As the rectangular Cartesian coordinate system is the basic type of
coordinate system, we shall limit our discussion to it. Other coordinate systems

11



VECTOR AND TENSOR ANALYSIS

will be introduced later. Consider the vector A expressed in terms of the unit
coordinate vectors (ér,é,,é3):

3
A= A8y + Ayey + Aey =) Aéy.
i=1

Relative to a new system (1, 5,¢3) that has a different orientation from that of
the old system (é;,é,,¢é3), vector A is expressed as

Note that the dot product A - é{ is equal to A1, the projection of A on the direction
of é{; A - &5 is equal to 43, and A - &} is equal to 45. Thus we may write

Al = (&) -81)A; + (éy-¢]) Ay + (é5 - é1) A5,
Ay = (&1 83)A; + (& - 63) Ay + (65 - 63) A3, (1.23)
Ay = (&1 -63)A1 + (&3 63) Ay + (65 - &3) A5,

The dot products (¢; - ¢/) are the direction cosines of the axes of the new coordi-
nate system relative to the old system: é; - ¢, = cos(x/, x;); they are often called the
coefficients of transformation. In matrix notation, we can write the above system

of equations as

/ ~ Al A Al ~ ~l

Ay €1-e e-eé ey A
/ ~ N ~ Al A 5/

A2 — (SN %) (N ) €3 - € A2
/ ~ Al ~ Al ~ ~l

A3 €-e3 e€-e3 €3-83 A;

The 3 x 3 matrix in the above equation is called the rotation (or transformation)
matrix, and is an orthogonal matrix. One advantage of using a matrix is that
successive transformations can be handled easily by means of matrix multiplica-
tion. Let us digress for a quick review of some basic matrix algebra. A full account
of matrix method is given in Chapter 3.

A matrix is an ordered array of scalars that obeys prescribed rules of addition
and multiplication. A particular matrix element is specified by its row number
followed by its column number. Thus g;; is the matrix element in the ith row and
Jjth column. Alternative ways of representing matrix A are [a;] or the entire array

ap dapn e aiy

~ 2531 [5%) e Ay
A =

Apy Ay - Ay

12



THE LINEAR VECTOR SPACE 7V,

A is an n x m matrix. A vector is represented in matrix form by writing its
components as either a row or column array, such as

B = (bll b12 b13) or é = 21 ,

where by = by, b1y = b,,bi3=b., and ¢|; = ¢, ¢ = ¢y, 031 = C..

The multiplication of a matrix 4 and a matrix B is defined only when the
number of columns of A4 is equal to the number of rows of B, and is performed
in the same way as the multiplication of two determinants: if C = 4B, then

Cl/: E a,»kbkl.
k

We illustrate the multiplication rule for the case of the 3 x 3 matrix 4 multiplied
by the 3 x 3 matrix B:

aybyytapbytapbyp=cp

c1 €13

€1 € €3

€31 €32 C33

Al =>4 54, =) N4, (1.23a)

It can be shown (Problem 1.9) that the quantities \; satisfy the following relations
3

> Nk =8 (i k=1,2,3), (1.24)
=1

Any linear transformation, such as Eq. (1.23a), that has the properties required by
Eq. (1.24) is called an orthogonal transformation, and Eq. (1.24) is known as the
orthogonal condition.

The linear vector space V),

We have found that it is very convenient to use vector components, in particular,
the unit coordinate vectors é; (i = 1, 2, 3). The three unit vectors ¢é; are orthogonal
and normal, or, as we shall say, orthonormal. This orthonormal property
is conveniently written as Eq. (1.8). But there is nothing special about these

13



VECTOR AND TENSOR ANALYSIS

orthonormal unit vectors ¢é;. If we refer the components of the vectors to a
different system of rectangular coordinates, we need to introduce another set of
three orthonormal unit vectors f{, f>, and f3:

fifi=065 (i,j=1.2,3). (1.8a)
For any vector A we now write

3
A= ch"}i, and Ci :f; -A.
i=1

We see that we can define a large number of different coordinate systems. But
the physically significant quantities are the vectors themselves and certain func-
tions of these, which are independent of the coordinate system used. The ortho-
normal condition (1.8) or (1.8a) is convenient in practice. If we also admit oblique
Cartesian coordinates then the f, need neither be normal nor orthogonal; they
could be any three non-coplanar vectors, and any vector A can still be written as a
linear superposition of the f,

A:CI‘}(A‘I +C2‘/;2+C3f;. (125)

Starting with the vectors f,-, we can find linear combinations of them by the
algebraic operations of vector addition and multiplication of vectors by scalars,
and then the collection of all such vectors makes up the three-dimensional linear
space often called V5 (V for vector) or R; (R for real) or E5 (E for Euclidean). The
vectors fl , f;, f3 are called the base vectors or bases of the vector space V5. Any set
of vectors, such as the f,», which can serve as the bases or base vectors of Vj is
called complete, and we say it spans the linear vector space. The base vectors are
also linearly independent because no relation of the form

cfi+efteafs=0 (1.26)

exists between them, unless ¢; = ¢, = ¢3 = 0.

The notion of a vector space is much more general than the real vector space
V5. Extending the concept of V73, it is convenient to call an ordered set of n
matrices, or functions, or operators, a ‘vector’ (or an n-vector) in the n-dimen-
sional space V,. Chapter 5 will provide justification for doing this. Taking a cue
from V3, vector addition in V,, is defined to be

(xla"'vxn) + (yl7"'7yn) = (xl +yl7"'7xn ern) (127)
and multiplication by scalars is defined by

a(xyy ..., x,) = (axy,...,ax,), (1.28)

14



VECTOR DIFFERENTIATION

where « is real. With these two algebraic operations of vector addition and multi-
plication by scalars, we call ¥, a vector space. In addition to this algebraic
structure, V,, has geometric structure derived from the length defined to be

; 1/2
<Zx]2> =/xXI+ -+ X3 (1.29)
=1

The dot product of two n-vectors can be defined by
n

(xl,...,xn)~(y1,...7yn):ijyj. (1.30)
=1

In V,, vectors are not directed line segments as in V3; they may be an ordered set
of n operators, matrices, or functions. We do not want to become sidetracked
from our main goal of this chapter, so we end our discussion of vector space here.

Vector differentiation

Up to this point we have been concerned mainly with vector algebra. A vector
may be a function of one or more scalars and vectors. We have encountered, for
example, many important vectors in mechanics that are functions of time and
position variables. We now turn to the study of the calculus of vectors.

Physicists like the concept of field and use it to represent a physical quantity
that is a function of position in a given region. Temperature is a scalar field,
because its value depends upon location: to each point (x, y, z) is associated a
temperature T'(x,y,z). The function T'(x,y,z) is a scalar field, whose value is a
real number depending only on the point in space but not on the particular choice
of the coordinate system. A vector field, on the other hand, associates with each
point a vector (that is, we associate three numbers at each point), such as the wind
velocity or the strength of the electric or magnetic field. When described in a
rotated system, for example, the three components of the vector associated with
one and the same point will change in numerical value. Physically and geo-
metrically important concepts in connection with scalar and vector fields are
the gradient, divergence, curl, and the corresponding integral theorems.

The basic concepts of calculus, such as continuity and differentiability, can be
naturally extended to vector calculus. Consider a vector A, whose components are
functions of a single variable u. If the vector A represents position or velocity, for
example, then the parameter u is usually time 7, but it can be any quantity that
determines the components of A. If we introduce a Cartesian coordinate system,
the vector function A(u) may be written as

A(u) = Ay (u)ey + Ax(u)éy + A (u)eés. (1.31)

15
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A(u) is said to be continuous at u = u if it is defined in some neighborhood of
uy and

lim A(u) = A(uy). (1.32)
u—uy
Note that A(u) is continuous at i, if and only if its three components are con-
tinuous at u.
A(u) is said to be differentiable at a point u if the limit

dA(u) Au+ Au) — Au)

ik WA |

du Au—0 Au

exists. The vector A’ (u) = dA(u)/du is called the derivative of A(u); and to differ-
entiate a vector function we differentiate each component separately:

A'(u) = A} (u)é, + Ab(u)éy + AL(u)és. (1.33a)

(1.33)

Note that the unit coordinate vectors are fixed in space. Higher derivatives of A(u)
can be similarly defined.

If A is a vector depending on more than one scalar variable, say u, v for
example, we write A = A(u,v). Then

dA = (0A/0u)du + (OA/Ov)dv (1.34)
is the differential of A, and
0A ~ lim A(u+ Au,v) — A(u,v)
5u Au—0 au

and similarly for A /0v.
Derivatives of products obey rules similar to those for scalar functions.
However, when cross products are involved the order may be important.

(1.34a)

Space curves

As an application of vector differentiation, let us consider some basic facts about
curves in space. If A(u) is the position vector r(u) joining the origin of a coordinate
system and any point P(x|, X,, x3) in space as shown in Fig. 1.11, then Eq. (1.31)
becomes

r(u) = x1(u)é; + xp(u)éy + x3(u)é;. (1.35)
As u changes, the terminal point P of r describes a curve C in space. Eq. (1.35) is

called a parametric representation of the curve C, and u is the parameter of this
representation. Then

ar (_ rut 8= r<u>)
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MOTION IN A PLANE

X

Figure 1.11. Parametric representation of a curve.

is a vector in the direction of Ar, and its limit (if it exists) dr/du is a vector in the
direction of the tangent to the curve at (xy, x», x3). If u is the arc length s measured
from some fixed point on the curve C, then dr/ds = T is a unit tangent vector to
the curve C. The rate at which 7' changes with respect to s is a measure of the
curvature of C and is given by dT'/ds. The direction of dT /ds at any given point on
C is normal to the curve at that point: T- T =1, d(T - T)) /ds = 0, from this we
get T-dT/ds =0, so they are normal to each other. If N is a unit vector in this
normal direction (called the principal normal to the curve), then d7/ds = kN,
and k is called the curvature of C at the specified point. The quantity p = 1/k is
called the radius of curvature. In physics, we often study the motion of particles
along curves, so the above results may be of value.

In mechanics, the parameter u is time ¢, then dr/dt=v is the velocity
of the particle which is tangent to the curve at the specific point. Now we
can write

V7a’r7alralsi
T dt dsdt

~>

v

where v is the magnitude of v, called the speed. Similarly, a = dv/dt is the accel-
eration of the particle.

Motion in a plane

Consider a particle P moving in a plane along a curve C (Fig. 1.12). Now r = ré,,
where ¢, is a unit vector in the direction of r. Hence

dr_dr, | de,
a at T ar

17
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X2

IO

0
é
Figure 1.12. Motion in a plane.

X

Now dé,/dt is perpendicular to é,.. Also |dé,./dt| = df/dt; we can easily verify this
by differentiating é, = cos 8¢, + sin #é,. Hence
dr dr n do
V=—=—¢,+r—
de dt"  dt
¢y 1s a unit vector perpendicular to é,.
Differentiating again we obtain

dv_d’r_  drde, drdd.  d*0.  do

Qa=—=—_¢ 4+ T4 - " g iy
- T wa Taa T e T g

Pro ddo, PO (0N de o,
a2 Tl ="\ ) )

dr?
a= d—zr—rﬁzé—klﬁ rzﬁé
T a2 dt) |7 T rar\ odr )™

A vector treatment of classical orbit theory

€p;

dt dt ¢
Thus

To illustrate the power and use of vector methods, we now employ them to work
out the Keplerian orbits. We first prove Kepler’s second law which can be stated
as: angular momentum is constant in a central force field. A central force is a force
whose line of action passes through a single point or center and whose magnitude
depends only on the distance from the center. Gravity and electrostatic forces are
central forces. A general discussion on central force can be found in, for example,
Chapter 6 of Classical Mechanics, Tai L. Chow, John Wiley, New York, 1995.

Differentiating the angular momentum L =r x p with respect to time, we
obtain

dL/dt = dr/dt x p+r x dp/dt.

18
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The first vector product vanishes because p = mdr/dt so dr/dt and p are parallel.
The second vector product is simply r x F by Newton’s second law, and hence
vanishes for all forces directed along the position vector r, that is, for all central
forces. Thus the angular momentum L is a constant vector in central force
motion. This implies that the position vector r, and therefore the entire orbit,
lies in a fixed plane in three-dimensional space. This result is essentially Kepler’s
second law, which is often stated in terms of the conservation of area velocity,
|L|/2m.

We now consider the inverse-square central force of gravitational and electro-
statics. Newton’s second law then gives

mdv/dt = —(k/r?)i, (1.36)

where 71 = r/r is a unit vector in the r-direction, and k = Gm;m, for the gravita-
tional force, and k = ¢, ¢, for the electrostatic force in cgs units. First we note that

v =dr/dt = dr/dih + rdir/dt.

Then L becomes

L =r x (mv) = mr*[it x (di/dt)). (1.37)
Now consider
d dV k . k N 2/~ N
E(VXL) :EXL: —W(n x L) = —W[n x mr (i x di/dt))

— —k[A(dA/dt - i) — (difdr)(A - 7).

Since 71 -1 = 1, it follows by differentiation that 7 - dii/dt = 0. Thus we obtain

%(v x L) = kdn/dt,
integration gives

vx L=kin+C, (1.38)
where C is a constant vector. It lies along, and fixes the position of, the major axis

of the orbit as we shall see after we complete the derivation of the orbit. To find
the orbit, we form the scalar quantity

L*=L-(rxmv)=mr-(vxL)=mr(k + Ccosb), (1.39)
where 6 is the angle measured from C (which we may take to be the x-axis) to r.
Solving for r, we obtain
i L?/km _ A
1+C/(kcosf) 1+ecosf’

(1.40)

Eq. (1.40) is a conic section with one focus at the origin, where ¢ represents the
eccentricity of the conic section; depending on its values, the conic section may be
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a circle, an ellipse, a parabola, or a hyperbola. The eccentricity can be easily
determined in terms of the constants of motion:

c 1 X
E—E—%KVXL)—]CI’”
:%[IVXL|2+k2—2kﬁ'(vxL)]l/z

Now |v x L|2 = v*L? because v is perpendicular to L. Using Eq. (1.39), we obtain

/2 512 /1 § 1/2 1/2
= 1+Z= (ZmP -2 =
[ s (2’"” 1)]

where E is the constant energy of the system.

21°E

1
* mi?

L+ k

£E=-

1
2 2kL?
mr

Vector differentiation of a scalar field and the gradient

Given a scalar field in a certain region of space given by a scalar function
¢(x1,x,,x3) that is defined and differentiable at each point with respect to the
position coordinates (x, x,, x3), the total differential corresponding to an infini-
tesimal change dr = (dx|,dx,,dx3) is

9¢ ¢ ¢

A = 5oy g o o 5 s, (1.41)

We can express d¢ as a scalar product of two vectors:

8¢ 8925 0p

dgb aXI X1 + TM X2 + Td)@ (V¢) . dl'7 (142)
where
_9, 0, 09,
V¢ = ax1 ey ++— (9)(?2 e + 8)(,‘3 €3 (143)

is a vector field (or a vector point function). By this we mean to each point
r = (xy, x5, x3) in space we associate a vector V¢ as specified by its three compo-
nents (0¢/0x1,0¢/0x,, 0p/0x3): V¢ is called the gradient of ¢ and is often written
as grad ¢.

There is a simple geometric interpretation of V¢. Note that ¢(x, x5, x3) = ¢,
where ¢ is a constant, represents a surface. Let r = x€; + x,6, + x3¢3 be the
position vector to a point P(x;,x»,x3) on the surface. If we move along the
surface to a nearby point Q(r + dr), then dr = dx;é; + dx,é, + dx;¢é; lies in the
tangent plane to the surface at P. But as long as we move along the surface ¢ has a
constant value and d¢ = 0. Consequently from (1.41),

dr-V¢ =0. (1.44)

20





