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AN INTRODUCTION TO GRANULAR FLOW

The flow of granular materials such as sand, snow, coal, and catalyst particles is

a common occurrence in natural and industrial settings. They are important since

a large fraction of the materials handled and processed in the chemical, metallur-

gical, pharmaceutical, and food-processing industries are granular in nature. The

mechanics of these materials’ flows is not well understood. This book describes the

theories for granular flow based mainly on continuum models, although alternative

discrete models are also discussed briefly. The level is appropriate for advanced

undergraduates or beginning graduate students. The goal is to inform the reader

about observed phenomena and some available models and their shortcomings

and to visit some issues that remain unresolved. There is a selection of problems

at the end of the chapters to encourage exploration, and extensive references are

given.

K. Kesava Rao is a professor of chemical engineering at the Indian Institute of

Science in Bangalore. He is a Fellow of the Indian Academy of Sciences and

the author of numerous archival publications. His primary area of research after

receiving his Ph.D. from the University of Houston has been the flow of granular

materials.

Prabhu R. Nott is a professor of chemical engineering at the Indian Institute of

Science in Bangalore. He has held visiting positions at Caltech and the Univer-

sity of California–San Diego after receiving his Ph.D. from Princeton. He is the

author of numerous archival publications. His primary research concerns the flow

and dynamics of complex fluids, such as dry granular materials and particlulate

suspensions.

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

CAMBRIDGE SERIES IN CHEMICAL ENGINEERING

Series Editor:

Arvind Varma, Purdue University

Editorial Board:

Alexis T. Bell, University of California, Berkeley

Edward Cussler, University of Minnesota

Mark E. Davis, California Institute of Technology

L. Gary Leal, University of California, Santa Barbara

Massimo Morbidelli, ETH, Zurich

Athanassios Z. Panagiotopoulos, Princeton University

Stanley I. Sandler, University of Delaware

Michael L. Schuler, Cornell University

Books in the Series:

E. L. Cussler, Diffusion: Mass Transfer in Fluid Systems, Second Edition

Liang-Shih Fan and Chao Zhu, Principles of Gas-Solid Flows

Hasan Orbey and Stanley I. Sandler, Modeling Vapor-Liquid Equilibria: Cubic Equations

of State and Their Mixing Rules

T. Michael Duncan and Jeffrey A. Reimer, Chemical Engineering Design and Analysis:

An Introduction

John C. Slattery, Advanced Transport Phenomena

A. Varma, M. Morbidelli, and H. Wu, Parametric Sensitivity in Chemical Systems

M. Morbidelli, A. Gavriilidis, and A. Varma, Catalyst Design: Optimal Distribution of

Catalyst in Pellets, Reactors, and Membrances

E. L. Cussler and G. D. Moggridge, Chemical Product Design

Pao C. Chau, Process Control: A First Course with MATLAB®

Richard Noble and Patricia Terry, Principles of Chemical Separations with Environmental

Applications

F. B. Petlyuk, Distillation Theory and Its Application to Optimal Design of Separation

Units

G. L. Leal, Advanced Transport Phenomena: Fluid Mechanics and Convective Transport

Processes

T. Russell, A. Robinson, and N. Wagner, Mass and Heat Transfer

K. K. Rao and P. R. Nott, An Introduction to Granular Flow

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

An Introduction to Granular

Flow

K. Kesava Rao Prabhu R. Nott

Indian Institute of Science Indian Institute of Science

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

University Printing House, Cambridge CB2 8BS, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314-321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi - 110025, India

103 Penang Road, #05-06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of the University of Cambridge. 

It furthers the University’s mission by disseminating knowledge in the pursuit of  

education, learning and research at the highest international levels of excellence.

www.cambridge.org  

Information on this title: www.cambridge.org/9780521571661

© K. Kesava Rao and Prabhu R. Nott 2008

This publication is in copyright. Subject to statutory exception  

and to the provisions of relevant collective licensing agreements,  

no reproduction of any part may take place without the written  

permission of Cambridge University Press.

First published 2008

A catalogue record for this publication is available from the British Library

Library of Congress Cataloging in Publication data

Rao, K. Kesava.

An introduction to granular flow / K. Kesava Rao and Prabhu R. Nott.

 p. cm. – (Cambridge series in chemical engineering)

Includes bibliographical references and index.

ISBN 978-0-521-57166-1 (hardback)

1. Granular materials – Fluid dynamics. I. Nott, Prabhu R. II. Title. III. Series.

TA418.78.R36 2008

620´.43–dc22   2007050026

ISBN  978-0-521-57166-1  Hardback

Cambridge University Press has no responsibility for the persistence or  

accuracy of URLs for external or third-party internet websites referred to in  

this publication, and does not guarantee that any content on such websites is,  

or will remain, accurate or appropriate. 

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

To our teachers,

Professors M. S. Ananth and Roy Jackson

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents

Preface page xiii

Notation xv

1 Introduction 1

1.1 Examples of Granular Statics and Flow 2

1.2 Interparticle Forces 11

1.2.1 Electrostatic and van der Waals Forces 11

1.2.2 Liquid Bridge or Capillary Forces 14

1.2.3 Contact Forces 16

1.2.4 Interparticle Forces in Saturated Granular Materials 19

1.3 Packing Characteristics 19

1.3.1 Regular Packings 21

1.3.2 Random Packings 22

1.4 Models 22

1.4.1 Discrete Models 23

1.4.2 Continuum Models 28

1.5 Balance Laws for Continuum Models 29

1.5.1 The Velocity 30

1.5.2 Integral and Differential Balances 31

1.5.3 The Mass Balance 32

1.5.4 The Stress Vector and the Stress Tensor 32

1.5.5 The Linear Momentum Balance 33

1.5.6 The Angular Momentum Balance 34

1.5.7 The Energy Balance 34

1.6 Statics 36

1.7 Fluid–Particle Interaction 36

1.8 Summary 40

2 Theory for Slow Plane Flow 54

2.1 Qualitative Observations 55

2.2 The Wall Yield Condition 58

2.3 The Janssen Solution for the Static Stress Field in a Bin 60

2.4 The Coulomb Yield Condition 61

2.5 Generalization of the Coulomb Yield Condition 62

2.5.1 Invariants and Principal Stresses 63

2.6 The Mohr–Coulomb Yield Condition 65

vii

www.cambridge.org/9780521571661
www.cambridge.org


Cambridge University Press & Assessment
978-0-521-57166-1 — An Introduction to Granular Flow
K. Kesava Rao , Prabhu R. Nott
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents

2.7 The Mohr’s Circle for the Two-Dimensional Stress Tensor 65

2.8 The Relation Between the Coulomb and Mohr–Coulomb

Yield Conditions 68

2.9 Active and Passive States of Stress and the Value of the

Janssen K-Factor 69

2.10 Shear Tests 70

2.10.1 The Critical State 73

2.10.2 The Hvorslev Surface 75

2.10.3 The Roscoe Surface 77

2.10.4 The Yield Surface 77

2.11 Yield Surfaces in σ1–σ2–ν Space 79

2.12 Yield Loci in the σ1–σ2 and σ–τ Planes 81

2.13 Flow Rules 82
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Preface

The flow of granular materials such as sand, snow, coal, and catalyst particles is a common

occurrence in natural and industrial settings. Unfortunately, the mechanics of these materials

is not well understood. Experiments reveal complex and, at times, unexpected behavior,

whereas existing theories are often tentative and do not represent the entire range of observed

behavior. Nevertheless, significant advances have been made in the understanding of the

mechanics of granular flows, and the time is ripe for an account of experimental observations

and theoretical models pertaining to flow in relatively simple geometries.

The importance of understanding granular flows need not be overstated – a large fraction

of the materials handled and processed in the chemical, metallurgical, pharmaceutical, and

food-processing industries are granular in nature. The flow and transportation of these

materials are often critical operations in these processes. In most cases, the design of

processes and equipment is based largely on experience and empirical rules. An appreciation

of the underlying principles may be helpful in developing better design and operating

procedures.

Some of the early investigations of granular flow were motivated by the need to un-

derstand the deformation of soils subjected to external loads, such as large structures. The

deformation rates in these processes are usually very small. Theoretical models for these

slow flows have increased in sophistication and complexity over the years, borrowing con-

cepts from metal plasticity and soil mechanics. A contrasting picture of granular flow has

emerged over the last three decades. This is believed to be applicable to rapid flows, where

the deformation rates are large. Models for rapid flows have been based mainly on the

kinetic theory of dense gases, with suitable modifications to account for the inelasticity of

interparticle collisions and particle roughness. These models assume that momentum trans-

fer occurs by collisions of short duration between particles and by free flight of particles

between collisions. In contrast, momentum transfer during slow flow occurs via contacts

of a longer duration between particles that slide and roll relative to each other. A realistic

picture of particle interactions that encompasses these extremes is not available at present,

barring some tentative attempts.

The theories described here for granular flow are based mainly on continuum models,

although alternative discrete models are also discussed very briefly. Chapter 1 describes

the qualitative behavior of granular materials in various situations and formulates balance

laws. Chapter 2 discusses constitutive equations for slow, plane flow. Chapters 3 and 4

deal with flow in wedge-shaped hoppers and bunkers, respectively; after summarizing

some of the experimental observations, the equations formulated in Chapter 2 are used to

construct approximate solutions. Chapter 5 deals with constitutive equations for slow three-

dimensional flow; these are applied to flow through axisymmetric hoppers and bunkers in

Chapter 6. Using kinetic theory, constitutive equations for rapid granular flow are formulated

xiii
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Preface

in Chapter 7 and applied to flow between parallel plates and down inclined chutes in

Chapter 8. The kinetic theory is extended to accommodate particle roughness in Chapter 9.

Finally, a few tentative attempts to model flow in the intermediate regime, where a range of

interparticle contact times is present, are desribed in Chapter 10. For the reader interested

in details, extensive references are given. Some problems are included at the end of most

of the chapters, to enable the reader to either fill in details that are omitted in the book or

extend the material.

Overall, we wish to inform the reader about observed phenomena, some of the available

models and their shortcomings, and unresolved issues in granular flow. We describe in detail

only a very small number of “animals” in the vast and rapidly expanding granular zoo, but

we hope that the material presented here will stimulate readers to learn more about this field.

Many interesting phenomena and puzzles lurk in topics such as vibrated beds, segregation

in rotating cylinders, landslides and sand dunes, the behavior of cohesive powders, and

fluid–particle flows, which either have not been discussed here or are mentioned only in

passing.

This book deals with granular flow at a level that should be suitable for senior under-

graduate and postgraduate students. A knowledge of undergraduate-level fluid and solid

mechanics is desirable but not essential. As the book provides a reasonably self-contained

introduction to the subject, it may also be useful to new entrants to the field. It is hoped

that a study of the simple problems discussed here may prepare the reader for a better

understanding of more realistic and complex situations, which are often encountered in

industries. Parts of this book are based on graduate courses taught at Princeton University,

Indian Institute of Science, and California Institute of Technology.

We request readers to inform us by email, (kesava@chemeng.iisc.ernet.in or

prnott@chemeng.iisc.ernet.in) if they come across errors. We shall also be grateful for

suggestions that may improve the book. An errata for the book and supplementary in-

formation, such as solutions to problems (for instructors) and additional problems, may

be found at the catalogue page of the book (http://www.cambridge.org/us/catalogue/

catalogue.asp?isbn=0521571669).

We are grateful to our teacher Prof. R. Jackson for introducing us to this field and to

Dr. R. M. Nedderman for prodding one of us to write a book on it. Prof. S. Sundaresan had

originally planned to be one of the coauthors. He opted out later, but we are very grateful to

him for his comments and suggestions on some of the chapters. We are grateful to professors

B. Ananthanarayan, I. Goldhirsch, R. Jackson, C. S. Jog, H. S. Mani, S. Ramaswamy, and

D. Sen for helpful discussions. We express our heartfelt thanks to our editors, Ms. Florence

Padgett, Mr. Roger Astley, and Mr. Peter Gordon, who showed extraordinary patience in

dealing with our repeated requests for extensions. We are grateful to Ms. B. G. Girija, Mr. K.

Venugopal, Mr. Gautam Parthasarathy, and Mr. Vishwajeet Mehandia for drawing some of

the figures; Mr. P. T. Raghuram, Ms. Shruti Seshadri, Mr. Alok Srivastava, Dr. S. Venugopal,

and Prof. Sanjeev Gupta for assistance with photographs; the staff of Aptara for promptly

responding to our queries regarding LaTeX, and Mr. Anoop Chaturvedi of Aptara for

responding to many queries during our review of the copyedited manuscript. Special thanks

are due to various publishers and societies who have permitted us to reproduce figures

from their journals, to professors A. Drescher and R. P. Behringer for permitting us to

use some of their photographs, and to Prof. D. W. Agar for translating the titles of some

articles from French and German to English. Finally, we wish to record our gratitude to and

deep appreciation for our families, who tolerated our preoccupation with this work for an

extended period of time.
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Notation

a1–a6 constants of O(1) in the heuristic high-density theory for rapid flows, §7.2

and 8.1.1

an , bn coefficients in the expansion of A, B in (7.126)

b body force per unit mass

b̂ scaled body force per unit mass, defined in (7.79)

b∗0 ≡ b∗(θ = 0), constant occurring in the boundary conditions for the radial

stress field (see (6.32) and (6.48))

c cohesion

cw adhesion

c1, c2, c3 principal compressive rates of deformation, i.e., the eigenvalues of C

c∗ = (c1 + c2)/2

c translation velocity of particles

ĉ scaled translation velocity, defined in (7.79)

c′ postcollisional translation velocity of a particle

c′′ precollisional translation velocity of a particle in an “inverse collision,” as

defined in §7.3.2

dp particle diameter

dw diameter of a wall hemisphere (see Fig. 8.2)

d ≡ 1
2
(dp + dw)

det determinant of a tensor or a matrix, defined in (A.37) and (A.41)

ep coefficient of restitution for particle collisions, defined in (7.3)

ew coefficient of restitution for particle–wall collisions

ei basis vector for a Cartesian coordinate system

f , f (1) single-particle probability distribution function of particle position and

velocity, sometimes referred to as the singlet distribution

f 0 Maxwell–Boltzmann distribution based on the local density, velocity, and

temperature

f̂ scaled singlet distribution, defined in (7.79)

f ′ singlet distribution for the postcollision velocity of a “direct collision”

(see §7.3.2)

f ′′ singlet distribution for the precollision velocity of an “inverse collision”

f (2) probability distribution function of the position and velocity of a pair of

particles

ḟcoll rate of change of f (1) due to collisions

fd drag force exerted by the fluid on a single particle

g acceleration due to gravity;

≡ n(2)/n2, pair distribution function

xv
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Notation

g translation velocity of particle 1 relative to particle 2

ĝ ≡ g/vs, scaled relative translation velocity

g′ postcollisional value of g

g0(θ ) function defining the radial stress field

g
0
(ν) equilibrium pair distribution function at contact (Chapters 7–10)

gw(ν) enhancement in the number density of particles in contact with the wall,

defined in §8.1.2

h relative velocity of the point of contact of particle 1 with respect to that of

particle 2, given by (9.1)

kx , ky , kz wavenumbers for the x , y, and z directions (§8.4)

k unit vector along the line joining the center of particle 1 to the center of

particle 2 (see Fig. 7.3);

unit vector along the line joining the center of a wall hemisphere to the center

of a colliding particle (see Fig. 8.2)

k′′ k for an “inverse collision" (see Fig. 7.6)

ℓ ≡ (1 − e2
w) a6/a3, constant introduced in §8.2.1 and §8.3.3

m ≡ a2
1/(a3 a5ϕ), constant introduced in §8.2.1 and §8.3.3

mi mass of particle i

mp mass of particle

ṁ mass flow rate per unit width in chute flow (§8.3 and 10.2)

ṁ∗ dimensionless mass flow rate, defined in (8.81)

m
ℓ

loading, that is, mass of material per unit area of the chute base (§8.3.1 and

10.2)

m
ℓ
∗ dimensionless loading, defined in (8.81)

n number density of particles

n(2) probability distribution function of the positions of a pair of particles

n unit normal to a bounding surface

p mean stress, defined in (5.6); pressure in rapid granular flow

pc mean stress at a critical state

p
f

fluid pressure

q invariant of the stress tensor, defined in (5.6)

q pseudothermal energy flux;

energy flux (Chapter 1)

qs, qc streaming and collisional contributions to the pseudothermal energy flux

q̂ ≡ q/(ρpv
3
s ), scaled pseudothermal energy flux (Chapter 7)

qpt pseudothermal energy flux; referred to as q after (7.11)

qr flux of rotational fluctuational kinetic energy, defined in (9.29)

qw flux of fluctuational kinetic energy to the wall due to particle–wall collisions

q′ flux of true thermal energy

r radial coordinate measured from the virtual apex of the hopper (see Fig. 3.13);

≡ N /S, stress ratio introduced in §8.2.1

re radial coordinate corresponding to the edge of the exit slot

r position vector of particle

r̂ scaled position vector, defined (7.79)

s = (c1 − c2)/2, the magnitude of the maximum shear rate in plane flow;

mean free path of particles (Chapters 7 and 8)

s j dimensionless arc length measured along the j th characteristic

sw mean spacing between wall hemispheres (see Fig. 8.2)

si j deviatoric stress component, = σi j − pδi j

s ≡ �̂/(2T̂ )1/2, rescaled peculiar spin (Chapter 9)

s′ deviatoric stress tensor, = σ − p I
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Notation

t̂ scaled time, defined in (7.79)

t(n) stress vector, = force per unit area exerted on a surface with unit inward

normal n

tr trace of a tensor, defined by (A.18)

uw pore pressure or pressure in excess of the atmospheric pressure which is

exerted by the fluid on the particles

vs velocity scale, used to scale variables in (7.79)

v∗ dimensionless velocity, defined in (8.71) for plane Couette flow and (8.104)

for chute flow

v velocity of a material point, or mean velocity 〈c〉 of a collection of particles

vi velocity of particle i

v̂ ≡ v/vs, scaled mean velocity

vw velocity of a wall

vslip ≡ v − vw, velocity slip at a wall

w root-mean-square fluctuation velocity of particle (Chapters 7 and 8)

w local averaged velocity of the fluid phase relative to the particle phase

y∗ dimensionless distance, defined in (8.71) for plane Couette flow and (8.104)

for chute flow

A dimensionless cross-sectional area, scaled by W 2

A,B,R functions of ξ in the expression for �K in (7.125) and (9.70)

C cohesion (Section 2.2); rate of compression in the direction of the normal to a

plane, defined in (2.74)

Ci j component of the rate of deformation tensor C

C rate of deformation tensor, defined in the compressive sense by (2.49);

≡ c − v, peculiar velocity of a particle

Ĉ ≡ C/vs, scaled peculiar velocity of particles

D/Dt material derivative, defined by (1.23)

D either the diameter or the width of the exit slot of a hopper or bunker

(see Fig. 3.1)

D = −C, rate of deformation tensor, defined by (1.50)

D̂ ≡ DH/vs, scaled rate of deformation tensor

Fd drag force per unit volume of the suspension, exerted by the fluid phase on the

particle phase

Ĝ ≡ (Ĉ1 + Ĉ)/2, scaled mean peculiar velocity of colliding particles

H head or height of the granular material above the exit slot of a hopper or

bunker (see Fig. 3.2);

characteristic macroscopic length scale in the Chapman–Enskog expansion

(Chapters 7 and 9);

distance between plates in plane Couette flow;

thickness of flowing layer in chute flow

H
∗ ≡ H/dp, dimensionless Couette gap in plane Couette flow, §8.2.1;

dimensionless flow depth in chute flow, §8.3

H
∗
hd value of H

∗ for chute flow predicted by the high-density theory at a given

angle of inclination θ

I moment of inertia of a particle (Chapter 9)

I1, I2, I3 principal invariants of the stress tensor, defined in (5.2)

Î ≡ 4I/(mpd2
p ), dimensionless moment of inertia of a particle (Chapter 9)

I unit (identity) tensor

J2 second invariant of the deviatoric stress tensor, defined by (5.9)

J Jacobian for the transformation of one set of variables to another
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Notation

J impulse per unit mass on particle 2 during collision with particle 1

K coefficient of earth pressure at rest, i.e., the ratio of the horizontal normal

stress to the vertical normal stress;

≡ Kn−1, inverse Knudsen number (Chapters 7–10)

K(ν) ≡ κ/(ρpdp

√
T ), thermal conductivity function (Chapters 8 and 10)

Kn ≡ H/s, Knudsen number, ratio of macroscopic to microscopic length scales

Ṁ mass flow rate

L ≡ a4(1 − e2
p)/a3, constant introduced in §8.2.1 and §8.3.3

L
(p)

n (x) Generalized Laguerre polynomials, or Sonine polynomials, used in §7.3.10

L linearized Boltzmann operator, defined in (7.113)

Lr linearized Boltzmann operator for rough particles, defined in (9.47)

L∗ linearized operator defined in (9.74)

M ≡ a2
1/(a2 a3), constant introduced in §8.2.1 and §8.3.3

M couple stress, defined in (9.27)

N normal stress

Nb normal stress exerted on the bin wall

Nh normal stress exerted on the hopper wall

Nw normal stress exerted on the wall of a bin or hopper

N normal stress on the walls in plane Couette flow (see Fig. 8.4)

P dimensionless perimeter of the bin section, scaled by W

P ≡ p/(ρpT ), pressure function

Q orthogonal tensor, defined in (5.60)

R particle radius

Re Reynolds number

S rate of shear in the direction of a unit vector t which is tangential to a surface,

defined in (2.74)

Sm bounding surface of a material volume

S shear stress on the walls in plane Couette flow (see Fig. 8.4)

Sw stress transmitted to a wall by the particles adjacent to it, introduced in §8.1

T shear stress;

thermodynamic or grain temperature (Chapters 7–10)

Tr ≡ I 〈�2〉/(3mp), rotational temperature (Chapter 9)

Ttot ≡ T + Tr, total temperature (Chapter 9)

Tw wall shear stress

T
∗ dimensionless grain temperature defined in (8.71)

T̂ ≡ T/v2
s , scaled grain temperature

Û internal energy per unit mass of the material

Û ′ true thermal internal energy per unit mass of the material

Vm material volume

VD dimensionless mass flow rate, defined in (3.5)

W either the half-width or the radius of the bin section of a

bunker, depending on whether the cross section is

rectangular or circular

W vorticity tensor or spin tensor, defined by (5.62)

X position vector of a material point in the reference configuration

α ≡
(

ℓ − m r2
)

, constant introduced in §8.2.1 and §8.3.3

β filling angle (see Fig. 1.14);

roughness coefficient, defined in (9.3)
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Notation

βr angle of repose, the angle formed by the free surface

of a heap to the horizontal

γ orientation of the major principal stress axis (see Fig. 2.11)

γ ′ orientation of the major principal stress axis relative to the

circumferential direction (see Fig. 3.13)

γs surface tension

γ (ν) ≡ Ŵdp/(ρpT 3/2), dissipation function (Chapters 8 and 10)

γw(ν) ≡ Ŵw/(ρpT 3/2), wall dissipation function (Chapters 8 and 10)

δ angle of wall friction, defined by (2.4);

parameter measuring departure from equilibrium, defined in (7.49)

δi j Kronecker delta, defined by (A.6)

ǫ ≡ 1 − e2
p, inelasticity of particle collisions

ε ≡ 1 − |β|, parameter characterizing particle roughness;

parameter introduced in (8.75)–(8.78) to elucidate the effect of the walls

ζ spin viscosity, defined in (9.90);

magnitude of ζ (Chapters 8 and 9)

ζ ≡ ĝ/(2T̂ )1/2, rescaled velocity of particle 1 relative to particle 2 in Chapters 7

and 9;

≡ (c − vw)/(2T )1/2, scaled velocity of a particle relative to the wall in

Chapter 8

η(ν) ≡ µ/(ρpdp

√
T ), viscosity function (Chapters 8 and 10)

η′ dimensionless vertical coordinate, = y′/W (see Fig. 4.17)

η1 ≡ (1 + ep)/2 (Chapters 8 and 10)

η2 ≡ 1
2
(1 + β) Î/(1 + Î ) (Chapter 9)

ηw(ν) wall viscosity function, defined in Sw = ηwρpT 1/2vslip (Chapters 8 and 10)

θ circumferential coordinate, (see Fig. 3.13);

angle of inclination of a chute from the horizontal (§8.3 and 10.2)

θ0 maximum angle between k and the inward normal of a wall (see Fig. 8.2)

θw wall angle of the hopper, or of the hopper section

(see Figs. 3.13 and 4.1)

θ (ψ) flux of 〈ψ〉 due to collisions

ϑ distribution function of particle spin (Chapter 9)

κ pseudothermal conductivity

κr conductivity of rotational fluctuational kinetic energy, defined in (9.94)

κ∗ thermal conductivity of a dilute gas of elastic spheres

λ̇ scalar factor of proportionality, which occurs in the flow rules (2.65)

and (5.25)

µ shear viscosity of a granular material in rapid flow

µ∗ shear viscosity of a dilute gas of elastic spheres

µb bulk viscosity of a granular material in rapid flow

µ
f

shear viscosity of the fluid

µr transport coefficient characterizing the diffusion of intrinsic angular

momentum, defined in (9.92)

ν solids fraction, or volume fraction of solids

νd angle of dilation, defined in (2.83)

νlrp solids fraction corresponding to loose random packing

νdrp solids fraction corresponding to dense random packing

νs the scale for the solids fraction, defined below (7.80)
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Notation

ν average value of ν across the Couette gap in plane Couette flow

ξ dimensionless horizontal coordinate (Chapters 2 and 4);

dimensionless radial coordinate (Chapter 3);

natural strain (Chapter 5);

magnitude of ξ (Chapters 7–9);

ξ �y/dp, scaled distance from lower wall in plane Couette flow §8.2.1;

�(H − y)/dp, scaled distance from the free surface in chute flow §8.3.3

ξm ≡ �H
∗
/2, value of ξ at the midplane in plane Couette flow §8.2.1

ξ ≡ Ĉ/(2T̂ )1/2, rescaled peculiar velocity of particles (Chapters 7–9)

ρp particle density, i.e., the density of the solid material forming the particles

ρ
f

fluid density

ρb bulk density, = ρ
f
(1 − ν) + ρp ν

ρ density of the granular material, = ρp ν

̺ ≡ sgn(dvx/dy) in §10.2

σ stress tensor, defined in the compressive sense

σ s, σ c streaming and collisional contributions to the stress tensor in rapid flow

σ f “frictional” stress, defined in §10.1

σ k “kinetic” stress, defined in §10.1

σ̂ ≡ σ/(ρpv
2
s ), scaled stress tensor (Chapters 7 and 9)

σ1, σ2, σ3 principal stresses

σ ′
i effective principal stress, = σi − uw

σ mean stress for plane flow, = (σ1 + σ2)/2

σ dimensionless normal stress, = σ/(ρgre) (Chapter 3);

σ/(ρgW ) (Chapter 4)
◦
σ Jaumann derivative of σ , defined by (5.64)

τ deviator stress, = (σ1 − σ2)/2;

relaxation time, defined in (7.26)

τc mean free time, i.e., average time between particle collisions

τ dimensionless deviator stress, = τ/(ρgre) (Chapter 3);

τ/(ρgW ) (Chapter 4)

τ external torque per unit mass on the particles (Chapter 9)

φ angle of internal friction, defined by the slope sin φ of

the critical state line (see (2.47))

φ∗ angle of internal friction, defined by (2.15)

φµ angle of friction between grains, such that the coefficient of

friction is tan φµ

ϕ specularity coefficient, defined in §8.1.1

χ (ψ) volumetric source of 〈ψ〉 due to collisions

ψ any particle property

ψ ′ postcollisional value of particle property ψ

ψ̇coll rate of change of 〈ψ〉 due to collisions

ψ̇w rate of transmission of ψ to a wall by particle–wall collisions

ω angular velocity (Chapter 10);

particle “spin,” i.e., its angular velocity about its own axes (Chapter 9)

ω mean particle spin

ω′′ precollisional spin of a particle in an “inverse collision,” as defined in (9.15)

ω̂ ≡ ω(I/mp)1/2/vs, scaled particle spin

Ŵ volumetric dissipation rate of pseudothermal energy due to inelastic particle

collisions
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Notation

Ŵ̂ ≡ Ŵdp/(ρpv
3
s ), scaled rate of dissipation of pseudothermal energy

Ŵw rate of dissipation of pseudothermal energy due to particle–wall collisions,

per unit area of the wall

Ŵr volumetric dissipation rate of rotational fluctuational kinetic energy, defined

in (9.30);

volume, due to inelastic particle collisions

� constant, = (π/4) − (φ/2);

≡ [+(L − Mr2)]1/2, introduced in §8.2.1

� ≡ω − ω, peculiar spin of a particle

�̂ ≡ �(I/mp)1/2/vs, scaled particle spin

� perturbation of the singlet distribution from the local Maxwellian, defined

in (7.83)

�̇ = −σ T:∇v, stress power

Subscripts

b bin section of a bunker

c critical state

f fluid property

h hopper section of a bunker

p particle property

0 value of variable at O(K 0), i.e., O(1) (Chapters 7–9)

K value of variable at O(K ) (Chapters 7–9)

ǫ value of variable at O(ǫ) (Chapters 7 and 9)

ε value of variable at O(ε) (Chapters 7 and 9)

Superscript

T transpose
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