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1

1.1

Introduction

Linear antennas

Wireless communication depends upon the interaction of oscillating electric currents
in specially designed, often widely separated configurations of conductors known as
antennas. Those considered in this book consist of thin metal wires, rods or tubes
arranged in arrays. Electric charges in the conductors of a transmitting array are
maintained in systematic accelerated motion by suitable generators that are connected
to one or more of the elements by transmission lines. These oscillating charges exert
forces on other charges located in the distant conductors of a receiving array of
elements of which at least one is connected by a transmission line to a receiver.
Fundamental quantities which describe such interactions are the electromagnetic field,
the driving-point admittance, and the driving-point impedance. These can be easily
determined if the distributions of current on the array elements are known. The
determination of the currents on the array elements is the main concern of this book.
In this first chapter, the basic electromagnetic equations are formulated and applied
to a single antenna in free space. The simplest approach of assuming the current
rather than actually determining it is reviewed first. Then, integral equations for the
current distributions are derived, and determining the current by numerical methods
is discussed. These discussions serve as an introduction to the analytical theory of
antennas and arrays based on the solution of integral equations that is presented in
subsequent chapters.

Figures 1.1a and 1.1b show two simple practical radiating systems. In Fig. 1.1a, a
section at the open end of a two-wire transmission line has been bent outward to form
a dipole antenna. In Fig. 1.1b, the inner conductor of a coaxial transmission line is
extended above a ground plane. In both cases, the transmission lines are connected to
generators which oscillate at a frequenty= w/2x. In a small region (comparable
in extent with the distance between the two conductors of the transmission line), the
antenna and line are coupled. Owing to the complications involved in this coupling,
it is convenient to replace the actual generator/transmission line with an idealized so-
calleddelta-functiongenerator, which maintains an impressed electric figitz) =
ZES(2) = V§(2)2 at the surface of the antenna. This is the linear antenna of Fig. 1.1c.
The impressed field is non-zero only at the certer O of the cylindrical surface.

The delta-function generator is an independent voltage source in the sense of ordinary
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Figure 1.1 (a) Dipole antenna and two-wire transmission line. (b) Monopole antenna over a ground
plane. (c) Simplified center-driven linear antenna.

circuit theory. The linear antenna of Fig. 1.1c can also serve as a model for other
types of radiating systems. The simplifying assumption of studying the antenna in the
absence of the connecting transmission line is particularly useful when the antenna is
an array element.

The radius of the linear dipole antenna of Fig. 1.1a,iand its half-length i&. It is
assumed throughout this book that the radius is much smaller than both the wavelength
A and the length R of the antenna. Under such conditions, one can neglect the small
currents on the capped ends of the antenna and assume that only a Ey@nt
| (2)/2ra is maintained on the cylindrical surface of the antenna. Other concepts of
circuit theory can be introduced, and are particularly useful to the antenna engineer:
the driving-point admittanc¥p and driving-point impedancgg are defined as
Y0=G0+jBQ=I(TO)=ZiO, Zo=R0+jX0=%=YiO. (1.1)

Go, Bo, Ro, and Xp are respectively, the driving-point conductance, susceptance,
resistance, and reactance. Whem, and f are such that the antenna is at resonance,
one hasXg = 0 andBpy = 0. As an example of the use of these quantities in a practical
situation, consider the problem of designing the antenna so that, at a given frequency
f, there is maximum power transfer from a transmission line of given characteristic
impedanceZ;. With the assumption that the transmission line and the antenna can be
studied separately, the problem is reduced to that of determimamgla so thatZg is

equal toZ¢, the complex conjugate ..

The delta functions(z) is zero except wherz = 0. Additional, well-known
properties of the delta function are

{o, if z£0 b
8(2) = , f §(2dz=1 (1.2a)
b

o0, ifz=20 _
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s(kz) = %8(2), f(28(2) = f(0)8(2) (1.2b)
b

/ f(28(z)dz= f(0) (1.2¢)
b

d H(z) =8(z) where H(z) = 1 iz>0 (1.2d)

dz N ~lo. ifz<o. '

In (1.2),b is any positive constank, is any real constant, (z) is any smooth function
of z, andH (z) is the step function.

The next section introduces the fundamental equations of electromagnetic theory
that are useful in the antenna problems considered in this book. More details can be
found in [1], and in more concise form in [2, Chapter 1].

1.2 Maxwell’s equations and the potential functions
The interaction of charges and currents is governed by Maxwell's equations which
define the electromagnetic field. With an assumed time depeneééticehey are

V x B = uo(J + jwegE), V.-B=0 (1.3a)
V x E=—jwB, V -E = p/eo, (1.3b)

where the electric vectde is in volts per meter (V/m), the magnetic veci®in tesla

(T). Sl units are used throughout this book. The volume density of cuieramperes

per square meter (An?) is the charge crossing unit area per second. The volume
density of charge is in coulombs per cubic meter (@°). J andp satisfy the equation

of continuity,

V.J+ jwp = 0. (1.3c)

In the interior of perfect conductord,= 0 andp = 0. In (1.3),e0 and o are the
absolute permittivity and permeability of free space. They have the numerical values
€0 = 8.854 x 1012 farads per meter (F/m) andy = 47 x 10~/ henrys per meter
(H/m), and are related to the velocityof light and the characteristic impedanggeof

free space by

1 )
c= , = [—. 1.4
T %W e (1.4)

Transmission lines and antennas are made from highly conducting materials such
as brass or copper. In most cases, it is an excellent approximation to assume that the
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conductors are perfect. The relevant boundary conditions at an interface between a
perfect conductor and air are

AxE=0, f -

A x B = oK, fi -

n/€o (1.5a)
=0. (1.5b)

In (1.5), h is the unit normal to the conductor—air interface. Its direction is outward
from the conductor to the aiK is the surface density of current in amperes per meter
(A/m) andy is the surface density of charge in coulombs per square mefen?)C

on the perfect conductor. The left-hand equation in (1.5a) states that the component
of the electric field in air tangent to the surface of the perfect conductor must be
zero. The left-hand equation in (1.5b) states that the tangential magnetic field in air
is proportional to the surface density of current on the conductor.

It is convenient to introduce the scalar and vector potentald. The defining
relationships between the potentials and the electromagnetic-field vectors are obtained
with the aid of Maxwell’s equations. With the vector identify: (V x C) = 0 (where
C is any vector) and the equation- B = 0, the magnetic field may be expressed in
the form

B=V xA. (12.6)
If (1.6) is substituted in (1.3b), it follows that
V x (E+ jowA) =0. 2.7)

The identityV x (Vi) = 0, wherey is a scalar function, then permits the definition
of ¢ in the form

—Vé =E + jwA. (1.8)

The substitution of (1.6) and (1.8) into the remaining Maxwell equations leads
to coupled partial differential equations f8rand¢. They can be decoupled if the
following condition relatingA and¢ is imposed:

2
V-A:—ja)y,oéod) or V-A=—j&¢, (19)
w

where the free-space wave numisgr(also denoted bk in this book) is given by

a)_27r

Bo = w/Io€o = — . (1.10)

c

anda is the free-space wavelength. Equation (1.9) is known as the Lorentz condition.
The resulting equations féx and¢ are

(V24 BHA = —uod, (V2 + B¢ = —p/eo. (1.11)
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Perfect
conductor

Figure 1.2 Perfect conductor in air.

The solutions to (1.11) can be derived with the use of the retarded Green'’s function.

They are

eibolr—r'
Ar) = o /J( )l—”dv (1.12a)
and

g iBolr—r']
— IV (1.12b)

’

¢(r)——/,0( )

—

where the volume integrations extend over the entire region occupied by currents or
charges. In most cases considered in this book, the conductors are perfect so that only
surface current densitieé and surface charge densitigare present. In such cases,

the volume integrals in (1.12) reduce to surface integrals. In the limit of infinitely thin
wire antennas, the surface integrals in turn reduce to line integrals.

1.3  Power and the Poynting vector

The complex Poynting vector is defined as

1
S= —E x B*, (1.13)
2110
where the asterisk denotes the complex conjugate. The integral of the normal com-
ponent of R¢S} over a closed surfacE is the time-average, total power transferred
from within . The time average is over a peridd= 27 /w. Several useful identities
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involving the Poynting vector are now derived. The geometry of interest is shown in
Fig. 1.2. A perfect conductor surrounded by air is shown. The conductor—air interface
is the closed surfac&g, andfg is the unit outward normal. Assume that there is
an impressed electric field® tangent to the surface of the conductor. As a result, a
surface current densitil exists on the conductor’s surface. This, in turn, maintains
an electromagnetic fielH andB in the air. The total electric field on the conductor’s
surface i€ + E®, and the boundary conditions on the surface of the perfect conductor
are

fiox (E+E® =0,  fgxB=puoK. (1.14)

Suppose thak is a closed (mathematical) surface in the air surrounding the perfect
conductor, and thdt; is the corresponding unit normal vector. lzgi be the volume
lying betweenXy and X1, and consider the quantity

f V. SdV. (1.15)
701

First, with (1.13), the vector identity
V.- (ExB*)=B*"-(VxE)—E.(V x B (1.16)

and the Maxwell equations on the left in (1.3a, b), it is seen that
/ V.-SdV = —jw/ (3 ugtIBI? — S eolE® V. (1.17)
01 701

The boundaries of the volume1 are the surfaceXy and ;. Application of the
divergence theorem to the quantity in (1.15) yields

/ V.-SdV=— [ (Ag-9d= + | (A1-9dx. (1.18)
701 o p]
A comparison of (1.17) and (1.18) yields the identity
(f1-9dT = | (fg-S)dE — ja)/ (G uoliBI? - S eolE® dV. (1.19a)
31 o 01

If one takes the real part of this equation, no volume integral appears:
P= / (Ao - Re(SH X = / (A1 - Re(SH AX. (1.19b)
Yo 21

Equation (1.19b) states th& the total time-average power enterilg, is the same
as the total time-average power leavifig.

The next identity of interest is obtained by expressfgg(ﬁo -9 dX in (1.193a) in
terms ofE® andK. With (1.13), the vector identitfig - (E x B¥*) = —E - (fig x B*),
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and the boundary conditions (1.14), itis seen thatfio - S)dT = [y, 3E®-K*dX
so that (1.19a) can be written as

/Z 1E® . K*dxE = ja)/ (%M01|B|2—%EO|E|2)dV+/E (h1-S)dx.  (1.20a)
0 T01 1

The real part of this expression is
Pz/ Re{%Ee-K*}dE =/ (A1 - Re(S)H AT, (1.20b)
Yo P}

In (1.20),X%; is any surface completely surrounding the air—conductor inteace
Equations (1.20a, b) can be extended to surfatethat pass through the surface of
the perfect conductor, provided tHat = 0 on any part of£ excluded byX;. This
follows from the boundary conditiofly x E = 0 on the part o2y excluded byx; and
the fact that all fields are zero within the volume occupied by the perfect conductor.
Equation (1.20b) states that the time-average power transferred to the perfect
conductor from the “generator” (i.e. the impressed electric figijlis all radiated
into free space. Equations (1.20a, b) possess analogues for the case of imperfect
conductors; these involve a volume integral instead of a surface integral, and include a
term due to the ohmic losses in the conductors. It is important to note that in both
(1.19) and (1.20), only integrations @f- S over closed surfaces appear; it is not
mathematically justified to attach meaning to an integraf ofS over only a part
of a closed surface.
Consider the limiting case of an infinitely thin, perfectly conducting wire lying on
thez-axis between-h andh. The impressed electric field E5(z), and the current on
the wire isl (2). In this limit, (1.20b) reduces to

h
P= / Re{% Eg(Z)I *(2))dz= (A1 - Re(S)) dX. (1.20c)
h pX]

1.4  The field of thin linear antennas: general equations
Now consider the linear antenna of Fig. 1.1c and assumeatkgth and Spa « 1.
Both cylindrical coordinatep, ®, z and spherical coordinates®, ® are to be used
throughout this book. Rotational symmetry obtains, so that all cylindrical or spherical
field components are independentiaf There is a surface current density(z) on the
cylindrical surfacep = a, and also a current on the small capped ends of the antenna.
The latter currents can be neglected when calculating the field of the antenna. The total
currentl (z) and the charge per unit lengtfiz) are defined to be

| (z) = 2raKy(2), q(2) = 2ran(2). (1.21)
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P(r,0,®)

X

Figure 1.3 Coordinate system for calculations in the far zone.

They are related by the one-dimensional equation of continuity

dl(2
dz

| (2) is even with respect teandq(z) is odd.

When calculating the field of the antenna, one can assume that the current is located
at the axisz = 0, which is the same as replacing the antenna of radiby an
infinitely thin antenna. With this assumption, but without reference to a particular
current distributionl (z), formulas for calculating the field are given in this section
and some general characteristics of the field are discussed. The coordinate system is
shown in Fig. 1.3.

Itis seen from (1.12a) th& = 2A;(p, z). Equations (1.12a, b) reduce to

= —jwq(2). (1.22)

jfoR
A, = Z—;’ I(z)e 47 (1.23a)
and

eJﬂOR
¢ = dreo / a(z) dZ, (1.23b)

whereR = |r — 2Z | is the distance from a poimt on the infinitely thin antenna to the
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observation point. The one-dimensional Lorentz condition is

A, B

— =—] —¢. 1.23c

57 I (1.23c)
TheE andB fields are obtained from (1.6) and (1.8) with (1.23a) and (1.23c). In the

cylindrical coordinate®, ®, z, they areB = ®By andE = PE, + ZE;, where
—0A;

Bgy = 5 (1.24a)
0
£ _ Tio A (1.24b)
L 2
By 9pdz
—jw [ 92A
E,= ﬁjw< —Z + 5§ z> (1.24c)
0

In the spherical coordinates®, & with origin at the center of the antenna, the electric
field is given by

Er = E;c0sO + E, Sin® (1.25a)
Ee = —E;sin® + E, cosO. (1.25b)

At sufficiently great distances from the antenna $ h2 and(Bor )2 > 1), the field
reduces to a simple form known as the radiation or far field. It is given by

By = Eg/C, (1.26a)
where
r . r A r J(,()//LO : e 1AoR
E' = Eg®, Eg= 2 sSin® I(i) dz. (1.26b)
TT _

The distancer from an arbitrary pomt on the antenna to the field point is given in
terms ofr andz’ by the cosine law, namely (Fig. 1.3),

R=+/r2+22— 2z coso. (1.27a)

In the radiation zone 2 > Z’2. If the binomial expansion is applied to (1.27a) and only
the linear term irg’ is retained, the following approximate form is obtained For

R=r —7cos®, (Bor)?>> 1. (1.27b)

The phase variation of exp jBoR)/ R is replaced with the linear phase variation given
by (1.27b), i.e. by exp-jBor + jBoZ cos®). The amplitude 1R of exp(—jBoR)/R

is a slowly varying function of’ and is replaced by/I, wherer is the distance to the
center of the antenna. With these approximations, (1.26b) can be written as

jzol (0) e~ JPor
21 r

Eo = Fo(©, foh), (1.28a)
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wherezo = /1o/€0 = 120t ohms and

Bosin® [h
21 (0)

The termFo(®, Boh) contains all the directional properties of a linear radiator of
length 2h. It is called the field characteristic, field factor, or element factor, and will be
computed for some commonly used current distributions. The magneti&fietdthe

far zone is at right angles 8 and also perpendicular to the direction of propagation
r.Itis given by (1.26a). Thus

Fo(®, Boh) = | (Z)eifoZ c0s® g7 (1.28D)

B" =®B},, B} Fo(®, Boh). (1.28c)

j ol (0) e JAor
T 2n r
Note that the field in the far zone dependskyi®, Soh) which is a function of the
particular distribution of current in the antenna.

It is instructive to consider the instantaneous value of the field in (1.28a), which is
obtained by multiplication witte! ®* and selection of the real part. Except for a phase
factor,
sin(wt — Bor)  sinw(t —r/c)

r r

E5(r.t) = ReEg(nelt ~ (1.29a)

Note that the field at the pointat the instant is computed from the currentiat= 0 at
the earlier timgt —r /c). This is a consequence of the finite velocity of propagation

The equiphase and equipotential surfaceg ahdB are spherical shells on which
r is equal to a constant. There are an infinite number of such shells that have the
same phase (differ by an integral multiple of)2but only one that has both the
same amplitude and the same phase. The velocity of propagation is the outward
radial velocity of the surfaces of constant phase where the phase is represented by
the argument of the sine term in (1.29a), that is

phase= ¥ = wt — Bor. (1.29b)

For a constant phase
dw . Bodr

¥ o= Podr 1.2
at dt (1.29¢)
It follows that

d

o @ c=3x1Fmis (1.29d)
dt  Bo

Since the phase repeats itself evenyradians, a wavelength is the distance between
two adjacent equiphase surfaces. For example, if one surface is defined byand
the other by =r5, then

ot — Bor1 =21 and wt — Boro = 4m (1.30a)



11

1.5 Field of electrically short antenna

z=hnp
(2 =1(0) (1—[%
/

1(0) S 720

z=-hU

Figure 1.4 Linear antenna with triangular distribution of current.

or

2
rp—r1="" =1, (1.30b)

B
wherex is the wavelength in air. The physical picture of the fields in the far zone is
quite simple. The electric and magnetic vectors are mutually orthogonal and tangent to
an outward traveling spherical shell. Thus, both components of the field are transverse
to the radius vectar; they have the same phase velodity: 3 x 108 m/s, the velocity
of light.

1.5

The field of the electrically short antenna; directivity

If the current on a thin linear antenna is known, the far-field pattern can be easily
determined from the equations in the previous section. When the antenna is electrically
short, i.e.fpa <« Boh « 1, the plausible assumption that the current distribution is
triangular can be made. This assumed current distribution is adequate for calculating
the field, even quite close to the antenna.

A diagram of the triangular distribution is shown in Fig. 1.4, where the magnitude
of the current is plotted along an axis perpendicular to the antenna. In order to find a
simple expression for the radiation field, the exponent in (1.28b) can be approximated
by 1. Thus,

P h , f G
Fo(®. foh) = ° 52'”0 /h<1 - %) dZ = ’Boh%no; (Boh2 <1 (L31)

Equation (1.31) shows that the radiation field of a short linear antenna is proportional
to sin®. Polar and rectangular graphs of the field are shown in Figs. 1.5a and 1.5b,
normalized with respect to the maximum@t= 90°.
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Figure 1.5 Field and power patterns of short linear antenna. (a) Field pattern, polar plot. (b) Field
pattern, rectangular plot. (c) Power pattern, polar plot. (d) Power pattern, rectangular plot.

The field quite near an electrically short antenna is readily evaluated from (1.23a)
with 1 (z) = 1 (0)(1 — |z|/h) andR = . This gives
wuohl (0) e ifof

A, = . 1.32
z 4 r ( )

The components of the field can be evaluated in the spherical coordin@te$ from
(1.6) and (1.3a). The results are

L oh1©) (jBo | 1\ iy
Bo = ym (r +r2>e Sin® (1.33a)
E = y <r2 ﬂ0r3>e cos® (1.33b)
. J%ohl©) (o ] 1\ —ifor o
o 229

These may be expressed in terms of the dipole moment | (0)h/jw if desired.
The electromagnetic power transferred across a closed surface in the far zone is given
by the integral of RES} ~ sir? ®. An angular graph of R&} is called a power
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pattern. Polar and rectangular graphs of the power pattern are shown in Figs. 1.5¢
and 1.5d. Note that because of symmetry, both the field pattern and power pattern are
independent of the coordinade

The half-power beam widt®np, is defined as the angular distance between half-
power points on the radiation pattern referred to the principal lobe. The val@gpof
for the short linear antenna is Q0Another parameter useful in defining the directive
properties of an antenna is the absolute directiityThis parameter is a measure of
the total time-average power transferred across a closed surface in the direction of the
principal lobe. The time-average power transferred across a closed sbrfacthe
integral of the normal component 8f Thus, in the far zone,

P:/ESdE. (1.34)

The directivity D is the ratio ofP with S set at its maximum valu§"®*to the actual
value of P. For a short dipole withS | ~ sir ©, the value oD is

3 (1.35)

D— i 4 _
T T 2
/ / Sif ©sin®de
o Jo

A nearly omnidirectional pattern requires a large valu®gf and a nearly unity value
of D. A more directional pattern requires a smaller valuedgf and a larger value
of D.

1.6

The field of antennas with sinusoidally distributed currents; radiation
resistance

Itis customary to assume that the current distribution on a linear antenna is sinusoidal,
ie.
_ 1 ©sinfo(h — |2))
sinBoh
For this current, the field characterisfig(®, Bgh) is given by (1.28b) with (1.36),
cog Boh cos®) — cospoh
sinBoh sin® ’

I (2) = ImsinBo(h — |2]). (1.36)

Fo(®, poh) = (1.37a)

An alternative field characteristle,(®, Boh) is referred to the maximum value of the
sinusoid, namelyl, = | (0)/sinBoh which occurs ah — A/4 whengoh > 7/2.

cog Bph cos®) — cospph
sin® '

Fm(®, Boh) = (1.37b)

The functionF,(®, Boh) is shown graphically in Fig. 1.6 for several valuedoft is
seen that the pattern correspondingggh = = /2 (h = 1 /4) is only slightly narrower
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Figure 1.6 Field factor of linear antenna.

than the pattern fotfoh)2 <« 1 which is shown in Fig. 1.5b. Note that @sh is
increased beyond, minor lobes appear which successively become the major lobe
and point in directions other thad = 7 /2.

The theoretical model of an infinitely thin antenna with a sinusoidal distribution
of current is a convenient one: tltempleteelectromagnetic field can be evaluated
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exactly in terms of elementary functions, even for observation points arbitrarily close
to the antenna. This is accomplished with the substitution of the current (1.36) in the
general integral (1.23a) for the vector potential, and subsequent use of the resulting
expression in (1.24). The indicated differentiations can be carried out directly without
evaluating the integral. The result is

il . . .
Ba(p, 2) = 0 42Z0 [e~)PoRin 1 g=JfoRen _ 2 coshoh e71Fo"] (1.382)
E,(p,2) = iméo ﬂ e 1hoRin 4 ﬂ g iBoRen _ 2_2 cosfoh g 1bor (1.38b)

P 4rp | Ran Ron r

—ijl g~ 1PoRin  g—iBoRen e~ ipor

E,(p.2) = — méo + — 2cosfoh (1.38c)
Vi Rin Ron

By(p,2) = Bz(p,2) = Ey(p,2) =0, (1.38d)
where

r=4p?+2% Rin=p2+h—-22 Ron=,p?+(h+2?2 (1.38e)

are the distances from the observation point to the center and the two ends of the
antenna, respectively.

When goh = n/2, the interpretation of (1.38) in terms of spheroidal waves is
available in [1, pp. 297-310] or [3, Chapter V]. It is easily checked that, when
is large, (1.38a—d) reduce to the radiation field given by (1.28a, c) with (1.37a).
Furthermore, (1.38) are seen to reduce to the field (1.33) of the electrically short
antenna whepoh « 1.

The total, time-average poweris equal to the integral of the normal component of
Re(S} = (1/2u10) Re(E x B*} over a closed surface surrounding the antenna, where
E andB are given by (1.38). Although any closed surface completely surrounding the
antenna will correctly givé®, it is convenient to select a large sphere for the integration
surface and use the expressions (1.28) and (1.37) for the radiation field in spherical
coordinates. The complete formula fBrdetermined in this manner can be found, for
example, in [2, p. 140]. It is easy to see that the expressioR faas the form

P=3ImP°R} or P=3[l(0°RS (1.39)

where the quantitie®?, and R§ = R,/ sir? foh depend only orggh. The units of
RY, and R are ohms. By definitionRg, (R) is the radiation resistance referredito
(1(0)). RS, is equal to 731 ohms whergoh = /2, and 199 ohms whefph = 7.

In general,Rj is notthe driving-point resistance of a center-driven antenna. To see
why this is true, let us examine in more detail the model of an infinitely thin antenna
with a sinusoidal distribution of current. In particular, in what way can one maintain,
at least in principle, the sinusoidal current distribution (1.36) on the infinitely thin,
perfectly conducting wire?
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From (1.38c), it is seen that the exact tangential electric #l@, z) on the wire's
axis is non-zero along the entire length of the wire. This is the axial field maintained
by the sinusoidal current distribution, and not the total axial field. Since the total axial
field is zero, there must be an externally maintained fiefd= —E;(0, z) on the
perfectly conducting wire. It is given by

ES(2) = o — 2cospoh

jlmco | e 1poth—2  g=ifo(h+2) e—ibolzl
_|_
h—z h+2z |Z|

:|; —-h<z<h
(1.40)

and is non-zero along the whole length of the wire. It follows that it is not possible to
excite a sinusoidal current simply by a single delta-function generatorEfith) =
Vé(2). Instead, a continuous distribution of electromotive forces is necessary.
Equations (1.40), (1.36), and the power identity (1.20c) provide another equivalent
way to determine the time-average povieradiated by the infinitely thin antenna, by
integrating Re% EZ(2)1*(2)} along the length of the antenna. Note that the integrand
is finite. As beforeRf is the coefficient o% |1 (0)|2 in the resulting expression.
The foregoing discussion clearly shows tiR§tand the driving-point resistand®y
of a center-driven antenna are two different quantities. In some cases, however, it is
true thatRy = Rg This will be seen in the next section.

1.7

Impedance of antenna: EMF method

In this section, the “induced EMF method” [4] is discussed. This is an approximate
method used for calculating the impedance of a center-driven antenna with non-zero
radius.

Letl (z) = 2raK;(2) be the current on an antenna center-driven by a delta-function
generator, and ldE;(a, z) be the tangential electric field at the surface: a. Consider
the quantities

_“ (:))Iz /: Es(a,2)| *(2)dz (1.41a)
or

1 h
_IZ_(O) /_h Ez(a, 2l (zdz (1.41b)

These are both equal @y, the driving-point impedance of the antenna. This is seen
to be true by the substitution of the boundary conditityta, z2) = —Vé(2) in (1.41)

and the subsequent use of the property (1.2c) of the delta function and the definition
Zo=V/1(0).
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The “induced EMF method” consists of determining the driving-point impedance
of the antenna from the formula

h
Zo= —W /_h Ez(a, 2)1 *(2)dz (1.41¢c)
where one uses the sinusoidal current distributigr)y = [1 (0)/ sinBoh] sin Bo(h —
|z|) on the right-hand side, and the associated vall& ¢, z) from (1.38c). Itis easily
seen from (1.38c) that the integral in (1.41c) is proportionallt®)|. Therefore,
the final quantity obtained does not involV€0); it is an integral expression which
depends only oBpa and Bgh. Sincel (z) is in phase withl (0) for all z, the same
result is obtained if (1.41b) is used instead of (1.41a).

The resulting integral expression fd@p can be evaluated by numerical integration,
expressed [5] in terms of integrals tabulated in standard mathematical handbooks [6],
or written in the form

L - .
0= 2% S Aoh {sinBoh[Ca(h, h) — cospoh Ca(h, 0)]
— cospBoh[Sa(h, h) — cospBoh Si(h, 0)]}, (1.42a)

where the integral€;(h, z) and S;(h, z), which occur frequently in antenna theory,
are defined by

h e bRt g—iPoRe
Ca(h,2) = / cospoZ + dZ (1.42Db)
0 Ri R2
h e lPoRL  g—jhoRe
Si(h, 2) = / sinBo|Z | [ + ] (1.42c)
0 Ri Ro
and where
(z—2)2 + a2, Ry =V (z+ 7)2 + a2. (1.42d)
A short table of these integrals for the cage. = 0.007 022 is given in [2, Appendix
1].
Note that the value oZg so obtained is infinite whefoh = 7, 27, . ... Therefore,

the method cannot be used to determine the driving-point impedance of antennas with
these lengths. Note also that, in the liBa — 0, the value ofRy = Re{Zp} reduces
to R§, whereRg is the radiation resistance obtained in the previous section.

From a theoretical point of view, the valid objection can be raised that two different
models are involved in (1.41). These are the antenna in which a sinusoidal current
distribution is maintained (by a continuous distribution of electromotive forces),
and the antenna center-driven by a delta-function generator. Only under special
circumstances can the first model be regarded as being similar to the second, or,
indeed, to the more practical antennas of Figs. 1.1a and 1.1b. For the first model, there
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Figure 1.7 Distribution of amplitude and phase of current in half-wave dipole.

is no single pair of terminals, so that the quantity in (1.41) is not the driving-point
impedance of an antenna. For the second model, the quantity in (1.41) is indeed the
driving-point impedance but (1.41c) is an identity, and not a means of determining
Zo. The electric field maintained by the currents in the first case violates the boundary
conditionE;(a, z) = 0 (z # 0) satisfied by the corresponding field in the case of the
center-driven antenna.

In order to further understand the two models, it is instructive to consider the

permissible choices af4 in (1.20b). In other words, for what types of surfaces

does one correctly obtain the time-average power radiated? The answer is different
for the two models: For the case of the center-driven anteBpaan be any closed
surface that encloses the delta-function generatar &t 0. It need not enclose the
entire antenna. However, for the antenna with a sinusoidal distribution of current, it is
necessary to enclose the entire antenna in order to correctly dhttie time-average
power.

From an engineering point of view, the induced EMF method is best discussed by
comparison with measurement. In order to obtain useful results, it is necessary that the
assumed sinusoidal current distribution be close to the true current distribution, and
that the antenna be electrically thin. Figures 1.7 and 1.8 show the measured amplitude
and phase of the current for a base-driven monopole over a ground plane together with
the sinusoidal current fgfph = /2 andrn, respectively. The parameteris related
toh/aby Q = 2In(2h/a). In Fig. 1.7, the experimental data are taken from [7]. The
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Figure 1.8 Distribution of amplitude and phase of current in full-wave dipole.

theoretical curve is in the form

I(z)_ 1 (2
v |V

; () 2
el®@ — % cosfoz = z cosfBoz (1.43)

where Zg has been calculated from (1.41c) to Bg = 73+ j41 ohms. The factor

of 2 in the last equation in (1.43) is included so that)/V corresponds to that of

a monopole over a ground plane. In Fig. 1.8, the measurements have been made by
Mack. The value ofl,/V| = |l (A/4)/V| in the theoretical curve is such that the
total power radiated by the antenna with the sinusoidal current (as calculated from
P = RS |Im|2 with RE, = 199 ohms) is the same as the total power radiated by the
base-driven monopole. The latter power can be found from the measured driving-point
conductanc&g = 1.023 millisiemens (mS) aB = Go|V|?.

In Fig. 1.7, the general agreement between the measured values and the sinusoidal
approximation is fair, with more current near the top of the actual antenna than is
indicated by the cosine curve. The driving-point admittance as calculated by the
induced EMF method agrees quite well with the measured value. The phase differs
somewhat from the constant required by the sinusoidal distribution of current. For
the full-wave antenna of Fig. 1.8, the sinusoidal current fails completely near the
driving point, where, instead df (0)/V| = 0, |1 (0)/V| is about three-quarters its
maximum value along the antenna. The measured phase, instead of being constant,
changes significantly along the antenna.

Some additional comments about the half-wave antenna are now made. More
discussions along these lines can be found in [8]. gt = 7/2, the measured
current is fairly close to that predicted by the induced EMF method. It follows that the
near-fieldBey should also be fairly close. This is not true, however, for all near-field
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Figure 1.9 Normalized distribution of charge in amplitude and phase for a half-wave dipole.

guantities. It follows from preceding discussions thatEyeomponents are different.
That theE,, components should also be different is illustrated in Fig. 1.9, where the
measured [7] charge per unit lengitz)/V = |q(z)/V|el®@ along the half-wave
antenna is shown together with thmedicted by the sinusoidal theory. The theoretical
curve was calculated from (1.43) by the equation of continuity (1.22). Here, the
agreement is quite poor.

The sinusoidal current distribution ség(h — |z|) has been seen to be inadequate
in many cases. Nevertheless, it is attractive because of its simplicity. In Chapter 2,
linear antennas satisfyinpa <« Boh < 37/2 andfBpa « 1 are considered. For
such antennas, an improved representation of the current will be introduced. In this

representation, sifg(h — |z|) is the first term, and the remaining terms are also simple
trigonometric functions.

1.8

Integral equations for the current distribution

In the three preceding sections, the current distributiGr) along the length of the

linear antenna has been assumed. A more scientific and more difficult method for

investigating the properties of a center-driven linear antenna is to detehigzngom

the boundary condition satisfied I8, on the surface of the antenna. If this condition

is imposed, an integral equation fb¢z) results. A history of the development of the

integral equation, as well as many additional references, can be found in [3, 9, 10].
This section first introduces the model of the center-driven tubular dipole. Two

integral equations will be derived, one of which is exact for this model and will be

called theexactintegral equation. The second integral equation is approximate and





