
Index

absorbing set, 138, 139, 188
accretivity property (of a measure), 178, 245
Agmon inequality, 97, 100
analyticity, see time analyticity
approximate inertial manifold, 118, 150, 152
a priori estimate, 65–7, 71–3, 88–90, 98–102,

104–6
Arzelà–Ascoli theorem, 224
asymptotic bounds on the solutions, see a priori

estimates
asymptotic compactness, 138, 139
attractor

dimension, 117–18, 125, 131, 137, 140–5,
147–9, 159–61

dimension (lower bounds), 144
example of trivial attractor, 145–7, 161–3
global attractor, 116–18, 137–40, 145–7, 194
weak global attractor, 149–50, 163–4, 196–7

Aubin compactness theorem, 224
autonomous system, 39

background flow, 79, 84
Banach limit, see generalized limit
bilinear operator, 38, 96–101

orthogonality property, 97, 99, 101
Birkhoff ergodic theorem, see ergodicity
Boltzman equation, 3
Borel

measure, 219–21
probability measure, 219, 221
regularity of Borel measure, 220
set, 219–21
sigma-algebra, 219

boundary conditions, 25, 29, 30, 32, 33, 43, 44,
77–8

compatibility condition for regularity, 59
boundary layer, 29, 84, 218
boundary value problem for the pressure, see

pressure
Brézis–Gallouet inequality, 100

carrier, see measure
cascade, see energy; enstrophy
Cauchy integral formula, 65
Cauchy–Schwarz inequality, 15, 94
CFT theory, 143, 148
channel flow, 32
chaos, 8, 115, 183
characteristic

time, 80, 216
velocity, 80, 85, 299

closure schemes, 7
compactness, 118
complexified functional spaces, 63
complexified NSE, see Navier–Stokes

equations
computational fluid dynamics, 115
conservation

of energy, 13, 28
of enstrophy, see enstrophy
of mass, 1
of momentum, 2

correlation function, 193, 295, 297, 300, 301,
304

decaying homogeneous turbulence, 257, 295
degrees of freedom, 10, 115, 117, 123, 141, 145,

148–9
density, see measure, probability
determining modes, 116, 123–30
determining nodes, 116, 131–7
dilatation invariance, 17, 19–20, 23
dimensional analysis, 9–10, 216
dissipation range, 9, 115, 151, 198, 214, 297
divergence-free condition

in Fourier space, 46
in physical space, 2, 36–7

domain of analyticity, see time analyticity
dual spaces, see function spaces
duality product, 90–2, 95
dynamical multilevel method, 154

343

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521360323 - Navier-Stokes Equations and Turbulence
C. Foias, O. Manley, R. Rosa and R. Temam
Index
More information

http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521360323


344 Index

eddies, 9, 215
effective viscosity, 119, 155
eigenfunctions, see Stokes operator
eigenvalues, see Stokes operator
embedding, see Sobolev
energy, 9, 11, 15, 27, 41, 199, 201, 204, 277

cascade (direct), 9, 13, 198, 204, 206
cascade (inverse), 14, 213–14
cascade (mechanism), 214–17
conservation, 13, 28
dissipation rate, 9, 41, 80, 85, 142, 148, 202,

216, 288–91, 297
dissipation rate, bound on, 80, 85
equation, 41, 57, 58, 201–5, 287, 288–9
inequality, 57, 60, 85, 95, 98, 102–4, 265, 268,

276, 277, 278
local, 75, 275, 277
spectrum, 9, 12, 13–14, 215–17, 296, 302–3
transfer (direct), 198, 202, 204, 207
transfer (inverse), 199, 204, 207, 213

ensemble averages, 169–72, 183, 184, 187, 193,
203, 204, 210, 255–6, 280, 295, 297

enstrophy, 11, 15, 28, 41, 42, 55, 201, 207, 215
cascade, 13, 199, 206, 210, 214
cascade (mechanism), 215–16
conservation, 13, 101, 102, 208, 209, 212
dissipation rate, 13–14, 141, 145, 208–10
equation, 101, 102, 208, 209, 212
local, 75, 275, 277
transfer, 206, 208–10, 212

ergodicity, 6, 170, 183, 195
Euler equation, 5
Eulerian representation of a flow, 1
evolution equation for the velocity field, 36, 38,

96
existence of solutions, 26, 55–9
extremal point, 224

finite dimensionality of flows, 115–19, 137, 141,
150; see also attractor, dimension

FMT manifold, 153, 164
Fourier characterization of the function spaces,

45–8, 50–1, 68
Fourier series, 11, 29, 44–8

exponential decrease of coefficients, 74
fractal dimension, 117; see also attractor,

dimension
Fubini theorem, 222
functional inequalities, 16–17
functional evolution equation, 36, 38, 96
function spaces, 14–16, 21, 22, 41–9, 49–54,

75–7, 90–5
C([0, T ], X), 48
C(I,Hw), 95
C(I,X), 93

complexified spaces, 63
D(A)C, HC, VC, V

′
C
, 63

D(As), V2s , 50–1
dual spaces, 26, 48, 49, 51, 53, 77, 90–2
Fourier characterization of, 45–8, 50–1, 68
Fourier characterization of Gevrey spaces, 68
Gevrey spaces, 68–9, 89, 108, 109
H and V, 16, 41–3
H1(�), 15
H1(�)d , 16
H loc, V loc, 76
H1

loc(R
d ), L1

loc(R
d ), L2

loc(R
d ), 76

Hm(�), 21
Hnsp, Vnsp, Vnsp, 43–4
Hper, Vper, Vper, 44–5, 46–7
Ḣper, V̇per, V̇per, 45, 47
Hw, 93
Hausdorff topological space, 221
L2(�), 14
L2(�)d , 14
Lp(0, T ;X), 48
Lp(a, b;X), Lp(I ;X), 93–4
L

p

loc(a, b;X), L
p

loc(I ;X), 94
Lebesgue spaces, 21
locally convex topological vector space, 224
normal topological space, 223
Polish, 220
Sobolev spaces, 8, 16, 21–2
space-time, 48, 93–5
topological vector space, 224
Vc, V

′
c, 76–7

V ′
nsp, V

′
per, V̇

′
per, 91–2

in the whole-space case, 75–7

Galerkin projector, 54–5
generalized Gronwall lemma, 125, 156
generalized limit, 170, 182, 225–6
Gevrey regularity, 67–73
Gevrey spaces, see function spaces
global attractor, see attractor
Grashof number, 87–90

Hahn–Banach theorem, 223
Hausdorff dimension, 117, 137, 141–5, 147–9,

159–61
Hausdorff topological space, 221
Helmholtz–Leray decomposition, 25, 36–8
Hölder inequality, 20, 21
homogeneous isotropic turbulence, see

turbulence
homogeneous turbulence, see turbulence
homogeneous statistical solution, see statistical

solutions
homogeneous measures, 257, 272
Hopf equation, 257, 270, 279
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inequality
Agmon, 97, 100
for the bilinear term, 69–70, 77, 97, 100
Brézis–Gallouet, 100
Cauchy–Schwarz, 15, 94
functional, 16–17
Hölder, 20, 21
interpolation, 23, 51, 100
Ladyzhenskaya, 17–20, 97, 100
Lieb–Thirring, 118, 141, 144, 160
Poincaré, 17, 19, 44, 45, 50
Schwarz, 20
Sobolev, 16, 22–3
for the trilinear operator, see inequality, for

the bilinear term
Young, 20

inertial form, 151
inertial manifolds, 7, 150, 151
inertial range, 12, 14, 115, 198, 199, 204, 210,

214–17, 217–18, 297
inertial term, 2, 9, 92; see also bilinear operator
initial boundary value problems, 33
inner product, 14, 15, 16, 41–2
intermittency, 12, 308–10
interpolation inequality, 23, 51, 100
invariant measure, 170, 178, 184, 187, 188, 194

equivalence with stationary statistical solution,
187, 227

support of, 181, 194–5, 196
support of, regularity, 188, 196

invariant set, 138, 147
dimension of, 147–9

inverse cascade, 14, 213–14
isotropy, see turbulence, isotropic homogeneous

Kakutani–Riesz representation theorem, 219,
221

kinetic energy, see energy
kinematic pressure, see pressure
kinematic viscosity, see viscosity
Kolmogorov

2/3 law, 299
−5/3 law, 12, 217, 302
constant, 12, 299, 301, 290, 305
dissipation length, 10, 141, 148, 298, 299, 300,

306
dissipation wavenumber, 10, 217, 297, 302–3
spectrum, 9, 12, 217, 258, 302–3
theory, 9–12, 115, 151, 198, 217, 297

Kolmogorov–Landau–Lifshitz theory, 115, 137
Kraichnan

cutoff wavenumber, 14, 115, 214, 217–18
dissipation length, 14, 115, 141, 142, 145, 214
spectrum, 14, 199, 216
theory, 14, 151, 214

Krein–Milman theorem, 223
Krylov–Bogoliubov theory, 183

Ladyzhenskaya inequality, 17–20, 97, 100
Lagrangian representation of a flow, 1
Lebesgue differentiation theorem, 222
Lebesgue dominated convergence theorem, 222
Lebesgue points, 60, 96, 103, 104, 222
Lebesgue spaces, 21
length scale, 10, 80, 85, 299; see also Taylor

microscale; Kolmogorov, dissipation
length; Kraichan, dissipation length

Leray projector, 37
Lieb–Thirring-type inequality, 118, 141, 144, 160
lifting operator 0δ, 78
Liouville-type equation, 170, 177, 263, 265, 266,

276, 278
locally convex topological vector space, 224
Lorenz system, 115
Lyapunov exponents, 118, 141

mean free path, 3
measurable set, 221
measurable space, 219
measure, 219, 221

accretivity property of, 178, 245
Borel, 219–21
carrier of, 220
homogeneous, 257, 272
invariant, see invariant measure
probability, 219, 221
Radon, 219
support of, 220
time-average, see time-average measure

moments, 170, 177, 256
monotone convergence theorem, 221
moving boundary, 77; see also boundary

conditions
multilevel methods, 154

Navier–Stokes equations (NSE), 2–3, 25–7
complexified form, 64, 70, 106, 109
existence, 26, 55–9
functional equation formulation, 36, 38, 96
regularization effect, 59, 61–2, 98–102; see

also Gevrey regularity
stationary, 33
strong solutions, 57, 58, 59, 61–2, 99–102
uniqueness, 26, 57, 58
weak formulation, 40, 56
weak solutions, 25, 56, 58, 95, 98–9
weak solution, lower semicontinuity of, 61

nondimensional estimates, 87–90
nonlinear Galerkin method, 154
nonsmooth domains, 140, 141
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346 Index

norm, 14, 16, 42
normal topological space, 223
no-slip condition, see boundary conditions

omega-limit set, 139, 195
orthogonality property of the inertial term, see

bilinear operator

Parseval identity, 50
periodic boundary condition, see boundary

conditions
Poincaré inequality, 17, 19, 44, 45, 50
Polish space, 220
pressure, 2, 25, 28, 34

boundary value problem for, 34–6
probability measure, 219, 221
Prohorov theorem, 224

Radon measure, 219
regularity

of a Borel measure, 220
of the support of time-average measures,

see time-average measure
regularization effect, see Navier–Stokes

equations
Rellich theorem, 24, 49
Reynolds

equation, 257, 280, 282
number, 4, 10, 85, 87, 115, 299, 306–7
similarity hypothesis, 4, 87

Riesz representation theorem, 91

scalar product, see inner product
Schwarz’s inequality, 20
self-similar homogeneous statistical solution,

see statistical solutions
self-similarity, 9, 283, 284, 288–9
semigroup, 138
sigma-algebra, 219
Sobolev

compact embeddings, 24, 58, 139
embeddings, 22–4
inequalities, 16, 22–3
spaces, 8, 16, 21–2

solution operator
S(t; t0 ) and S(t), 60
SV (t2; t1) and SV (t2), 61

space analyticity, see Gevrey regularity
spaces, see function spaces
spectral projector, see Galerkin projector
spectral and pseudo-spectral methods, 154
stationary NSE, see Navier–Stokes equations
statistical equilibrium, 170, 177
statistical solutions

homogeneous, 257, 258, 271, 275–9, 323

self-similar homogeneous, 283, 288–9, 290,
292, 297, 298, 303, 308, 326

stationary, 170, 171, 176, 179–80, 183, 187,
190, 191, 194, 227, 234, 292, 326

stationary, support of, 181, 194
time-dependent, 178, 255, 263, 265, 268

Stokes operator, 38, 49, 52, 53, 91
abstract definition, 53
eigenfunctions of, 50, 52
eigenvalues of, 50, 52, 53, 54
eigenvalues of, asymptotic behavior, 54
powers of, 51, 93

Stokes problem, 34
stress tensor, 1, 2
strong convergence, 93
strong solution, see Navier–Stokes equations
support

of an invariant measure, see invariant measure
of a measure, 220
of stationary statistical solutions, 181, 194

Taylor microscale, 300, 306, 310
test functions

for stationary statistical solutions, 178
for time-dependent statistical solutions, 256,

263–4, 266, 267, 278
for weak formulation of the NSE, 39

theorem
Arzelà–Ascoli, 224
Aubin compactness, 224
Fubini, 222
Hahn–Banach theorem, 223
Kakutani–Riesz representation, 219, 221
Krein–Milman, 223
Lebesgue differentiation, 222
Lebesgue dominated convergence, 222
monotone convergence, 221
Prohorov, 224
Rellich, 24, 49
Riesz representation, 91
Tietze extension, 223
Tonelli, 222

Tietze extension theorem, 223
time analyticity, 26, 62–7, 67–73, 106–9,

109–14
domain of, 65, 66, 67, 71, 72, 73, 108, 111,

114
in Gevrey spaces, 67–73, 109–14

time-average measure, 171, 184–5, 187, 188, 189,
190–3, 197, 203, 204, 210, 234, 245

regularity of the support of, 187–9, 193–4,
196–7

time-dependent statistical solution, see statistical
solutions

Tonelli theorem, 222
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Index 347

topological vector space, 224
trace of a function, 78
trilinear operator, 41, 96, 97, 99, 101

inequalities for, see inequality, for the bilinear
term

turbulence, 4, 5–8, 9–14, 55, 115–19, 142, 145,
147, 150, 169–72, 198–9, 204, 206, 210, 213,
214–17, 217–18, 255–8, 271, 280, 288, 295,
297, 306, 308, 310–12

homogeneous, 29, 30, 257, 271, 280, 295
isotropic homogeneous, 7, 299, 303, 304, 308

two-dimensional flows, 13, 206

unbounded domains, 29, 75, 140, 141, 272, 277,
279

uniform compactness, 139
universality, 4, 9, 10–11, 13, 288
Uryshon lemma, 223

viscosity, 2, 4, 5, 13, 41, 60, 65, 274, 297
effective, 119, 155

viscous dissipation, 3, 5, 9, 13, 14, 41, 115, 151,
198, 202, 205, 208, 211, 214, 288, 297; see
also energy, dissipation rate; enstrophy,
dissipation rate

volume element, 143, 144
von Karman–Howarth equation, 7, 303
von Karman–Howarth–Dryden equation, 303
vortiticy, 13, 28, 55, 206

weak continuity, 57, 61, 95, 103, 190
weak convergence, 93
weak global attractor, see attractor
weak solutions, see Navier–Stokes equations
weak topology, 92–3, 95

Young inequality, 20
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