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Aitken’s diagrams 426
alternating tensor 92, 137-, 166
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analytic 341, 346, 386—
see also holomorphic
antipodal map 10, 30, 291
anti-self-dual 151, 236, 240, 351
anti-sky mapping 10, 11, 30
anti-symmetric (skew) tensor 91, 92, 134—
dual of 149, 166
simple (145), 165-, 324
see also bivector, differential form
anti-symmetrization 132
diagram for 426-
Argand (-Wessel-Gauss) plane 10, 19, 25,
60-, 274
Arnol'd, V.I. 19
Arnowitt, R. 390
Ashtekar, A. 335, 342

background fields 402-
Badurek, G. (47)
basis 1
change of 97
coordinate 122
dual 94, 102
existence of 82, 91—
for local cross-sections of bundle 335
see also spinor basis, spin-frame
Bass. RW. 55
Bauspiess, W. (47)
Bel, L. 240
Bel-Robinson tensor 240-, 246, 325~
for Einstein—Maxwell theory 326
positive-definiteness 328
Bell, P. 367

Bergmann, P.G. 231, 364
Bernstein H.J. (47)
Bessel function 414
Bianchi identity 194, 210, 385
contracted 210
spin-coefficient form of 260
spinor form of 246
diagram for 429
diagrammatic proof of, with torsion 430
spin-coefficient form of 259
spinor form of 245, 246, 362
diagram for 433
Bianchi symmetry (cyclic identity) 143,
194, 195, 232, 233
diagram for 429
Birkhoff, G. 69, (90)
bivector 149—
[anti-] self-dual 151
complex nuil 131
dual of 150
duality rotation of 152
simple 324
Bjorken, J.D. 368, 423
Bohm, D. (318)
Bondi, H. 399
Bondi—Sachs mass 278
Bonse, U. (47)
boost 18, 20
boost-weight 253
Bott, R. 335
Bramson, B.D. (401)
Bruhat, Y. (Choquet—Bruhat, Y.) 207, 390
Buchdahl, H.A. 366, 367, 370, 385
bump function 100, 181, 183
bundle: see vector bundle

Campbell, S.J. 224
canonical decomposition of symmetric
spinors 162
Carmeli, M. 224, (294)
Cartan, E. vii, 205, 237, 262
Cartan calculus
of differential forms 203-, 262-, 424
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of moving frames vii, 262—
relation to spin-coefficients 265—
causal world-vector 3
causality 353
Cayley—Klein parameters 20
celestial sphere 9, 26
Chandrasekhar, S. 224
characteristic hypersurface 374, 389
see also null hypersurface
charge 312
conservation of 322
elementary 314
charge-current vector 320, 369, 371
Dirac 377
Schrodinger—Klein-Gordon 378
charged fields (charged modules) 313-, 356,
357, 367
Chevalley, C. 180
Choquet-Bruhat, Y. 207, 390
Christenson, J.H. (4)
Christoffel symbols 208, 230, 250, 262
see also covariant derivative
Clifford algebra 124
Clifford-Dirac equation (124) (221)
clumped (composite) indices 87—, 134
Colella, R. 47)
colour spaces of particle physics 334
commutator
in compacted spin-coefficient formalism
258, 270, 283
on null hypersurface 283
on two-sphere 292
on two-surface 270, 272
of covariant derivatives 193—, 312, 385
on bundle cross-section 340, 341
with charged fields 318, 320-
in ECSK theory 237
spinor form of 242-, 320—, 350
with Yang-Mills-charged fields 349,
350
Lie bracket 206, 246
of Lie derivatives 207
in spin-coefficient formalism 247, 248
compacted spin-coefficient (GHP)
formalism 250-
basic equations 258
Bianchi identity in 259
derivatives of symmetric spinors in 257
exterior calculus in 278~
massless field equation, twistor equation,
wave equation in 260
complex analytic: see holomorphic
complex angle 32
complex conformal rescaling (353), (356),
(360)
complex conjugation
of spinor components 114

of spinors 107-
of tensors, as spinors 117
complex curvature of 2-surface 277
complex null bivector 131
complex null direction 131
complex null vector 126, 129—
complex numbers
field of 56, 162
significance of viii, 250
complex projective line 14
see also Riemann sphere
complex scalars 188, 212
complex stereographic coordinate 11, (12),
33—, 274, 309-
complex tensor 117, 188
complexified sphere 131
complexion of Maxwell field 330
components
of spin-vector 47
of spinor 113
of tensor 70—, 95
of vector 35, 91, 185
composite (clumped) indices 87—, 134
conformal density 289, 354, 355, 359, 366
conformal flatness 358, 367, 398—
conformal group (355)
conformal invariance 355, 358—, 399—
conformal rescaling 352
change of covariant derivative under
355-
complex (353), (356), (360)
of curvature 357
of spin-coefficients 358, 359
conformal structure
of #*, ¥7,8*, 87 38, 60, 129
of space-time 352
conformal transformation
of 2-surface 25, 289, 300
see also conformal rescaling
conformal weight 289, 355, 360
conformally invariant equations 361, 366,
369
conformally invariant eth, thorn 360—
conformally invariant integral on 2-surface
278
connection 191
expressions independent of 202—
symbols 199—, 313
see also covariant derivative
connection 1-form 264
consistency condition
Buchdahl 366, 367
Fierz—Pauli 366, 367
constant scalars 181
constant spinors 294
constraints 390
avoidance of 386, 402
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continuous function 181
contraction 71, 74, 84, 85
contracted (inner) product 86, 88, 89
contravariant 72
classical definition of 185
vector 72, 184
coordinate basis 122, 197
coordinate derivative 197-
coordinates
Minkowskian 3
normal 387
of a vector 1
Corson, EM. 312, 384, 390
cosmological constant 234, 235, 379
Courant, R. 297
covariant 72
vector (covector) 72
covariant derivative 191-
algebraic properties of 192
change of 196, 341
under conformal rescalings 217, 355-
Christoffel (Levi—Civita) 209, 239, 341
extended to spinor fields 211, 213—;
(existence) 217, 223—; (non-
uniqueness) 216, 217; (uniqueness)
214-, 231
diagram for 429~
extended to bundles 340, 341
extended to charged fields 315-
extended to complex tensors 212, 218
exterior 263—
spinor components of 225
Taylor (—Gregory) series in 386—
tensor components of 199
in a two-surface 271
covector 72
covering 99, 335
covering space 50
universal 45—
Cronin, J.W. (4)
cross-ratio 29—, 30
real, harmonic, equianharmonic 30, 31
cross-section of bundle (270), 334, 335
Curtis, G.E. 365
curvature, Gaussian 272
curvature spinors 231
from Cartan formalism 263—
change under conformal scaling 355
curvature tensor 194
components of 200
diagram for 429
Riemann tensor 146, 209, 231
curvature two-form 263
Cvitanovié, P. 75, 424
cyclic identity (Bianchi symmetry) 143, 194,
195, 232, 233

447

d’Adhémar, R. 389, 401
D’Alembert equation 375
see also wave equation
Darmois, G. 393
de Donder gauge 364
degrees of freedom 374, 389, 390
derivation 184--
derivative, coordinate, covariant and
directional: see coordinate
derivative, covariant derivative and
directional derivative
Deser, S. 370, 390
de-Sitter space 379
DeWitt-Morette C. 207
diagrammatic notation ix, 75, 424—
differential 189
differential form (p-form) 203
duals of 264
spinor-valued 262
suppression of indices on 203, 262
tensor-valued 203, 262
see also anti-symmetric tensor
Dillard-Bleik, M. 207
Dirac, P.AM. vii, 220, 221, 362, 384, 403
Dirac delta-function 408, 413
see also distribution
Dirac electron equation (field) 220-, 312,
377, 412~
charge—current vector for 377
degrees of freedom for 390
energy tensor for 368
Maxwell-Dirac equations 379, 417—
Dirac(-Fierz) higher spin fields 384
degrees of freedom for 390
Dirac gamma matrices 124 (221)
Dirac scissors problem 43
Dirac spinors (4-spinors) vii, 143, (221),
370, 377
Dirac-Weyl neutrino equation (field) 220-,
362, 367, 375
directional derivative 180, 185, 190, 226,
227
covariant 206
distributional solution
of massless free-field equation 410, 412
of wave equation 409
distributions 407—
divergence equation 322, 371
divergence theorem 205
see also exterior calculus
division ring 69, 70
Dodson, C.T.J. 198
dominar.t energy condition 327
Daoppiler tactor 20
Powker, J.S. 370
Dowker, Y.P. 370
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Drell, S.D. 368, 423
dual
[anti-] self-dual 151, 320, 351
of basis 94, 102
of bivector 150
of dual of module 79
left and right duals 232—
of module 78, 79
of p-form 264
duality rotation 152, 232, 233, 242, 330
Duff, G.F.D. 389
Duffin—-Kemmer equation 384
dummy index 85, 424
dyad 112, 223-
see spinor basis

Eagen, C.F. (47)
Eastwood, M.G. 291
Eckmann B. (93)
edth 255
see also eth
Ehlers, J. (24)
eigenspinor 173
Einstein, A. 237
Einstein—Cartan—Sciama—-Kibble (ECSK)
theory 216, 237—
Einstein field equations 234, 235, 238, 246,
260, 379-
degrees of freedom for 390
weak-field limit of 362, 375
Einstein—Maxwell (electrovac) equations
325-, 379, 382
Einstein static universe 55
Einstein tensor 234
electric and magnetic 3-vectors 323
electromagnetic (Maxwell) field tensor
312-, 318
complex 323
complexion of 330
components of 323
components of dual of 324
duality rotation of 330
nullity of 164, 324
PNDs of 324, 328
and potential 320, 373, 378
purely electric [magnetic] 324, 330
scalar invariants of 164, 324
simple 324
electromagnetic potential 312, 316-
and field tensor 320, 373, 378
electromagnetic spinor 312, 320-, 362. 375
components of 323
PNDs of 324, 328
Ellis, G.F.R. 55, 180, (191), 207
energy(—momentum) tensor 235
conformal invariance of, if trace-free 371
Dirac 368

Dirac—Weyl 368
electromagnetic 173, 325—
invariance of, under duality rotation 325
massless scalar 369
non-symmetric 238
positive-definiteness of 326—
supergravity 370
Yang—Mills 351
energy positivity condition 327
Engelking, R. 183
epsilon spinors: see 2-spinors
eth (8) 255
conformally invariant (3,) 360
coordinate descriptions of 275, 308—
equations in 297-
generalized inverse of 299
Euler homogeneity operators 287, 291
exact set (of interacting fields) 373-
Dirac field as 377, 378
Dirac—Fierz field as 384-
Einstein field as 379-
Einstein—Maxwell field as 382, 383
invariant 375
massless free field as 375
Schrodinger—Klein—-Gordon field as 378
Yang—Mills field as 383
exponentiation 176—, 207, 346
extent (36), 39, 387, 394
exterior calculus 02—
compacted spin-coefficient form of
in conformal form 361, 362
on null hypersurface 281—, 362, 396—
on 2-surface 278—
fundamental theorem of 205, 281-, 362,
396
exterior derivative 202—, 208
covariant 263-
in spin-coefficient forms 278, 279, 284,
361
exterior product 203-, 262-
Exton, A.R. 299
extrinsic curvature quantity of 2-surface
277

f-equivalence 99
Ferrara, S. 370
Feynman, R.P. 383, 417
Feynman diagrams 423
Fierz, M. 363, 366, 367, 384, 385
Fitch, V.L. (4)
flag plane 37, 39, 40, 53, 128
flagpole 37, 39, 40, 53, 127
Fock, V.A. 383
Fock-Feynmann-Gell-Mann equation 383
form (145), 203

see also differential form
Fordy, A.P. 252
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four-screw 28, 174 Hehl, F.W. 237
Frame, 1.S. (144) Held, A. 252

Freedman, D.Z. 370

Friedlander, F.G. 407, 408

fundamental group (first homotopy group)
44

fundamental theorem of exterior calculus
205
see also exterior calculus
future-pointing world-vector 4, 127

Gardner, M. (4)
gauge 251, 253, 316, 345, 378
gauge transformation 317, 345, 364
Gauss, CF. 205
Gauss—Bonnet theorem 277, 278
Gaussian curvature 272, 276, 288
Gel'fand LM. (301)
Gell-Mann, M. 383
general relativity: see Einstein field
equations
generalized inverse of & 299
generalized Kirchhoff-d’Adhémar formula
393
see also Kirchhoff-d’Adhémar formula
generator of null hypersurface 283
genus 277
geodesic 283, 387, 395
geodetic deviation 392, 393
geometrodynamics 329
geometry
of intersecting null hypersurfaces 393
of light cone (null cone) 392, 393
of spinor operations 59: see also spinor
operations
Geroch, R. 51, 55, 93, 252
Geroch-Held-Penrose (GHP) formalism:
see compacted spin-coefficient
formalism
Goldberg, J.N. 272, (297), 305, (306), (307)
Goldstein, H. 19, 20
gradient of scalar (72) 189—
Graev, M.L. (301)
graph of a function 333
Grassmann calculus 424
see also Cartan calculus
gravitational constant (Newton’s) 235, 238
gravitational spinor 235
see also Weyl (conformal) spinor
Green, G. 205
Grgin phenomenon (411)
Gunning, R.C. 298

Hadamard, J. 389

Hausdorff manifold 48, 98
Hawking, S.W. 55, 180, (191), 207
Hayward, R. (4)

helicity 308, 362

Herlt, E. 119, 224

Hermitian 16, 123, 124

Hermitian-null vector 131, 132
Hermitian scalar product on sphere 301
Herstein, ILN. 69, (90)

Hibbs, A.R. 417

Hicks, N.J. 180

Hilbert, D. 297

Hitchin, N. 51

Hochschild, G. (176)

holomorphic (15), (25), (287), 298
holomorphic coordinate for 2-surface 273
holonomic basis (93), 199

homotopy type (46)

Hoppes, D. (4)

Horowitz, G.T. 335, 342

Hudson, R. (4)

Huygens’ principle 407

index permutation 71, 75, 84
index substitution 84
indices
bold-face upright (numerical)2—, 76, 93—
capital Greek (bundle) 335
composite (clumped) 87—, 134
light-face sloping (abstract) 76—, 93—
lowering and raising of 104~, 118, 209,
225
moving of, across each other 110
staggering of 87, 105
suppression of 203, 262
Infeld, L. 221
Infeld-van der Waerden symbols 123,
228, 262, 266
infinitesimal transformation 175-, 364
initial value problem, initial data 374, 385-
explicit integrals for, in M 393—
on intersecting null hypersurfaces 393
on light cone (null data) 385—
on spacelike hypersurface 389, 401, 402
inner product 2
of spin-vector 56—, 59—, 104, 137
of tensors 86
intrinsic derivative 226
see also directional derivative
irreducibility 141-
isotopic spin-space 179, 334

Jacobi identity 206

KP°-decay (4), 56
Kelley, J.1. 93, 183
Kelvin, Lord 205
Kennedy, A.D. 424
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Kerlick, G.D. 237
Kibble, T.W.B. 237
Kirchhoff, G. 401
Kirchhoff-d’Adhémar formula
(generalized) 394—
in conformally space—time 398—
defining background fields 402—
derivatives of 406, 408
proof of 396—
satisfaction of field equations 405—
use with spacelike data 401, 402
Klein, A.G. (47)
Klein-Gordon equation (field) 378
degrees of freedom for 350
Kobayashi, S. 180, 197
Kramer, D. 119, 224
Kronecker delta
abstract 89, 118, 123, 353
diagram for 425-
mixed 93—
numerical 73, 94, 97, 112

labelling set 77, 78, 116
Lang, S. 180
Lee, T.D. (4)
left-handed massless particles 362
Leibniz law 191-, 214, 255
in diagrams 429
Levi—Civita connection: see covariant
derivative, Christoffel

Levi-Civita symbol 112, 113, 115, 137, 139

Lichnerowicz, A. 52
Lie algebra 346
Lie bracket (199), 202, 206, 246, 247
Lie derivative 202, 207, 208
diagram for 429
geometrical meaning of 207
Lie group 343
light cone 285-, 385, 388
geometry of 392, 393
initial data on 385-, 388, 394—
invariant volume 3-form on 415, 416
see also null cone
linearized Einstein field 362, 375
line bundle (253), 344, 355
see also vector bundle
local coordinates 182
loop notation for (covariant) derivative
429
loops in SO(3), classes I and II of 41—
Lorentz, H.A. (321)
Lorentz force 403
Lorentz group 5, 6

representations of 141, 146, 237, (294),

300, (301)
see also rotations of 2-sphere
Lorentz norm 3

Lorentz transformations 5—, 167—
improper 167, 171, 172
infinitesimal 175-
involutory (reflections) 171-
kinds of 27, 170
proper 172—
and spin transformations 14, 121, 167-
Lorentzian metric
Lorenz, L. (321)
Lorenz gauge 321, 322, 373, 378, 383, 417
luminosity parameter 399

MacCallum, M.A H. 119, 224, 362
Macfarlane, A.J. 272, (297), 305, (306), (307)
Mac Lane, S. 69, (90}
Magnon-Ashtekar, A. 335, 342
Majorana 4-spinor-tensor 370
manifold 48, 179-
analytic 346, 386
connected, Hausdorff, paracompact 48,
98, 180, 183, 184, 335
covering of 99
see also space—time manifold
massless (free-) field equations 246, 322,
362, 394
derivatives of 375, 376
giving exact set 375
initial data for 388, 395
in spin-coefficient form 260
conformally invariant 361
massless particles 362
see also massless field equations
Mather, J. 335
Maxwell equations 319-
conformal invariance of 372, 373
degrees of freedom for 390
with differential forms 322, 373
Einstein—-Maxwell equations 379
first half 319
free space 260, 319, 362, 367, 375
Maxwell-Dirac equations 379, 417—
second half 320
in spinor form 322, 376
Maxwell field 150, (151), 318
see also electromagnetic field
Maxwell theory 312—, 333
as Yang—Mills theory 344
metric 266, 275
see also metric tensor
metric tensor 208, 266
diagram for 428
as spinor 117-
Metzner, A W.K. 399
Mills, R. 342
Milnor, J. 52
Minkowski space—time 5—, 285-, 318,
(355), 366, 375, 393—
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Minkowski tetrads 3-
global 55
orthochronous 4
proper and improper 2
restricted 4, 58, 120
and spin-frames 58, (59), 120
Minkowski vector space 1—, 48
orientation (space—time orientation) 2
space-orientation 4, 121
time-orientation 4, 121
Misner, C.W. 329, 330, 390
Mobius band 338, 339
module 69, 70, 76—
axioms for 78
dimension of 92
dual 78, 79
reflexive 80
S-module 78
totally reflexive 80
Moore, E.H. 299
multilinear map 80

Naimark, N.A. (257), (294), (301)
Nashed, M.Z. 299
neighbourhood 99, 184
T-neighbourhood 181-
Nester, J.M. 237
neutrino (220)
see also Dirac—Weyl equation
neutron (47), 179
Newman, E.T. 119, 224, 262, 272, 275, 291,
292, 293, (297), 299, 308, (306}, (307),
307, 308, (399)
Newman-Penrose (NP}
constants 404
formalism 223-, 246-
Newman, M.H.A. (43)
Nomizu, K. 180, 197
normal coordinates 387
nucleon 179
null cone 8-, 352, 388
conformal structure of cross-section of
38
see also light cone
null datum 388—, 395
null-flag bundle 48
null flags 32—, 128
and orthonormal frames in R* 53
PP’ description of, on &% 34—
and spin-vectors 39—, 352
null hypersurface (251), 281
conservation law on 285
fundamental theorem of exterior calculus
on 281
generator of 283
geometry of 392, 393
initial data on 374, 385—, 388-, 393—

invariant volume 3-form for light cone
415, 416

volume element 3-form 284
null rotation 28, (29), 174, 178
null symmetric spinor 164, 324
null tetrad 119, 125
null two-planes 37

angle between 38
null vector: see world-vector, null
null zig-zag 415—
numerical indices 2, 76

Oehme, R. (4)

Opat, G.I. (47)

orientation
of Minkowski vector space 2, 4, 121
of #* (&7, 8%, 871129, 274, 308
of space—time manifold 49, 129
of tetrads 2

orthochronous Minkowski tetrad 4

Ostrogradski (205)

Overhauser, A.W. (47)

Papapetrou, A. 224
paracompact 48, 98
parallelizability 92, 93
partition of unity 98, 100, 336
Pauli, W. 362, 366, 367, 385
Pauli spin matrices 125
Penrose, R. 26, S1, 55, 75, 119, 224, 239,
251, 252, 262, 275, 291, 292, 293,
(297), 299, 305, 307, 308, 353, (353),
362, 374, 385, 392, 395, (399), (401),
402, (404)
photon 323
left- and right-handed (151)
Pirani, F.A.E. 392
Planck’s constant 377
Plebanski, J. 366
PND 162-
see also principal null direction
Poincaré group 6, (355)
Poincaré lemma [converse of] 204
Poincaré transformation 5, 6, 7, 8
position vector 5, 362, 387, 405
positive frequency 362
Poston, T. 198
potential
electromagnetic 312, 316-, 320, 373, 378
Yang-Mills 347-
Poynting vector 327
prime operation 226—, 250, 256, 268
principal null direction (PND) 162, 173,
367
k-fold 162, 163
of Maxwell field 328
principal null vector 162, 328
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principal spinor 162—
product
contracted (inner) 86, 88, 89
exterior 203—, 262~
inner (scalar) 2
of spin-vectors 56—, 59—, 104
outer (tensor) 71, 74, 83
scalar multiplication 1, 56, 83
projection operator 271
proper [improper] tetrad 2
proton 179

quantum mechanics viii, (47), 220

quaternions 21—, (45), 52, 55, (92), (93)
conjugate of 22

norm of 22

Rainich, G.Y. 329
Rainich conditions 328-,
differential 331, 332
rank 72
rapidity 20, 27, 32
Rarita, W. 384
Rarita—Schwinger equation 384
Rauch, H. 47)
reducibility 141-
reduction to symmetric spinors 139-
of curvature 236
reflexive 80
see also total reflexivity
restricted Lorentz group 5
representations of 141
restricted Lorentz transformation 5, 17,
167~
restricted Minkowski tetrad 4
restricted Poincaré group 6
representations of (141)
Ricci identity 194
diagram for 429
spinor form of 243, 244
with charged fields 320, 366
diagram for 433
Ricci rotation coefficients 265
Ricci spinor 231, 234
diagram for 433
dyad components of 248
weight types of 256
Ricci tensor 146, 210, 239
non-symmetric 238
trace-free 146
Riemann sphere 10—, 11, 24—, 274, 289
Riemann (-Christoffel) tensor 146, 209,
231, 239, 341
and curvature 2-form 263
diagram for 431
Riemannian connection: see covariant
derivative, Christoffel

Riesz, M. 389
right-handed massless particles 362
Rindler, W. 24, 352
Robinson, G. de B. (144)
Robinson 1. 24, (31), 153, 241
Robinson-Bel tensor 240-
see also Bel-Robinson tensor
Rohrlich, F. 272, (297), 305, (306), (307)
rotations of 2-sphere 18—, 294—
irreducible functions under 296—
completeness of 297

Sachs, R.K. 199, 260, 364, 392, 393, 399
Sachs (asterisk-) operation 260, 261, 269,
270
scalar curvature 210, 233
scalar fields 180
scalar multiplication 1, 56, 83
scalar product 1
between module and its dual 79
numerical expression for 94, 95
see also product
scalars 73
complex 188
ring of 76, 77
scattering 419-
Schiff, L.I. 306
Schild, A. 392
Schrodinger, E. 371
Schrédinger—Klein—-Gordon field
(equation) 378
degrees of freedom for 390
Schwinger, J. 384
Sciama, D.W. 237
see-saw 106, 110
self-dual 151, 351
signature
Lorentzian 2, 24, (121), 235
positive-definite 24
simple skew tensors (145), 165—
simply-connected 41
non-simply-connected region of space—
time 219, 318, 331
skew symmetry: see anti-symmetry
sky mapping 9, 30
spacelike hypersurface, initial data on 389,
401, 402
spacelike 2-surface 252, 267~
orientation of 268
surface element 2-form for 280, 301, 394
spacelike world-vector 3
space-orientation of V 4
space-time manifold 48-, 103, 210-
Minkowskian 5
space-orientation of 129
space time orientation of 49, 129
spin structure on 49—, 129
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